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PREFACE. 

The present work contains all the propositions which 
are usually included in treatises on Plane Trigonometry, 
together with more than six hundred examples for exer- 
cise. The design has been to render the subject intelligible 
to beginners, and at the same time to afford the student the 
opportunity of obtaining all the information which he will 
require on this branch of Mathematics. The work is di- 
vided into a large number of chapters, each of which is 
in a great measure complete in itself. Thus it will be easy 
for teachers to select for pupils such portions as will be 
suitable for them in their first reading of the book. Each 
chapter is followed by a set of examples; those which are 
entitled MiaceUaneous Examples, together with a few in 
some of the other sets, may be advantageously reserved by 
the student for exercise after he has made some progress 
in the subject. 

As the text and the examples of the present work have 
been tested by considerable experience in teaching, the 
hope may be entertained that they will be suitable for 
imparting a sound and comprehensive knowledge of Plane 
Trigonometry, together with readiness in the application 
of this knowledge to the solution of problems. Any sug- 
gestions or corrections from students and teachers will be 
most thankfully received. 

I. TODHUNTER. 

St. John's Gollxge, 

Feb, 21, 1859. 

In the second edition the work has been revised, and the 
hints for the solution of the examples have been considerably 
increased. 

December, t86o. 
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PLANE TRIGONOMETRY. 



I, MEASUREMENT OF ANGLES BY DEGREES 
OR GRADES. 

1. The word Trigonometry is derived from two Greek words, 
one signifying a triangle and the other signifying I measure^ and 
originalfy denoted the science in which the relations subsisting 
between the sides and angles of a triangle were investigated; the 
science was called plane trigonometry, or spherical trigonometry, 
according as the triangle was formed on a plains sur&ce or on a 
spherical surface. Plane Trigonometry has now a wider meaning, 
and comprises all algebraical investigations with respect to plane 
angles, whether forming a triangle or not 

2. We have first to explain how angles are measured. A 
plane rectilineal angle is defined by Euclid as the inclination of two 
straight lines to one another which meet together, but are not in 
the same straight line. And when a straight line standing on 
another makes the adjacent angles equal to one another, each 
of the angles is called a right angle, A right angle is divided into 
90 equal parts called degrees^ a degree is divided into 60 equal 
parts called minutes^ and a minute into 60 equal parts called 
seconds. Thus any angle may be estimated by ascertaining the 
number of degrees it contains; if the angle does not contain an 
exact number of degrees, we can express it in degrees and a fraction 
of a degree; or the fraction of a degree may be converted into 
miixutes. and seconds. 

3. Thus, for example, half a right angle contains 45 degrees ; 
a quarter of a right angle contains 2%^ degrees, which we may write 

T. T. 1 

4X 



2 MEASUREMENT OF ANGLES BT DEGBEES OR GRADES. 

in the decimal notation 22*5 degrees, or we may express it as 
22 degrees, 30 minutes. Similarly, if a right angle be divided into 
16 equal parts, eacli part contains 5§ degrees, that is, 5 degrees, 
37 minutes, 30 seconds. 

4. ' dytobe^ stt uded as abbreviations of the wotrfs degrees, 
mimdes, aecoTida, Thus 5® 37' 30'' is used to denote 5 degrees, 
37 minutes, 30 seconds. 

d. The method of estimating angles by degrees, minutes, and 
seconds, is almost universally adopted in practical calculations. 
Another method was proposed in France in connexion with a 
uniform fiystem of decimal tables of weights and measitres. In 
this method a ri^t angle is divided into 100 equal parts called 
grades, a grad# is divided into 100 equal parts called winutes, and 
a minute is divided into 100 equal parts called seconds. On 
account of the ooccErrence of the number one hnmdred in forming 
ihe subdivisions of a right angle, this method of estimating angles 
is called the centesimal method; and the common method is called 
the seooagesimal method on Account of the occurrence of ihe num- 
ber sixty in forming the subdivisiotis of a degree. The centesimal 
method is also called the French method, and the common method 
is called the English method. 

6. Symbols are used as abbreviations of the words grades, 
Tfiimdes, and seconds, in the centesimal method. Thus 5* ^T 30^^ 
is used to denote 5 grades, 37 nnnutes^ 30 seconds in the 
centesimal method. A centesimal minute and second are not the 
tome as a sexagesimA] minute and second, and the accents which 
are used to denote centesimal minutes and seconds difier from 
those which are used to denote sexageomal mintitea and seconds. 

7. In the centesimal method any whole number of minutes 

and seconds may be expressed immediately as a decimal fraction of 

37 
a grade. Thus 37 minutes is y^ of a grade, that Is 'S? of a 

30 
grade; and 30 seconds is .-^^., of a grade, that is '003 of a grade. 



MfiASUfiEllIEirr OF AKOLDS ht DlBC^tEfiS Olt afiAl>ES. i 
Hettoe 5« 37' 30"* may be written 5«-373j a&d dnoe a gra<le is 
(lOo) ^^ * "^^* ^^^^ 5»-373 may be written aa -05373 of a 
right angla Notwithstanding this great advantage of the cen- 
tesimal method, ther sexagesimal method has been retained in 
practical calculations, because the latter had become thoroughly 
established by long use in mathematical works> and especially in 
mathematical tables, before the former was proposed; and such 
works and tables would have been rendered almost useless by the 
change in the method of estimating angles. 

8. We will now shew how to compare the numbers which 
measure the same angle in the English and French methods. 

Let D be the number of degrees contained in any angle, G the 
number of grades contained in the same angle. Then since there 

are 90 degrees in a right angle, ^ expresses the ratio of the given 

angle to a right angle; and since there are 100 grades in a right 

angle, — also expresses the ratio of the given angle to a right 

angle. 

therefore ^ = ^^ = lT^ = ^-^^^ 

and e = 1^2>-i22>-.i> + l2> 

90 9 ~ 9 • 

The formula D^^G-^—G gives the following rule; JFrom ih4 

number of grades c&ntctmed in amy wngle stibtrad one-tenth of tha 
ivu/ffAet^ the remainder is the mmher of degrees contained in (he 



1 
The formula G=^2)-^^D gives the following rule; To Ae mm- 

W tf degrees eoniained in tmy angte add om^htth qfthca tHmier^ 
the smn is the n/wmber of grades contained in the angle. 

1—2 



90x60 


100 X 100 


3 


m = 


9x6 
lOxlo'*" 


27 
'60 


ix = 


60 
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9. Again, let m be the number of English minutes contained 
in any angle, fi the number of French minutes contained in the 
same angle. Then since there are 90 x 60 English minutes in a 

right angle, -^ — ^ expresses the ratio of the given angle to a right 

i9\) X OVi 

""angle; and since there are 100 x 100 French minutes in a right 
angle^ ^ also expresses the ratio of the given angle to a 

right angle. Hence 



therefore ♦» = TnTTTn A* = «n M. 

and 

Similarly, if « be the number of English seconds contained in 
any angle, and o- the number of French seconds contained in the 
same angle, 

« o- 

90x60x60" 100x100x100^ 

therefore » = ^kq o'j 

250 
and <r = -^^ 8, 

oX 

10. The angles considered in Geometry are in general less 
ihan two right angles. We say in general, because angles greater 
than two right ^gles are not altogether excluded. For we may 
refer to the proposition that in equal circles, angles, whether at the 
centres or the circumferences, have the same ratio which the cir- 
cumferences on which they stand have to one another; here there 
is no limit to the magnitude of the circumferences, and conse- 
quently no limit to the magnitude of the angles; and in the cours0 
of the demonstration jgiven by Euclid, an angle occurs which may 
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be any multiple whatever of a given angle, and so may be ai grecU 
as tee phase, 

11. It is however usual in works on Trigonometry expressly 
to state that there is to be no restriction with respect to the tnag- 
nitude of the angles considered. Let BAD be any straight line, 




CAE a straight line at right angles to the former. Suppose a line 
AP to revolve round one end A^ starting from the fixed position 
AB. When AP coincides in direction with AGj the angle which 
has been described is a right angle; when AP coincides in direc- 
tion with AD, the angle described is two right angles; when AP 
coincides with AE, the angle described is three right angles ; when 
AP coincides with AB, the angle described is four right angles. 
Then as AP proceeds through a second revolution, the angle de- 
scribed will be greater than four right angles. Thus if AP be 
situated midway between AB and AC, the angle between AB and 
AP will be half 9k right angle if AP be supposed in ita first revolu- 
tion; the angle will be four right angles and a half if AP be 
supposed in its second revolution; the angle will be eight right 
angles and a half if AP be supposed in its third revolution ; and 
so on. 
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12. The straiglit line© 0A£ and JS4S form by their intersec- 
tion four right angles; these are called quadrants. BAG is called 
the Jvrst qiuzdrcmt, CAD the second quadrantf DAE the third quad- 
rcmty and BAB the fotirtlL jucfdrant, Now suppose any angle 
formed by the fixed line AB and the moveable line AP; if AP is 
situated in the first quadrant, the angle BAP is said to be in the 
first quadrant; i£AP is situated in the second quadrant, the angle 
is said to be in the second quadrant; and so on. 



EXAMPLES. 

1. The difference of two angles is 10 grades and their sum is 
45 degrees; find each angle. 

2. Divide two-thirds of a right angle into two parts, such that 
the number of degrees in one part may be to the number of grades 
in the other part as 3 to 10. 

3. Divide half a right angle into two parts, such that the 
number of degrees in one part may be to the number of grades in 
the other part as 9 to 5. 

4. Find the measure of V 5'^ in decimals of a degree. 

5. Divide au angle which contains n degrees into two pa)rta^ 
one of which contains as many !ESnglish minutes as the other does 
Treneh. 

6. If one-tiiiird of a right angle be assumed as the unit of 
angular measure, what number will represent 75^ ? 

7. Determine the number of degrees in the unit of angular 
measure when an angle of 66§ grades is represented by 20. 

8. The numbers of the sides of two regular polygons are as 
3 to 3, and the number of grades in an angle of one equals the 
number of degree in an angle of the other. Find the angles. 

9f Shew that an angle expressed in centesimal second^ wiU 
be reduced to sexagesimal by multiplying by the factor '324. 

10. Compare the angles which contain the same number of 
English seconds as of French minutes. 
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II. CIRCULAR MEASURE OF AN ANGLE. 

13. We haye explained two methods of estimating angles, 
namelj, that bj means of degrees and subdivisiousi and that by 
means of grades and subdivisions, and we have stated that the for- 
mer method is that which is most commonly used in practiced cal^ 
culations. There is, however, another method of estimating angles 
which is of great importance in the theory of mathematics, which 
we shall now explain. The object of the present chapter is to es- 
tablish and apply the following proposition ; If vnth the poirU of 
intersection of amy two straight lines as centre a circle he described 
unih any radius, ^len the <mgle contained by the straight lines fnay 
he measured by ^ ratio of the length of the tx/rc of the circle inter^ 
eepted between the Unes to the length of the radius. We shall re- 
quire some preliminary propositions; the proposition in Art. 14 is 
sometimes assumed, and the be^nner may adopt this course and 
return to the point hereafter. 

14. The circumferences of circles vary as their radii. 

Let S denote the radius and the drcumference of one circle; 
Jet r denote the radiun and e the circumference of another circle, 
Jn each circle let a regular polygon of n sides be inscribed, and in 
each circle draw two lines from the centre to the extremities of 
one of the sides of the insc^bed polygon; thus we obtain two 
similar triam^gles. Let P denote the perimeter of the polygon in- 
scribed in the first circle, and p the perimeter c^ the polygon in- 
scribed in the second circle. By similar triangles a side of ^e first 
polygon is to a side of the second polygon as the radius of the first 
circle is to the radius of the second circle; therefore also 

p r' 
Now let P = C-X and ^ = 0-05; thus 
r((7-X) = i2(c-a;); 
therefore rC-Rc^rX- Rx. 
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Kow we assume that by making n as large as we please, tlie 
perinfleter of •aoh polygon can be made to differ as liMe cts we 
please from the perimeter of the corresponding circle ; thus X and 
<!b can each be made as small as we please, and therefore rX-Rx 
can be made as small as we please. Hence rC—Rc must be zero; 
for if it had any value a then rX—Rx could not be made less than 
thy which is inconsistent with the fact that rX— Rx can be made as 
small as we pleasa Thus 

rG-Rc = 0, 

therefore -5 = - • 

R r 

15. Thus the ratio of the circumference of a circle to its radius 
is constant whatever be the magnitude of the circle; therefore of 
course the ratio of the drcurnference to the diameter is also constant. 
The numerical value of the ratio of the circumference of a circle to 
its diameter cannot be stated exactly/; but^ as we shall shew here- 
after, this ratio may be calculated to any degree of approximation 

22 
that is required; the value is approximately equal to -=-, and still 

355 
more nearly equal to yy« ; the value correct to eight places of 

decimals is 3 '141 59265... The symbol tt is invariably used to denote 
the ratio of the circumference of a circle to its diameter; hence, if r 
denote the radius of a circle, its circumfei'ence is Sttt, where 
7r = 314159.... 

16. The cmgle svhtended at the centre of a circle by cm cure 
which is equal in length to the radius is an invariable angle. 
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With centre and any radius OA describe a circle; let AB 
be an arc of this circle equal in length to the radius. Then, since 
angles at the centre of a circle are proportional to the arcs on 
which they stand, 

angle AOB _ arc AB _ ^ _ -^ . 

4 right angles circumference of the circle %kt 2ir' 

therefore angle AOB = ^g ^^g ^ ^ 

Thus the angle AOB is a certain fraction of four right angles 
which is constant, whatever may be the radius of the circle. 

17. Since the angle subtended at the centre of a circle by an 
arc which is equal to the radius is an invariable angle, it may be 
taken as the unit of angular measurement, and then any angle will 
be estimated by the ratio which it bears to this unit. 

Let AOC he any angle ; with as centre and any radius OA 




describe a circle; let AB be an arc of this circle equal in length 
to the radius; let r denote the radius, and I the length of the arc 
AC. 

Then, since angles at the centre of a circle are proportional to 
the arcs on which they stand, 

mgle AOC AC I ^ 

BXigle AOB '^AB'^r' 

therefore angle AOC= ->c angle AOB ; 

this result is true whatever the unit of angular measurement may 
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be, the same imit of coarse being used for the two angles. If we 
take tbe angle AOB itself fat the unit, then this angle must be 
denoted by unity ; 

thus angle AOG=-* 

18. We have thus proved that any angle may be estimated by 
a fraction which has for Us niMnerator the a/rc suhtended by that 
angle at the centre of am/y eirde, and for its denominator the radius 
of that circle. And in this mode of estimating angles the unit, 
that is the angle denoted by 1, is the angle in which the arc 
subtended is equal to the radius. We have shewn that this angle 

is ^-^ — ^ — ; hence the number of degrees contained in this 

angle is -5—, that is • If we use the approximate value of ir 

180 
given in Art 15, we shall find that -^ = 57-29577951 ; this 

therefore is the number of degrees contained in the angle which is 
subtended by an arc equal to the radius. 

19. Thus there are two methods of forming an idea of the 
magnitude of an angle which is estimated by the fraction a/re 
divided by radius. Suppose, for example, we speak of the angle § ; 
we may refer to the wait of angular measurement, which is an 
angle containing about 57 degrees, and imagine two-thirds of this 
unit to be taken ; or without thinking about the unit at all, we 
may suppose an angle is taken such that the arc subtending it is 
two-thirds of the corre^nding radius. 

20. The fraction a/rc divided by radvuts is called the drevlivt 
measure of am angle. Since, as we have already stated, this method 
of measuring angles is very much used in theoretical investigations, 
it is sometimes called the theoretical method* 

2 1 • If r denote the radius of a ciiPQle, the circumference is 27rr ; 

27rr 
hence the circular measure of four right angles is — , that is ^7. 
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The circular measure of two right angles is v ; the circular measure 

of one right angle is ~; and the circular measure of n right angles 
2 

is -^ f where n may be either integral or fractional 

22. We will now shew how to connect the circular measure 

of any angle with the measure of the same augle in degrees. Let x 

denote the number of degrees in any given angle, the circular 

measure of the same angle. Since there are 180 degrees in two 

, X , 

3?ight angles, ^oK expresses the ratio of the given angle to two right 

angles. And since ir is the circular measure of two right angles, - 

also expresses the i-atio of the given angle to two right angles. 
Hence 

X 6 
180"^^ 
180^ 



thus 



« = 



23. For example, the circular measure of an angle of 1 degree 

X IOtt 

is =^ ; the circular measure pf an angle of 10 degrees is y^ ; the 

circular measure of an angle of h«lf a degree is y^ x - ; the cir- 
cular measure of an angle of one minute is YgQ^-gg ; the circular 

me^ure of an angle of one second is , ■ ^ ^ ^ — ^ : and so on. 

180x60x60' 

Again ; if the circular measure of an angle is j the number of 

3 180 3 

degrees contained in the angle is J. , that is ^ of 57*2957795...; 

if ihe eireular measm^e of an angle is 10, the number of degrees 
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180 
contained in tte angle is 10. , that is 10 x 57-2957795... ; and 

IT. 

SO on. 

The student is recommended to pay particular attention to 
these points ; especially he should accustom himself to express 
readily in circular measure an angle which is given in degrees. 

24. Similarly we may connect the circular measure of any 
cmgle with the measure of the same angle in grades. 

Let y denote the number of grades in any given angle, the 
circular measure of the same angle ; then the ratio of the given 

V 

IT ■ 

Hence 

200 ^-tt' 
200^ 



angle to two right angles is expressed by ^^ and also by - 



thus 2/ = 

and = 



TT 

try 
500' 



The number of grades in the angle which is the unit of circular 
measure is , that is, 63*661977... 

IT 

26, In Art. 17 we proved that 

angle ^0(7=— X angle -40^; 

where nothing is assumed respecting the unit of angular measure- 
ment, except that the same unit is to be employed for both angles. 
Since AOB la an invariable angle, we see that the magnitude of 
any angle AOG varies as the subtending arc diredHy^ and as the 
radius mverady* Thus we may say that 

1 Ar^n ^ ^ arc 
angle AOC = — ^. — : 
^ radius ' 

when k is some quantity which does not change with AOC, and the 
value of which depends upon the unit of angular measurement 
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wMcli we please to employ, Suppose, for example, that we wish 
to take the half of a right angle as oxir unit; then we require that 
AOC should be equal to 1 when the arc is the eighth part of the 
circumference; thus 

2irr 





^ X 

1- « . 




^ r ' 


therefore 




Thus the formula 






jmfAa AOC - yi ^^ 




^ TT radius 



gives the correct estimate of the magnitude of an angle when the 
unit is half a ri^ht angle. 



EXAMPLES. 

1. If B, G, be respectively the number of degrees, grades, 
and units of circular measure in an angle, shew that 

90 100 "^ it' 

2. Find the number of degrees in the angle subtended at the 
centre of a circle whose radius is 10 feet by an arc whose length 
is 9 inches. 

3. Find the circular measure of 1*. 1\ 

4. There are three angles; the circtdar measure of the fitttfe 

exceeds that of the second by j^ , the siun of the second and third 

is 30 grades, and the sum of the first and second is 36 decrees. 
Determine the three angles, 

5. Express five-sixteenths of a right angle in circular measure> 



14 
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in degrees and decimals of a degree^ and in grades and deciinals 
of a grade. 

6. The angles of a triangle are in arithmetical progression} 
and the greatest is double the least; express the angles in degrees^ 
grades, and circular measure. 

7. The angles of a triangle are in arithmetical progression, 
and the number of degrees in the least is to the circular measure 
of the greatest as 60 to tt; find the angles. 



III. TEIGONOMETRIGAL EATIOa 

26. Let BAG be any angle ; take any point in either of the 
containing sides, and from it draw a line perpendicular to the other 




side; let P be the point in the side AC and PM perpendicular to 
AB. We shall 'use the letter A to denote the angle BAO^ Then 

-T^ . that is " , - , • is called the 8we of the an&le A : 

:4P ' hypothenuae ' ^*^ ' 

AM ^, , . hdse 

-j-^-, that IS T 77 

AF ' i^poihermH 



, is called the cosmt of the angle A ; 



TB1G0K0M£TRICAL BATIOS. 15 

-j^ , that is — ^f^^ * ^ called the tangent of the angle A ; 

-nTFi ^ihat is j~. — ; — , is called the catcmgerU of the anffle A ; 

-jjfi that is r^ > w called the sectmt of the angle -4; 

AP . . . hypcthenuse . « ^ ., ^ , , . 

•pTfy that is T— ^— ^^— f—j IS called the coseccmi of the angle -4. 

If the codne of -4 be subtracted from unity, the remainder is called 
the versed sine of A, If the sine of J be subtracted from unity, the 
remainder is called the covereed sine of A ; the latter term however 
is rarely used in praotioe. 

27. The words aine, conned &c are usually abbreviated in 
writing and printing; thus the above definitions may be expressed 
as follows, 

. . PM 

sm^ = ^, 

, AM 

C0fl^=2]p> 
CGtii = j^, 

A ^ 

cosec^-^, 

vers -4 = 1 — cos -4, 
ooYera Ji = 1 — sin J. 

28. The sine^ casinef ttmgerd^ cotangentj seccmt, coeeccmt^ verged 
ffJne, and coversed wne are called trigorKmiettical raZioB or ^g(h 
nameiriccd Junctions; Bometunes they have been called goniametriccd 
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fwaciuyns. A large paxt of Trigonometry consists in the inyestigsi- 
tion of the properties and relcUions of these functions of an cmgle^ 
These functions are, it will be observed, not lengths^ but ratios 
of one length to another; that is, thej are arithmetical whole 
numbers or fractions, 

29. The defect of any angle from a right angle is called the 
C07(ipl^ment of that angle; thus if A denote the number of degrees 
contained in any angle, 90 — A is the number of degrees contained 
in the complement of that angle. This affords another method of 
defining some of the Trigonometrical ratios; after defining, as in 
Art. 26, the sine, tangent, and secant of an angle we may say 

the cosine of an angle is the sine of the complement of that 
angle ; 

the cotangent of an angle is the tangent of the complement of 
that angle; 

the cosecant of an angle is the secant of the complement of 
that angle. 

For in the triangle PAM the angle APM is the complement of 
the angle A\ and 

. A-n-BM- perpendicular AM , 

BmAFM= ^,^ . =-i-^ = cos^; 

hypothenuse AP * 

jmr perpendicular AM , . 

tanJLPJf=^--^^^ ^-j^r^ = coiA: 

base MP ' 

base MP 

These results may also be expressed thus : 

the sine of an angle is the cosine of the complement of that 
angle; 

the tangent of air angle is the cotangent of the complement 
of that angle; 

the secant of an angle is the cosecant of the complement of 
^hat angle, 
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30. Ths trigonometrical raUos remain tmchcmged so long as 
the angle remaine unchanged. 

Let BAC be any angle; in AC take any point P and draw FM 
perpendicular to AB', also take any other point F' and draw F'M' 

PJ£ F'M' 

perpendicular to AB, Then by similar triangles — — r= --— , that 

is, the 9VM of the angle A is the same whether it be formed j&om 




the triangle AFM or from the triangle AFM\ The same result 

holds for the other Trigonometrical ratios. Or we may suppose 

a point F" taken in AB and F'M" drawn perpendicular to AG\ 

FM F''M" 
then the triangles AFM and AF'M" are similar, and -jp = —psr • 

We now proceed to establish certain relations which hold 
among the Trigonometrical ratios. 

31. We have immediately from the definitions 

tan J X cot -4 = 1 : therefore tan jI = ——7 , cot ji = : -r \ 

oot-4' tanii' 

sec jl X cos ^ = 1 : therefore sec ii = 7 , cos -4 = r : 

cos-d secul' 



cosec -4 X sinii= 1 ; therefore cosecul = -; — - , 

smul 



sinii = 



cosec A ' 



Also 



tanjl=: 
cot -4 = 



PM 

AM' 


PM AM 
-AP ■ AP 


A»r 

PM' 


AM PM 
' AP AP 



sinul' 
"cos -4' 
cos A 



ein.A ' 



T. T, 



18 TBIQONOMETSICAL RATIOS^ 

32. To prove that (am A)' + {eo&A)' = 1. 
In the right-angled triangle AFM we haye 

PM^-^AM^^AF*; 

^. . PM^ + AM' - 
therefore j-pg = 1, 

therefore (?^\(^-^l- 

that is (8inii/+(cos-4)"=l. 

33. With respect to the preceding proof it should be re- 
marked that it is shewn in Euclid, i. 47, that the square described 
on the hypothenuse of a right-angled triangle is equal to the sum. 
of the squares described on the sides; and it is known that the 
geometrical square described upon any line is measured by the 
arUhmeticcU square of the number which measures the length of 
the line. From combining these two results we obtain the cmth- 
metictd equality 

PM' + AM'==AP'. 

It must be observed that (sinii)' is ofi;en written for short- 
ness thus, sin' A ; similarly (sin Af is written thus, sin' A, The 
same mode of abbreviation is used for the powers of the other Tri- 
gonometrical functions, and so the result obtained in Art 32 is 
usually written thus, 

sin" A + cos" A=l. 

34. To prove thai 

(sec -4)' = 1 + (tan -4)", and (cosec Ay = l+ (cot Ay. 

In the right-angled triangle AFM we have 

AP' = PM' + AM'', 

AP' PM' 
therefore __ = __+ 1, 

therefore (^' = (^ + ^^ 

that is r«ec 1)" = 1 + (tan A)', 
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Again, aince AP^^FM^^AIP, 

that is (coseoii)'= 1 + (oot^)*. 

The results here obtained are tunuJlj written thui^ 
sec'-4 = 1 + tan'ii, cosec'^l = 1 + cotM. 

35. By means of the relations established in Arts. 31 . . . 34 tre 
are able to express all the other Trigonometrical Batios in terms 
of any one of them; thus, for example, we will express all the 
rest in terms of the tint; 

cos^ = V(l-sm*^); (Art. 32), 

- sin -4 sin-4 ,. ^ „, „^. 

^^^-^^^' Va-Bin*^) ^ (Art. 31, 32), 

^ , COS -4 ^(1 — sin*-4) ,. . «, «^. 
°°*^ = riO= sini ' (Arts. 31, 32), 

"^^-■^A- Ji^ll^^AY (Art. 31, 32). 

*'**"" "^'iiS:!' (Art. 31), 
ver8l = l-cosj4=l-^(l-maM). (Art 32). 

Again, ve Trill express all the rest ia terms of the tangent; 

1 1 tan.i 

A V(l + cof^) /a, i \"^/(l+tanM)> 

(Arts. 31, 34), 

'^^ = ^= V(l + tanM) ^ (Arts. 31, 34), 

cot^ = ^; (Art.31), 

secil = ;^(1 + tan'ii) ; 

2—2 



sin^ = r 

cosec 
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cosec 
vers-i=l-cos-4 =1- 






We shall now proceed to determine the values of the Trigo- 
nometrical Batios for some specific angles. 

36. To determine the values qf the Trigtmom^t/rvcal Satios for 
^ cmgU of iBi", 

Let BAG be an angle of 45*j take any point P in AC and 




draw PM perpendicular to AB. Since PAM is half a right 
angle APM is also half a right angle; therefore Pl£=^ AM. 



Now 
thus 

therefore 
therefore 
Thus 



PlP + AiP^AP'; 
2PM' = AP'; 
(PM\'_ 1 
\AP) ~ 2 ' 



PM 

AP' 



_1_ 
^/2• 



PM 



AM 



*«*«'=j|=l' cot46' = ^=l; 
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AP AP 



Tera 46* = 1 - COS 45* = 1 - 



72* 



37. To determine the vcduee oj the Trigonometrical Btitios for 
an cmgle of 60^ cmd/or an angle of 30". 

Let AFB be an equilateral triangle^ so that the angle TAB 




contains 60 degrees; draTv PJf perpendicular to AB^ then 
AM=M:S; therefore AM=:^IAB = IaP. 



Thus 006 60" > 



AM i 



sin 60* 



'-^c— •»^-V('-i)-y®-f^ 



^ ^^0 sin 60" JZ 1 ,„ 
tan 60" = — -Tw?5 = ^•** - = ^/3; 



cot 60" = 



sec 60" = 



COS60""" 2 2' 

1 1 , 

tan 60" ^3^ 



COS 60' 
1 



= 2; 



<^^^^-^Er665=73^ 



22 examples; chapter in. 

And 8m30*==ooB6(r=g; cos30*«sin6O*=i^; 
tMiaO^=coteO*=-yjj cotS0* = tan60*=^3; 

9 

see 30" = 00860 60*- -75; coseo30* = 8eo60*=2; 

vers 30* = 1-008 30» = 1-.^. 

38. It may be ob8erved that if an angle be le88 than 45* the 
oosine of the angle is greater than the sine, and if the angle be 
greater than 45* and less than 90* the cosine is less than the sine; 
these results follow immediately from the triangle PAM (see figure 
in Art 26) since the greater side in a trioogle is opposite to the 
greater angle. 



EXAMPLES. 

3 

1. The sine of a certain angle is?; find the oth^trigcmo- 

metrical functions of the angle. 

4 

2. The tangent of a certain angle is ^ ; find the other tri- 

V 

gonometrical functions of ^the angles 

3. The cosine of a certain angle ^ ./ Zi ^'^ the other tri- 
gonometrical functions of the angle. 

4. 8hew that sin'0 tan0 + cos'0 cot ^ -f 2 sin0 CO80 

= tan + cot jl 

5. Shew that 2 (sin'fl + cos'fl) - 3 (sin*fl + coa^tf) + 1 = 0. 
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Obtain solutionfl of the following equations: 

3 
6. an'6 = ^coa0. 7. 8in0 + oo80»l. 

8. eot0 = 2oo8A 9. 8in'0-2 0080 + 1 = 0. 



4 



10. 3sec*fl + 8 = 10sec«ft 



11. Givensin(-4-j5)=g, and cos(ii+j5) = 2> find -4 and A 



IV. APPLICATION OF ALGEBRAICAL SIGNS. 

39. In the preceding chapter we defined the Trigonometrical 
Batios, and established certain relations between them; we con- 
fined ourselves to angles not exceeding a right angle. We shall 
now extend the definitions so as to render them applicable to an- 
gles of any magnitude; the relations which were established will 
then also be found to be true for angles of any magnitude. 

40. Let be a fixed point in a fixed line, and suppose we 
have to determine the positions of other points in this line with 

M' M 



respect to 0. The position of any point in the line will be known 
if we know the distance of the point from 0, and also know on 
which side qfOths point lies. Now it is found convenient to adopt 
the following convention; distances measured in one direction from 
along the fixed line will be denoted by positive numbers, and 
distances measured in. the opposite direction from will be denoted 
by negtUive numbers. Thus, for example, suppose that distauces 
measured from towards the right hand are denoted by positive 
numbers, and let M be a point the distance of which from is 
denoted by 2 or + 2 ; then if if' be as &r frx)m as if is and on 
the other side of 0, the distance of M' from will be denoted by - 2. 
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41. We liave called this method of determining position by 
means of numbers affected with algebraical signs a cowcenJlMya; we 
mean by this word to indicate that it is not absolutely neceai^jury 
to adopt this method^ but merely convenient. The symbols + and — 
are defined in the beginning of elementary works on Algebra as 
indicative of the operations of addition and subtraction respectively. 
As the student advances in Algebra he finds that the symbols + 
and — are also used as indicative of the qualities of quantities; and 
that no contradiction or confusion ultimately arises from this double 
mode of considering the symbols, but that Algebra gains thereby 
considerably in power. - (See Algebra^ Chaps. V. and XI Y.) 

It may be remarked, that we are at liberty to take either of the 
two directions from as that which will be indicated by positive 
numbers; but when the selection has been made, we must adhere 
to it throughout the investigations on which we may be engaged. 

42. Let OB, 00 be two lines which meet at right angles; pro- 



JU 


a 


J» 


y 




h' 


A 


I M 



duoe BO to any point F and GO to any point G\ Let P be any 
point in the plane containing the two lines. The position of P will 
be known if we know the distance of F from each of the lines 
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BB^ and (?(?, and also know <m whick side of each of these lines it 
is situated. Draw FM and PN perpendicular to the lines BJ^ 
and G(y respectively. We shall adopt the following conventions; 
the distance ON or PM will be expressed by a positive number 
when P is above the line BB", and by a negative number when P is 
below the line BB' ; the distance OM or PN will be expressed by a 
positive number when P is to the right of CC^, and by a negative 
number when P is to the le/t of G(T, 

43. A similar convention may conveniently be adopted with 
respect to amgula/r magnitude. 

Let a line AP start from the position AB, and by revolving in 
one direction round A trace out the angle PAB, and let this angle 
be denoted by a positive number ; then if the line AP start from 
the position AB and by revolving round A in the opposite direction 
trace out the angle P'AB, this angle may be denoted by a n/egative 
number. If, for example, each of the angles BAP and BAP" is 
one-third of a right angle, and we denote the former by the 




positive fraction ^ , the latter may be denoted by the negative 



fr'action -g. 
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44, We shall now give our extended definitiaiks of the Trigo- 
nometrical Batiofi. 




\P 



Jf j3 ^St 




Let AB^ AG he two lines at right angles ; let a line revolve 
round the point A from AB towards AG and come into any position 
AJP) draw FM perpendicular to AB or AB produced. Then con- 
sider AF always as positive ; ccmsider AM bs positive or negative 
according as M laou the same side of AG as ^ is, or on ike opposite 
side; and consider PM as positive or negative accordin]g as P is on 
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the same side of AB as (7 is^ or on the opposite side. Let the angle 

FAB be denoted by A, then 

. , FM ^ . FM . AF 

BmA^j^, i^A = j^, BeoA^-^, 

coB^r^p » cotil = ^,cosec-4=^p^, 
vers w^ = 1 — 008 il, covers ii = 1 — sin il. 

Thus the Trigonometrical Batios are always whole numbers or 
fractions positive or negative. 

We have therefore Trigonometrical Batios for any posiHve 
angle whatever may be its magnitade ; and we have also Trigono- 
metrical Ratios for any inega/tive angle by adopting the convention 
that the Trigonometrical Batios for any negative angle shall be the 
same as they would be for what we may call the corresponding posi- 
tive angle. Thus, for example, in the last figure we may consider 

BAF as a negative angle, the magnitude of which is - ^ ; then the 

o 

Trigonometrical Batios will be the same as for the angle formed 

by revolving the moveable line AF in the positive direction until 

it reaches the position which it has in the figure; so that the 

Trigonometrical Batios for the angle — •= "^^ be the same as 

o 

for the angle 2ir — ^ . 

45. It follows immediately from the definitions, that if two 
angles differ by 4 right angles or by any multiple of 4 right angles 
the Trigonometrical Batios of the two angles are the same. 

46. The following relations which have been already esta- 
blished for angles not exceeding a right angle, will now be seen in 
like manner to hold universally whatever be the magnitude of an 
angle positive or negative. 

.tanilxoat^ = 1, sec il x cos ^ => 1, ooseo il x sin ^ » 1, 

. sin^ . . cosil 

tan A = T , cot A = —, — j , 

cosil «inA 

sin'-i+co8*-i =1, sec*^wl+tan"-4, cosec'^^l +cot^J. 
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It must be observed that from such an equation as 

sin"-4 + cos*il = l, 

we can infer only that sin -4 = * ^(1 — cos* A\ or that 
cos -4 = sfc <y(l — sin* -4) ; we shall have to determine in any parti- 
cular case which sign rrmst be ascrihed to the radical, 

47« The supplement of an angle is its defect from two right 
angles. Thus if A denote the wu/niber of degrees in any angle, 
180 — ^ is the rvamber of degrees in its supplement ; if be fche 
circular meOfSwre of an angle, ir — Oha the circvlo^ measwre of its 
supplement. The verbal definition of the word supplement might 
appear to Hmit the word to the case in which the original angle 
is a positive angle less than two right angles ; but the word is 
used in a wider sense, so that if ^ be any number positive or 
negative, the angle denoted in degrees by 180 — ii is called the 
supplement of that denoted in degrees by A. Similarly, whatever 
6 may be, the angle whose circular measure is tt - 0, is called the 
supplement of that whose circular measure is 0, 

48i. To compare the Trigonometrical Batios of am,y angle and 
iia supplement. 

Let PAB be any angle, produce BA to B^ and make B'ABf=BAB\ 




take AF^AP, and draw PM and FM' perpendicular to Bff, 

The angle ^^5=180"-^^!^= 180^-P.ij5; thus P'AB is 
the supplement of PAB, The triangles PAM and FAM' are geo- 
metrically equal in all respects ; now 
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and since FM and FM' are equal in magnitude and of the same 
ngn, we liave 

sinii = sin(180*-ii). 

Also cos^=-^, CO8(180"-ui) = -2pr; 

now AM and AM' are equal in magnitude, but since they are 
measured in opposite directions from A^ they are of opposite sign; 
thus 

cos -4 = -cos (ISO*- J). 

The other Trigonometrical Ratios of the angle A may be com- 
pared with those of the supplement either by direct use of the 
figure, or by employing the two residts already established ; thus, 
adopting the latter method, 

X /1QA0 A\ sin (180'- ii) siuii ^ . 

tan (IW-A) = — ), Q^o A\ = 1 = - tan ^, 

^ ' cos(180°-^) -cos -4 

X /t oAo A^ COS (ISO'^-ui) - cos ^ . . 

cot (180"- A) = . Xq^o a = • A = - cot^j 
^ ' Bin (180®- ul) sin^ 

sec (180*^- A) = — ,,Q^o A\ = 7 = - sec A, 

^ ' cos(180®-^) -cos -4 

1 1 

cosec (180*- A) = . ..q^o — T\ = -~^ — r = ^^osec -4, 
^ ' sm(180"-ul) sm-4 

vers (180"- .i) = 1 - cos (180"- ^) = 1 + cos X 

Thus the sine and the cosecant of any angle are respectively 
the same as the sine and cosecant of the supplement of the angle ; 
all the other Trigonometrical Ratios of any angle, except the 
versed sine, are numericMy equal to the, corresponding Ratios 
of the supplement of the angle, but are of opposUe sign. 
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49. To prove tha4 ^{'' A) = - an A aa^coa(-A) = QoaA. 





Lefc FAB be any angle ; draw FM perpendicular to BAB^ 
and produce it to B so that MF may be equal in length to ifP, 
and join AB, Then the angles F^AB and FAB which are measured 
in opposite directions from AB are numerically equal, and if 
FAB be denoted by J, then FAB will be denoted by - A. And 

. , FM , , .. FM 
BmA=jp, sm(-^) = -^^; 

and FM is numerically equal to Flf, but of opposite sign; thus 
sin(--4) = -sin-4. 
AM 



Also 



"^^-JF' 



Moreover, tan {—A) 



cos{-'A)=^=^=cosA. 
.. Bm{-A) -sin^ 



"cos (--4) cosii 



= — tanil ; 
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^/ ^\ C08(--4) C08-4 . - 

^ ' sin (—-4) — Bin-d 

/ ^x 1 1 J 

4sjec(--i)= 7— 7v = 7 = S6c-4; 



' COS {—A) COB A 



C0B©c(--4)=-r- 



T = — cosecil ; 
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' sin {—A) — sin ii 
vers(-^) = 1 -cos (--4) =1 -cos -4= vers -4. 

50. To prove thai sin (180" + ii) = - sin-4 and cos (180*^ + A) 
= — cos-4. 

Let P-4J? be any angle, produce FA to F" bo Aat AF may be 
equal in length to AF. Draw FM and P'if' perpendicular to 




FAB". Then if P-4-ff be denoted by A, the aagle FAS measured 
in the same direction from AB will be denoted by 180" + -4. 

The triangles FAM and FAM' are geometrically equal in all 

respects ; 

. , FM . ,,^^0 ., P'i^' 
and sm-4=-jp, sin(180" + -4) = -™ ; 

cos-4 = -j-p, cos(180" + il) = -jpr« 

Now jPJIf and P'JIf' are numerically equal but of opposite sign ; 
also AM and AM' are numerically equal but of opposite sign ; thus 

Bin(180" + ^)«-8inil, oos(180" + i) = -cosi( ; 
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moreover tam (180*^ + 1) = — ):r^^ — j( = j = tan ii, 

^ ' cos (180** + -4) -cosii 

X /I oAo A\ cos (180" + -4) - cos ^ . . 
cot (180V ii)= . ;,Q^o — jr = — -' — 7 = cotii; 
^ ^ sm(180® + -4) -8mA 

similarly sec (1 80** + -4 ) = - sec -4, cosec (1 80° + -4) = — cosec A . 

It is obviously only another mode of expressing the two funda- 
mental results if we write 

Mn^ = -sin(^-180*), cos ^ = -cos (^-180°). 

51, The results of Arts. 48, 49, and 50, are true whatever 
be the magnitude of the angle J, and whether A be positive or 
negative. This the student should carefully notice. First con- 
sider Art. 49; whatever the TnagnUvde of A may be, positive or 
negative^ we shall always have FMF forming a straight line, and 
the points F and jP equally distant from M and on opposite sides 
of it; and the angles FAB and FAB will be numerically equal 
but of opposite sign. Thus we become certain of the universal 
truth of Art 49. Next consider Art. 50; the essential points of 
the demonstration are that M and M* should be equally distant 
from A and on opposite sides of it, and that F and F should be 
equally distant from the line BAB and on opposite sides of it; and 
the figure assures us that these essential points are always secured. 
If FAB be any positive angle, then by adding to it an angle of 
180" we obtain the angle formed by AB and AF. If FAB be 
a/ay negative angle, then by adding to it an angle of 180" we 
obtain the angle formed by AF and AB, Thus we become certain 
of the universal truth of Art. 50. The universal truth of Art 48 
may be made to depend on that of Art. 49 and that of Art 50. 
For we have 

sin -4 = — sin (-4 - 180"), universally, by Art 50, 

sin (-4 - 180") = - sin (180"- u4), universally, by Art 49, 

therefore sin -4 = sin (180"- -4) universally. 

Again cos -4 = - cos (.4 - 1 80*), universally, by Art. 50, 
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cos {A - 180") = cos (180*-.il), imitersally, by Art 49, 
therefore cos ^ = — cos (ISO^—A), universally. 

52. To shew thatmsi{W + A)^eo&Ay 
owdf cos (90V il) =i- sin X 
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Let PAB be any angle; let AF* be at right angles to AP and 
so situated that a moveable line can pass from the position AP to 
the position AP^ by revolving round A in the positive direction 
through ar right angle. Then if PAB be denoted by A we can 
denote P^AB by 90"+il. Take AP'^^AP and draw PM and P^JiT 
perpendicular to BAB^, Then the angle PAM i& geometrically 
equal to the angle APM\ and the triangles PAM and PAM' are 
geometrically equal in all respects. And 

sm(90'^+ui)=-jp., cos^=:-^; 

now P^M' is numerically equal to AM and both are of the same 
sign (Art. 42) j thus 

sin(90Vii) = cosil. 

Agam cos (90 +-4) = -jp, sin4=2p; 

now AM' and PM are numerically equal but of opposite sign 
(Art. 42) ; thus cos (90V^) = - sin -4. 

53, In order to prove that the proposition in the preceding 
article is universally true, we must examine the different cases 
T. T. 3 
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tliat can occur; the figure in the preceding article supposes that 
-4 is a positive angle terminated in the first quadrant The an- 
nexed three figures shew AP in the second, third, and fourth 
quadrants respectively. 

In every case it will be seen that the triangles PAM and 
PAM' are geometrically equal in all respects; also P'M^ and AM 
are of the same sign, and AM' and PM are of opposite sign. Thus 
the proposition may be seen to be true if A be any positive angle. 
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The four figures of this and the preceding article will also shew 
the truth of the proposition for any TiegoAwe angle; the last figui-e 
for example applies when A is between and — 90^ the third figure 
when A is between — 90® and - 180®, the second figure when A \a 
between — 180® and - 270^^ and the first figure when A is between 
-270® and -360®. 

54, If udl be the number of degrees in any angle, then the 
angle which is expressed in degrees by 90 - ^ is called the cowr 

plernerU of the angled; so^-0 is the circular measure of the 

eoTnplemerU of the angle whose circular measure is 6. The term 
complement of an angle has already been introduced (Art. 29), but 
the angle contemplated then was a positive angle less than a right 
angle. This restriction however will be no longer retained. We 
may now shew universally that the sine of cm cmgle is equal to the 
cosims oj its complement, and the cosine of an angle equal to the 
sine of its complement. These propositions may be proved by 
examining different cases as in Arts. 52 and 53; or they may be 
deduced from results already established. Thus, for example, we 
have proved that 

sin(90®+ii) = cosii, universally (Aiis. 52, 53), 
also sin (90®+^^) = sin (180®- 90®- A), universally (Art. 51), 

therefore sin (90®— ii) = cos -4, universally. 

3—2 
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Then if we suppose 90** -4 = ^' we have ul = 90®-ul'; thus 
sin ul'= cos (90®- -4'), xmiversally, 

55, It will now be found that we are able to express the 
Trigonometrical Ratios of any angle whatever in terms of the 
Trigonometrical Ratios of some positive angle not exceeding a 
right angle. For in the first place by the formulsB sin (—-4.) 
= — sin -4 and cos ( — -4 ) = cos -4, and those which foUow from 
these (see Art. 49), we can make the Trigonometrical Ratios of 
any negative angle depend upon those of the corresponding posi- 
tive angle; and so we need only consider positive angles if we 
please. By Art. 45 any multiple of four right angles may be 
rejected; thus, so far as its Trigonometrical Ratios are concerned, 
we may replace any angle whatever by an angle less than four 
right angles. Then by the formulae sin (180*' + -4) = — sin-4, and 
cos (180® + -4) = — cos -4, and those which follow from these (see 
Art. 50), we may make the Trigonometrical Ratios of any angle 
depend upon those of an angle not exceeding two right angles. 
Lastly, by the formulae sin (180®-^) = sin il and cos (180®-^) 
=— cos-4, and those which follow from these (see Art. 48), we may 
make the Trigonometrical Ratios of any angle depend upon those 
of an angle not exceeding a right angle. 

For example, 
sin 600® = sin (360® + 240®) = sin 240® = sin (180® + 60®) = - sin 60®. 
Tan (- 1000®) = - tan 1000® = - tan (720® + 280®) = - tan 280® 
=. - tan (180® + 100®) = - tan 100® = - tan (180® - 80®) = tan 80®, 

56. To trace the changes in the sine of an angle as the 
angle varies. 

Let BAJB' and £7-4(7' be two lines at right angles, and suppose a 
line AP of constant length to revolve round one end A from the 
fixed position AB so that F traces out the circle BGBG\ From 
any position of JP draw TM perpendicular to BAB^ -^ then 

AP 
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When AP coincides with AB the perpendicular PM vanishes 
thus when the angle is zero so also is its sine. "While AB moves; 
through the fii-st quadrant PM is positive, and continually in- 
creases until AP coincides with -4(7, and then PM is equal to AP] 
thus as the angle increases from to 90^ the sine increases from 
to 1. While AP moves through the second quadrant PM is 
positive, and continually decreases until AP coincides with AB' 
and then PM vanishes ; thus as the angle increases from 90** to 
ISO** the sine diminishes from 1 to 0. While AP moves through 
the third quadrant PM is negative, and increases numerically 
until AP coincides with AC; thus as the angle increases from 
180^ to 270** the sine is negative and increases numerically from 
to — 1. While AP moves through the fourth quadrant PM is 
negative, and decreases numerically until AP coincides with AB; 
thus as the angle increases from 270° to 360° the sine is negative 
and decreases numerically from - 1 to 0» 
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57. To trace the changes in the cosine of an angle a>8 tJie angle 
varies, 

"With the figure of the preceding article we have 

COB FAB = -~p. 

At first Al' coincides with AB and then AM= AP; thus when 
the angle is zero the cosine is 1. While AP moves through the 
first quadrant AM is positive and continually decreases until AP 
coincides with AC and then AM vanishes; thus as the angle in- 
creases from to 90® the cosine diminishes from 1 to 0. "While AP 
moves through the second quadrant AM is negative and increases 
numerically until AP coincides with AB'j thus as the angle increases 
from 90° to 180° the cosine is negative and increases numerically 
from to — 1. While AP moves through the third quadrant AM 
is negative and decreases numerically until AP coincides with AC^ 
thus as the angle increases from 180° to 270° the cosine is negative 
and decreases numerically from —1 to 0. While AP moves through 
the fourth quadrant AM is positive and continually increases until 
AP coincides with AB] thus as the angle increases from 270° to 360° 
the cosine is positive and increases from to 1. 

6^, To trorce the changes in the tangent of am, angle a^s the 
angle varies. 

With the figure of Art. 56 we have 

tanP^5 = ^. 
AM 

At first AP coincides with AB and then PM vanishes and 
AM=AB; thus when the angle is zero so also is its tangent. 
While AP moves through the first quadrant PM and AM are 
positive; PM continually increases and AM continually decreases 
until AP coincides with AG; thus as the angle increases frptn to 
90° the tangent increases from without limit, so that by taking 
an angle sufficiently near to 90° we can make the tangent as great 
as we please; this is usually expressed for the sake of abbreviation 
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thiis^ the tangent of 90^ is infinite. While AJP moves through the 
second quadrant FM is positive and --4 if is negative; FM con- 
tinually decreases and AM increases nwmsrically until AF coincides 
with AB'y thus as the angle increases from ^0* to 180** the tangent 
is negaliive and decreases numerically from an indefinitely large^ 
value to zero. While AF moves through the third quadrant FM 
and AM are negative; FM increases rvumericaUy and AM de- 
creases numerically until AF coincides with AO'-^thus as the angle' 
increases from 180** to 270** the tangent is positive and increafies 
from without limit, so that by taking an angle sufficiently near 
to 270° we can make the tangent as great as we please; this as 
before is abbreviated into the ta/ngent of 270° ia infinite. While 
AF moves through the fourth quadrant FM is juegative and AM 
is positive; FM continually decreases numerically and -4 J/ in- 
creases until AF coincides with AB; thus as the angle increases 
from 270° to 360° the tangent is negative and decreases numerically 
from an indefinitely large value to zero. 

Similarly the changes in the cotangent of an angle may be traced. 

59. To trace the changes in the seca/nt of an am^le as the angle 
vcMries. 

The changes in the secant of an angle may be traced by means of 
the figure in the same way as those of the sine, cosine, and tangent ; 

or we may use the formula secFAB=i v^r^, and infer the 

cos-P^jB 

changes in the, secant from the known changes in the cosine; we 
wiU adopt the latter. method. As the angle increases from to 90° 
the cosine diminishes from 1 to ; thus the secant increases fr'om 
1 without limit, so we may say the secant of 90° is infinite. As 
the angle increases from 90° to 180° the cosine is negative and in- 
creases numerically from to — 1 ; thus the secant is negative and 
decreases numerically from an indefinitely large value to — L As 
the angle increases fix)m 180° to 270° the cosine is negative and 
decreases numerically from — 1 to ; thus the secant is negative 
and increases numerically from — 1 to infinity. As the angle 
increases from 270° to 360° the cosine is positive and continually 
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increases from to 1 ; thus iilie secant is positive and continually 
dimimshes from infinity to 1. 

Similarly the changes in the cosecant of an angle may be traced. 

60. Since vers ^ = 1 — cos -4, as the angle increases from to 
180^ the versed sine increases frx)m to 2, and as the angle in- 
creases from 180^ to 360^ the versed sine diminishes from 2 to 0. 

61. Thus we see that the sine and cosine may have any value 
between — 1 and + 1 ; the tangent and cotangent may have any 
value between — oo and + oo ; the secant and cosecant may have 
any value between — oo and — 1 and between + 1 and + oo . And 
it will be found on examination that no Trigonometrical Hatio 
changes its sign except when it passes through the value zero or 
the value infinity. The versed sine is always positive and may 
have any value between and 2. 

62. The following table of the values of the Trigonometrical 
Ratios of certain angles is formed fix)m the results of the preceding 
chapter and the present chapter. 
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EXAMPLES. 

1. Determine the values of the Trigonometrical ratios for an 
angle of 585^ 

2. Also for an angle of 690^ 

3. Also for an angle of 930^ 
4« Also for an angle of 6420^ 

5. Find all the angles between and 900® which satisfy the 
relation tan 0=1. 

6. Eind all the angles between and 900® which satisfy the 
relation cos* = ^* 

7. End all the values of versin -j- where n is any integer. 

8. Eind all the values of sin|^ + (- 1)" ^l where n is any 
integer. 

9. Solve sin*d + cos*d=0. 

10. Solve 2sin»d-5cosd-4 = 0. 

11. Trace the changes in the sign and value of cos - sin 
as 6 changes from to ^ir, 

12. Alsoofcos"tf-sin"ft 

13. Alsoof tand + cotft 

14. Is sec' 6 = . Tvj a possible equation ? 
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Y. ANGLES WITH GIVEN TRIGONOMETRICAL 
RATIOS. 

63. To construct an angle ivith a given sine or cosine, 

C 




Required an angle the sin^ of which is a given quantity a. 

Describe a circle with unity for its diameter, and take any diameter 

AB of this circle; with centre -5 and radius a describe a circle ; let 

G be one of the points where this circle meets the former' circle; 

join AG and BG. Then AGB is a right angle, and the sine oiBAG 

BC 
is -j^ , that is a; therefore BAG is such an angle as is required. 

If the cosine of the required angle is to be a, then the same 
construction may be made, and ABG will be such an angle as is 
required. 

64. To construct an angle with a given tangent or cotangent. 

Required an angle the tangent of which is a given quantity a. 

Take a line AB the length of which is unity; draw BG at 

right angles i/o AB and equal in length to a, and join GA. Then 

BG 
the tangent of BAG is -^ , that is a; therefore BAG is such an 

angle as is required. 
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If the cotangent of the required angle is to be a then the same 
construction may be made, and ACB will be such an angle as is 
required. 




65. If an angle is required to have a given cosecant, then 
since the cosecant is the reciprocal of the sine, the angle must 
have a known sine; therefore the angle may be found by Art. 63. 
Similarly if an angle is required to have a given secant, or a given 
versed sine, then the cosioe of the angle is known and the, angle 
may be found by Art. 63. . 

We shall now proceed to find expressions which include all the 
angles which have a given Trigonometrical Batio. In the re- 
mainder of this chapter we shall express all the angles that occur 
in drcula/r measure, 

QQ, To find an expression for all the angles which have a 
given sine. 

Let BAG be the least positive angle which has the given sine; 




denote this angle by a. Produce BA to any point B^ and make 
the angle B'ACr= BAG ; then ^^(7= ir - a. 

Now it is obvious from the figure that the only positvoe angles 
which have the same sine as a are ir— a, and the angles formed by 
adding any multiple of four right angles to a or to tt— a; that is, 
angles included in the formulae 2mr-¥a. and 27i7r+7r— a, where n is 
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zero or any podtiye integer. Also the only negative angles which 
have the same sine as a are — (tt + a), and — (2fl- — a), and the angles 
formed by adding to these any multiple of four right angles taken 
negatively; that is angles included in the formulss 2n7r — (ir + a), 
and 2w7r--(27r — a) where n is zero or any negative integer. All 
the angles which have been indicated will be found on trial to 
be included in the formula 

WTT +(-!)■ a, 
where n is zero, or any integer positive or negative. Also all the 
angles included in this formula will be found among the angles 
which have been indicated. Thus the formula 7wr + (— l)"a in- 
cludes all the angles which have the same sine as a, and all the 
angles which it includes have the same sine as a. 

This formula also determines all the angles which have the same 
cosecant as a. 

67. To find cm easpreasionfor all the cmgles vMch ha/ve a given 
cosine. 

Let BAG be the least positive angle which has the given cosine; 
denote this angle by o. Make the angle BAC^BAG. Now it is 




obvious from the figure, that the only positive angles which have 
the same cosine as a are 27r — a, and the angles formed by adding 
any multiple of four right angles to a or to 27r — a ; that is, angles 
included in the formulse 2n7r + a and 2mr + 27r — a, where n is zero 
or any positive integer. Also the only negative angles which have 
the same cosine as a are — a, and — (2ir— a), and the angles formed by 
adding to these any multiple of four right angles taken negatively; 
that is, angles included in the formulae 2w7r — a and 2wir — (27r — o) 
where n is zero or any negative integer. All the angles which have 
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been indicated will be found on trial to be included in the formula 

2nir ^ Of 
where n is zero or any integer positiTe or negatiye. Also all the 
angles included in this formula will be found among the angles 
which have been indicated. Thus the formula 2nir * a includes all 
the angles which have the same cosine as a, and all the angles which 
it includes have the same cosine as a. 

This formula also determines all the angles which have the same 
secant or the same versed sine as ou 

68. To find cm expremonfor ail the angles which have a given 
ta/nge7U, 

Let BAG be the least positive angle which has the given tan- 
gent ; denote this angle bj a. Produce BA to any point B" and 
CA to any point (T, 



Now it is obvious from the figure that the only poeitive angles 
which have the same tangent as a are ir + a, and the angles formed 
by adding any multiple of four right angles toaortoir + aj that 
is, angles included in the formulsa 2nv + a . and 2n7r + «■ + a, where 
n is zero or any positive integer. Also the only negative angles 
which have the same tangent as a are — («• — a), and — (2ir — a), and 
the angles formed by adding to these any multiple of four right 
angles taken negatively ; that is, angles included in the formula? 
2w7r-(ir--a) and 2wir-(2ir-a) where n is zero or any negative 
integer. All the angles which have been indicated wiU be found 
on trial to be included in the formula 

nir + a, 
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where n is zero, or any integer positive or negativa Also all the 
angles included in this formula will be found among the angles 
which have been indicated. Thus the formula rnr + a includes all 
the angles which have the same tangent as a, and all the angles 
which it includes have the same tangent as a. 

This formula also determines all the angles which have the same 
cotangent as a. 

69. In Art. 66 we shewed that if a be the least positive angle 
which has a given sine, the formula nir + (— l)"a includes without 
excess or defect all the angles which have the same sine as a; it 
was convenient for distinctness in the demonstration to suppose a 
the least positive a^ngle which has the given sine. But this restiic- 
tion can be removed, for we can shew that if )3 be cmy angle, the 
formula wir + (— 1)")8 will include without excess or defect all the 
angles which have the same sine as p. Eor suppose a to be the 
least positive angle which has its sine equal to sin)3; then, from 
what has been proved, we know that P must be one of the angles 
included in the formula wtt 4- (— l)'"a where m is zero, or any in- 
teger positive or negative. Suppose then )3 = r7r + (-l)'a; there- 
fore W7r + (-l)")8 = n7r + (-l)"r7r + (-l)"*''o; and all we have to 
prove is, that this formula includes without excess or defect all the 
angles included in the formula m7r + (— l)'"a. If w be even the 
formulflB correspond by taking m = w + r;ifnbe odd, the formula 
correspond by taking w = « — r. The formula n7r + (— 1)")3 will 
of course also include without excess or defect all the angles which 
have the same cosecant as j3. 

70. Similarly we may shew that if )3 be an^ angle, the angles 
which have the same cosine or secant or versed sine as ft will be 
included without excess or defect in the formula 2n7r^)3; and that 
the angles which have the same tangent or cotangent as p will be 
included without excess or defect in the formula rnr + j3, 

71. Before leaving this part of the subject we wiU recur to the 
definitions of the Trigonometrical Functions ; we considered them 
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as rcOios formed by comparing the sides of a right-angled triangle, 
but formeriy they were differently defined, and it is advisable to 
notice the old definitions in order that the student may understand 
allusions to them ^hicb will occur in his reading. 




Let A be the centre of any circle, AB a radius, BP any arc ; 
draw the radius AG at right angles to ABy and draw tangents to 
the circle at the points B and G; produce AF to meet the first 
tangent in T and the second tangent in t ; draw FM perpendicular 
to AB. Then the old definitions are as follows, in which the lines 
of the figure are considered to be functions of the. arc BF, FM is 
the sine of the arc BF, AM iiS its cosine, ^jTis its tangent, Gt is its 
cotangent, J T is its secant, At is its cosecant, BMia its versed sine; 
also the line joining B and F is the chord of the arc BF, Thus 
the tenQS sine, cosine, &c., formerly denoted certain lines and not 
certain ratios. On the old system the lengths of the sine, cosine, 
(&0. depended on the radius of the circle considered, so that it 
became necessary to state what length was ascribed to tibis radius 
in any investigation* 
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72. It is easy to connect the values of the old and new Trigo- 
nometrical Functions ; for 

sine of the angle PAB = ^jp , 

sine of the arc P^= Pif ; 

thus sine of the a/rc = radius of circle x sine of the angle, 

- ^, , sine of the a/rc 

and sine of the owflrfo = —-5:^ ^ . ., . 

radius of circle 

Similar results hold for all the other Trigonometrical Functions. 
Thus from any formula in the modem system which involyes Func- 
tions of Angles, we can deduce the corresponding formula in the 
ancient system which will involve Functions of area, and vice versa. 

For example, if A denote any angle, we have (Art 32) 

sin" A + cos* 4 = 1. 

Now let a denote the arc corresponding to ui in a circle of radius 
9-3 then, using the old definitions 



so that sin" a + cos" a = r". 

We may notice that the sine of half the angle FAB 

jFB FB 
" AB "^AB' 

and therefore the chord of an arc = radius of drcle x twice the sine 
of half the angle. 

73. Since the sine of an wrc is equal to the radius of the circle 
multiplied by the sine of the angle, it follows that if the radius of 
the circle he untty the numerical value of the sine is the same in 
bath systems; and a similar result holds for the other Trigonome- 
trical Functions, Thus any formula expressed in the ancient sys- 
tem may be immediately converted into a formula expressed in the 
modem system by supposing the radius of the circle to be egual to 
unity. 
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74. The old definitions give some indications of the origin of 
the terms sme, cosine, &c. The word drie seems derived ftam the 
Latin word sirms a bosom, the a/rc is supposed to represent a bow, 
and ihus gets its name, and the string, half of which represent^ the 
sine of half the arc, would come against the breast of the archer. 
The words tcmgent and aeccmb are naturally derived from the old 
definitions. (See Penny Cydopcedia; article Trigimome^*) 

75. The modem method has now completely superseded the 
ancient method in English works ; it was introduced by Dr Peacock. 
(See Peacock's Algdyra, VoL ii. p. 157). It may however be 
observed, that it is stated by Professor De Morgan {THgonometry 
and Dovhle Algthra, p. 18), that "Rheticus, who gave the first 
complete trigonometrical table, and invented the secant and cose- 
cant to complete it, used the method of ratios." 

EXAMPLES. 

1. Write down the general value of 6 when tan d = 1. 

2. Write down the general value of when sin = 1. 

3. Write down the general value of 6 when cos = 1. 

4. Write, down the general value of 6 when cos d = — « • 

5. Find aU the values of 6 which satisfy sin* d = sin" a. 

4 

6. Write down the general value of 6 when cosec' tf = « i 

y 

7. Find all the values of 6 which satisfy cos'tf = cos*a. 

8. Write down the general value of 6 when sec* tf = 2. 

9. Find all the values of d which satisfy tan"tf = tan"a. 

Write down the general value of when tan" tf = « • 

'' ' ■ o 

11. Shew that all the angles which have both. the same sine 
and the same cosine as a, are included in the formula 2n9r + ou 

12. Write down l&e general Valtie of 6 which satisfies both 

sin d = --j5-andcos tf=--^. 

T. T. 4 
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VL TRIGONOMETRICAL FUNCTIONS OP TWO 
ANGLES. 

T$. To txpres* the sine aad corine of tke iwin of two angles in 
termi of^ naeg and cosiaea of the angUa themtdvet. 




-§ — C 

Let the angle COD be denoted hj A, and the angle DOE by 
B ; then the angle COE will be denoted \iy A + B. In OE take 
any point P, draw PM perpendicular to OC, and PN peipendicular 
to OD ; draw NR perpendicvdar to PM and NQ perpendicular to 
OG. Then the angle PNR is the complement of RNO, that is of 
NOC', therefore NPR is equal to A, 

_ PR 

OP 



^ . ,.j^ PM RM+PR 
Now sin {A + B) = -^^ = 



OP 



OP* OP 



/Am 0^ 



NQ ON PR PN 
~ ON' OP"^ PN' OP 
= 8in^ cos^ + cos ji sin B. 
OQ-QM OQ NR 
0P~ OP ~ OP OP 
OQ ONNR NP 
~ON'OP NP' OP 
= 008 A cos ^-sin^ sin S. 
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77. To express the sine and eosme of the dnfferencie of two 
angles in terms of the sines and codnes of the angles themsehes. 




Let the angle COD be denoted by A, and the angle DOE by 
B; then the angle COB will be denoted by A-B. In OB take 
any point F, draw FM perpendicular to OC and PiV perpendicular 
to OD; draw I^F perpendicular to MF produced and I^Q perpen- 
dicular to OC. Then the angle FI^B is the complement of FI^Q, 
and is therefore equal to ON^Q ; therefore 2^FB is equal to A. 

FM^BM--RF^NQ BF 

^ OF OF '^ OF" OF 

_NQ ONBF FJ^ 

"ON' OF FN' OF 

= sin J[ cos J? — cos -4 sin ^. 

,. ^, OM OQ^QM OQ NB 
cos(it-^) = -^= Qp ^OF^lJp 



ISow sin (A 



OQ ON NB FN 
^ ON' OF^ FN' OF 
^ cos A cos ^ + sin ^ sin A 



4—2 
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^8. To assisir the student in remembering the ^preceding 
demonstrations, we may observe that the point P is taken in the 
line that bounds the compou/nd a/ngle toe a/re considering ; thus, in 
proving the formul® for sin (A + B) and cos {A + B) the point P 
is taken in the line which bounds the angle A ■¥ B^ and in provilig 
the formulse for sin {A — B) and cos {A — B) the point P is taken 
in the line which bounds the angle A-B. After the construction 
is completed, the principal step consists in shewing that the angle 
NPR is equal to -4; it will be seen from the construction that 
this is the case, for the lines PN^ BP are respectively perpendi- 
cfulwr to the lines which form the angle A, and thus form an angle 
equal to A, 

79. The formulae established in Arts. 76 and 77 are true 
whatever may be the size of the angles A and B; the student may 
exercise himself by going through the construction and demon- 
stration in different cases; it will be found that the only variety 
which occurs in the construction consists in the circumstance that 
the perpendiculars instead of filing upon certain lines may fall upon 
those lines jproduced We will^ as an,example, prove the formulae 
in Art. 76, when each of the angles A and B is less than a right 
angle^ and their sum greater than a right angle. 
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Let the angle GOB be denoted by 14, and the angle DOB by 
B', then the angl6^ (70j^ will be denoted by ^ + j^. In OE take 
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any point P, draw FM perpendicular to GO pix)du6ed and PN 
perpendicular to OB ; draw NR perpendicular to FM and NQ 
perpendiculajr to OG. Then the angle PNR is the complement of 
RNO^ that is oiNOG\ therefore NFR is equal to A. 

. /i m ^^ MR + PR NQ PR 
Now8m(i+i?)=^^=— g^-=^ + ^ 

NQ ON PR PN 
"ON' OP^PN' OP 
= sin ^ cos J9 + cos ^ sin ^« 

Also cos(-4+-S) = ^jp ; 

here we must remember that OM being measured to the ^ of 
is a n^iatiye quantity, and we may put for it OQ — QM, that js 
OQ-NR',th\ia 

iA m OQ-^NR OQ NR 
co8(J+iO=— 0?- ^OP^OP 

OQ ON^NR FN 
'ON' OP FN 'OP 
= cosAcoaB'-eiaAfasiB. 



80. The formulie established in Arts. 76 and 77 may be con« 
ndered the fundamental formulae of the subject; it is important 
therefore that they should be shewn to be universally true. As 
we have intimated in the preceding article, the student might 
convince himself of their universal truth by examination of all 
the cases that can occur; but we inay arrive at the required result 
more decisively by making use of some theorems which have already 
been completely established. 

The formulae we have to prove are 

sin(^+^ = sin^cosj& + cos^sinj9 (1). 

co8(J^ + ^) = CQs-4co8^-sin-4sinJ5 (2). 

sin(ii-^) = sin^co8^~cos^siEi^...« (3); 

cos(il~^)=cos^cosJ9 + sinilsin^ **-W' 
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Kow in Arts. 76 and 79 we liave shewn that (1) and (2) hold for 
all positive values of A and B, which do not exceed a tight angle; 
and in Art 77 we have shewn that (3) and (4) hold for all poaitiye 
values of il and B which do not exceed a right ajagle, provided A be 
grecUer them B, We shall first shew that the restriction of A being 
greater than B may be removed £rom (3) and (4). 

By Art 49, sin(il -5) = -sin(jB~il), 

and cos(ii— ^) = oos(^ — -4); 

if then we know that 

sin (^ — il) = sin j^ cos ^ — cos J^ sin J , 
and coB(^--4) = cos^co8-4 + Bin-Ssin-4; 

we know also that 

sin (^ — j^ = sin ^ cos ^ — cos ^ sin i9, 
and CQS (il — -ff) = cos -4 cos 5 + sin -4 sin B, 

Therefore if (3) and (4) hold for values of A and B comprised 
between any limits when A is greater than B, they hold for values 
of A and fi comprised between the same limits when A is less 
than A 

Thus we know that the four formulsB are all true for any 
positive value of each angle between zero and a right angle. We 
shall next shew that if all the formulae are true for values of A and 
B comprised between certain limits, these limits may be increased 
by a right angle. For by Art 52, 

sin (90® + A'^B) = cos{A + ^ = cosil cos-ff-siuil an B 
= sin (90V il) cos ^ + cos (90° + Jl) sin ^; 
in this way, from the truth of (2) for any limits, we can infer the 
truth of (1) with an increase of 90° in the limits of either angle. 
Similar considerations apply to all the other formulsB ; and thus 
the limits become as large as we please. 

Lastly, the truth of the formulae for any negative angles may 
be established; suppose A and B both negative, let -4 = -il' and 
^=-^i5r; thus > 
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sin(ui + ^) = sin(-.^'-^=-.8in(ii'+J8^, byArt;49, 
« — (sin -4' cofl jR' + COB ii' Bin ^ 
r^sin ( - i4') COB (- -BO + COB ( - ii') sin (- jB) 
ssin^coB^ + coBil onB, 

Similarly all the other formnln may be shewn to be true when both 
the angles are negativei or when one of the angles is negative. 

81. From the four fundamental fotmuhe a large number of 
other formula may be deduced; we ahall give some examples of 
such deductions. 

82. In the expresdons for sin(^ + ^) and oos(il + Z?) put 
B=A; ihuis 

$in 2^ = 2 sin ^ COB ui ; 

coB2^ = coe^^-sin*.4 = l-2sinM = 2eo6M-l. 

Thus l + coB2il-2cos*il, 

1 — COB 2-4 = 2 sin* -4, 

1 - cos 2-4 . , . • 

and "i "^ — 5-1 = tan A. 

1 + COB 2-4 

83. From the four fundamental formula we h^ve ^ 

sin(^+-S) + sin(il-jB) = 2sinilcos^, 
8in(-4 + i^-sin(-4-J5)=2co8-4smjB, 
cos (-4 + 5) +.C0S (il - -B) =» 2 cos -4 cos jB, 
coB(il-JB)-cos(^ + JB) = 2sinilsinA 
Let il + -B = (7 and -4 --B = -D; therefore 



8mC?+«n-D=3 2sm-y- cos — ^ , 
fim(7-sm-Z> = 2coB— 5— sm — g"' 

cos(7 + cos7> = 2cos— ^ — cos 

y. n ^^ (7+-D . <7^7> 
cosZ)-cosO=2sin— ^ — sin— ^ . 
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84. Sin (^ + 5) sin {^-^ 

= (sin A oosB +oosAaxiB) (sinui cos ^ — cos ii sin ^) 
= sin"^ oos'jff — cos"ilsin"jff , 

= sin»]i(l-sin»^)-(l-sin"J[)sin»^ 
=5 sin' A — sin' £. 

And coB{A'hB)coB(A-B) 

= {ooBAcoBB'-ahiAwa.B){coBAooaB + miAmRB) 

= cos* A cos' B — sin' A sin' B 

= cos'ii (1 - sin' .5) -<1 -cos' .4) sin' J? 

= cos' -4 — sin' ^ = cos* -S - sin' il. 

at- m /J lA sin(-4+jB) sin-icos-ff + cosuisin^ 

85. Tbjx{A+B)= — )——-( = — ; 

^ ' oos(ii + ^) cosiicosj?-smilsmJ9' 

diyide both numerator and denominator of the last egression bjr 

sin ^ sin ^ 

cos A cosB 
COB il cos ^; thus ve get ^ a - h f 

' ** • - sin^ sin Jo 

cohA cosB 

.-, M» A /i wv tan.4+tanjff 

therefore tan(-4 + -B)=T — 7 — 5-7 — 5. 

^ ^ 1-taniltan^ 

Suppose B^A; thus we obtain 

2tan^ 



tan2^ = . 



1-tan'il' 

T ^>l p\ _ sin (ui — ^) _ sin il COS ^ ~ COS ui sin ^ 
^ ^ ~ cos (^ - j5) "~ COS A COS j^f sin ^ sin ^ 

siuii sin^ 

cos^^cos^ _ tan^-tani? 

^^ sin-4 sin^S^l+tanil tan-5* 
1 + 5 •- — ^ 

OOSul COB^ 

Suppose for example that B -45% so that tan £ = 1; then we 
shall obtain 

X /J . AKv^ 1 4-t^il . X- / J ^eox tan -4-1 



TBIGONOMSTSICAL FUNCTIONS OF TWO ANGLES. 57 
nj.fA m ^»flM+^ co&A COB B—soji A fan B 

OO. Cot (A + J») = -; 7-3 jrr = . ■ a 5 1 — ' » 

^ ^ 8axi{A-\-M) smAcoaB-k^ooaAsmB 

COB A COB B ^ 
_ BJiiil ein^ _ cot -i cot i5 — 1 
. "" coB^ cos^ "~ cot il + cot ^ 
ahiA mnB 
Suppose B = A; thus we obtain 

2 cot A 

Q. ., 1 x/i ftv oot-icot^+1 

Similarly cot{A^S)^ cotB-^cotA ' 

87. Sm2.i = 2Biiiiico8ii= ? f ^ "^ ^/, (Arte.'82 and 32) ; 

sin* -4+ cob" -4 ^ 

divide both numerator and denominator of the last expression by 

2sin^ 

cos" A : thus we get . a ' : 

® - sin'il' 

1 + 



therofore sin 2^1 = 



cos'il 
2tan^ 



l + tan"-4* 



Also cos2^ = cofl'.i-Bin'^==5^?^4— ^4 (Arts. 82 and 32) 

cos' A + sm' A 

, - sin'ui 



1 + 



cos'^ _ 1 — tan' A 
gn'ii"" 1 +tan"-4' 
cSn 



. , . » 2 sm — s— cos — 5 — 

Sa ^A±^^ \ \ (Art 83) 

sm^-sin^ Z A+B . A-B ^ 

, il + ^ 



N , 
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^ A-\-B A--B 
cos^ + cosi? ^eos-^eos-^ 

Oft m ^ . i. » sin -4 sinJ? sin il cos ^ + cos ^i sia ^ 

89. TajiA + t&JiB=i 7+. =r= 

, cos^ cos -a cos ^ cos i^ 

sin (A + B) 

cos A cos jB * ) 

Similarly taa^~tati^ = ^^^ ^. "" I . 

cosXcosjff 

QA rn A . J. A ^A COS A sin" A + cos" ii 

90. Tan-4 +cot-d =—— T + -^^ — 5- = — ; — -— 

cos A sin ^ sm J. cos A 

1 2 2 



""sin-icos-i 2sin-4cos-4 sin 2-4/ 

coQ-4 sin-4 sin-4 cos^ 

cos2ii 2 cos 2 .4 

." sin ^ cos 4 sin24 =^-JQ0t24. 

91. Sin3^=sin(2J:+^) = sin2ui cos^+<5ob2^ sin^ 
= 2smA cos' A +(1 -2 sin" .1) sinil 
= 2 sin ^ (1 - sin" -4) + (I - 2 sin" il) sin A 
= 3 sinil -4 sin' -4. 
s cos 3^ ~ cos {2A +A) =cos 2-4 cos .4 -sin 2-4 sin A 
= {2 cos' A -1) cosA ^2.co8 A sin" -4 
= (2 cos"^-l) cosii-2 COS.I (1 -cos"ul) 
= 4 cos' -4 -3 cos -4. 

Hence t^3A^^^^l±±±^EL±. 
9 COB 3 A ^cob'A-ScobA 

, f 
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Diyide both numorator and denominator by cob'^I j thus 
3tan^ 



„ - oob'^I 

tan SA = 



-4tan*^ 



ooa'A 

_ 3tanui(l+taiiM)~4ta:nM .. _ 3tanii -tanM 

4-3(l + tan'il) (Artd*;- i^stanM * 

92. 7V> find the valties of the Trigonometrical Batios/ar cm 
cmgle of 15^ amd cm cmgle of 7^^ 

sml5^ = sin(45'-30") = sin«'coB30'-cos45^fliii30" = '^^; 
cosl5' = <x)8(45*-30*') = co8 45*'co6 80"+am45"8m30« = ^^!^ 

cos 15" ^3 + 1 2 ^ 

sec 15* = =-rr= ,y - j cosecl5^= . .. .q = /q i * 

. cos IS'* ^/3 + l^ sin 15" ^3-1 

And 8in75* = cosl5" = ^^; cos 76^ = sin 15° = ^^^ ; 

taii76' = cotl5° = 2 + V3; cot75° = tanl5*=2-^3; 

Bec75° = cosecl5° = -^5^5 cosec 75° = sec IS** = -^^ . 

93. 7/* sin -4 = sin j8 amd oosil =cos^, thm either A. cmdB 
are equals or tfiey differ hy some mrdtiple of four right cmgles. 

For cos (-4 — ^) = cos -4 cos -S + sin ^ sin 5 

= cos" A + sin" -4 = 1; 

therefore -4 - J? = 0, or a multiple of four right angles taken posi- 
tively or negatively. (Art 67*.) % 
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94. Ifco^A = cos^ amd sinil = - sin j9, then A + B w zerOy 
or a mtdtijde offowr right angles positive or negative* 

For the given relations may be written ' 

coSii = co8(-^), 8in^ = sin (--»). (Art. 49.) 

Hence by the preceding article A —(— B), that is A+^, is zero or 
some multiple of four right angles taken positively or negatively. 

EXAMPLES. 

Prove the following identities : 

- cosil + Bin-4 j^ ^ J « i 

1. -. r— 7=tan2il+sec2il. 

cosil — sin^ 

2. 2sin"^ sin" i? 4 2 cos" -4 cos" -5 = 1 + cos 2il cos 2 A 

3. tan (45V il)- tan (45"-^) = 2 tan 2il. 

4. sin 3A cosec ^ ••^ cos 3J^ secui = 2. 

5. 3sin^-sin3il = 2 sin ^ (1 - cos 2il). 
sin ii + 2 sin 3^ + sin 5^ sin 3 A 



6. 



sin 3il + 2 sin dil + sin 7ii sin 5^ * 



7. ^,=^^^^-2co.iA.B). - 

Sin A smA ^ ' 

8. Bin4ii = 4sin-4 cos'-4-4cos-4 sin'il. 

cos-4-co8 3^ 

^' » Q^ : — 7= tan 2^. 

sm 3^ — sm J. 

-^ cos 2-4 -cos 4^ . 

1^- « A A ^-oT = tan 3A 

sin 4 J. — sin 2-4 

11. cosec 2-4 + cot 4-4 = cot -4 — cosec 4J. 

12. cos'(il--B) + cos"^~2cos(l--ff)cos-4 cos-B = sin"-4. 
13; sin" (-4 -^) + sin"-ff + 2sin (^ -^) sin-ff cos A = sin" A. 

1 + taa* (45* - -i) 



10. 



'(45»--i) 
4 tan 4(1- tan' -i) . ,. 
(l+tan'-l)' 
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16. amA (1 + tan -4) + cos -4 (I -hcot A)^BecA +\soaec A. 

^^- 8m34-cos3^ = 1^2sm2^**''(^~^^)- 

18. co8uf + cos(120*'-il) + cos(l20** + ^) = 0. ' 

19. 4 sin ^ sin (60* - A) sin<60" + A) = sin 3A. 

20. 4 cos A cos (120' -ui) COS (120V i) = cos ^^. 

21. sin 3A sin' -4 + cos 3-4 cos' -4 = cos' 2A. 

22. .o^A'J^^m.'A^=^. 

23. COS Tii cos (» + 2) J[ - cos'(» + 1)-4 + sin'ui = 0. 

-. sinii^sin9i.i + sin(29i-l)ii ^ . 

24. — -j i 7s TT-T = tan ^-4. 

cos ii ± cos nil + cos (2w - 1) il 

25. sin nA cosec'ii sec -4 — cos nA sec"-4 cosec A 

= 4 sin (n — VjA cosec'2A, 

26. cos 10^ + cos 8^ + 3 cos 4ii + 3 cos 2ii = 8co6ii cos'3^. 

27. cot -4 + cot 2-i + cot 4 J[ 

= cosec 4ul (2 + 2 cos 2ii + 3 cos 4^). 

2 sin 2-4 + 2 cos 2il 

28. cosec -4 = t ; — -: o . . . Q i « 

cos ^ — sm ^ — cos 34 + Bin 3.4 

29. cos* 24 = (cos4 - sin 3-4)* + 2 cos -4 sin 34,(cos 4 - sin 4)*. 

30. cos*4 - sin»4 = cos 24 (1 - i sin"24). 
Solve the following equations : 

31. tan('j-») + cot^j-e) = 4. 

32. sin4d + sind = 0. 33. sin 7tf - sin d = sin 3tf. 
34. sine4-cose= -7;^. 35. sin5d = 16sin*ft 

36. cos3e>4-CDs2<|+^os*=0. 37. 8in8fi + sih26( + 8ind = 0. 
38. tanfl-i-tan (j + A=2. 39. tan2tf = 8fcos"e-cotft 

40. taii(j + A=3taiifj-»y. 



( 62 ) 



VII. FOEMUL.E FOE THE DIVISION OP ANGLES. 

A 
95. In Art 82 cliange A into -^ ; ihtis we obtain 



cosil = l-2sm»:| = 2cos«:^-.l; 



^, . .A n-oosA A /1 + 

therefore 8m^ = ^ ^ ^ ^^^I^V"— 



COSil 



2 



96. Since we may suppose either the positive or negative sign 

to be placed before the radical quantities in the preceding article, 

we see that corresponding to am value of cosii there are two values 

A A 

of sin -g- and ttvo valuep of cos-^- j and the reason of this may 

be assigned. For if a be an angle which has a given oosiney then 
the formula 2n/7rdba incluoles all the angles which have this given 

cosine; therefore any expression which gives the value of sin ^r 

in terms of cos a. may be e:]^ct6d to give the value of the sine of 
every angle included in the formula ^ {2n^ sfe a). Now 



sm ( WTT «fc H ) = sin WTT cos ^ ± cos WTT sm s 



a . a 

T? ;fe cos nir sm ^ 
jA 2 



.a .a 

= ±coswirsm7r = «fcsm7j; 

thus two values occur which differ only in sign. Similarly^ any 

expression which gives the value of cos ^ in terms of cos a may be 

exipected to give the value of the cosine of every angle included in 
the formula ^ (^mr * a). Now 

cos(niriisc;) = cos9iircos^spsmnirsm- 



thus two valuen^ccur which differ only in sigu. 



a , a 

^COSTMTCOS^saACOS^; 
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97. If cmA only be giten and notliing more be known 
respecting A, then the ambiguity of sign which occurs in Art 95 

cannot be removecL If however A itself be given, then -^ is a 
known angle^ and therefore we know whethw sin-^r- is positive or 

negative; and also wliether cos-^ is positive or negative; thus we 

know which sign is to be taken with each radical quantity. Or if 

A 
we merdy know in which quadrant the angle -^ lies, we can 

determine the proper signs; &r example, if -^ is an angle between 
180' and 270°, both its sine and cosine must be negative quantities. 

A A 

98. By Art. 82 sin^ = 2sin-s^ cos-g-, 

also l = sin"-5- + cos'-g-, 

thus fsin^^ + ooB-g-jsl + Binii, 

and (sin^— cos-5-j=l-sinil; 

A A 
th^efore sm'^ + coB-^-J{l+anA) (1), 

and sin-5--cos-2-=^(l-sin-4) (2); 

therefore 2sin-^ = ^(l -^ tan A) + J(l -^ san A), 

and 2 cos ^=^(1 4-sin^)-*/(l -sin-4). 

99. Since we may suppose either the positive or negative sign 
to be placed before each of the radical quantities in equations (1) 
and (2) of the preceding article, we see that corresponding to one 

value of rin-4 there ^kre/aur values for cos-x- and^^Jwr values for 
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sin -^ , and the reason of this may be assigned. For if a be an angle 

which has a given sine, then the formula nw + {— l)"a includes all 
the angles which have this given sine; therefore any expression 

which gives the value of sin ^ ' in terms of sin a may be expected 

to give the. value of the sine of every angle included in the 
formula | {rwr + (— l)"a}. First suppose n even and equal to 2m ; 
then 

sin ^ {m + (- l)'a} = sin (mir + ^ j ?= sin mir oos^ + cosmir sin 5 

. 0. - , a 
s= cos mir sin 5 = sfc sm ^ . 

Next suppose n odd and equal to 2m + 1 ; then 

• If . / "f\ii 1 • / IT— a\ ,' IT— a i IT— a. 

sm ^\mr+ (-1) a} = smf mir + —^ j =smm7r cos —5— + cosmir sm — ^ 

.TT — a -.TT — a a 

= cos WITT sm — s- = * sm — ^r— = sfe 00s ^ . 
^ J J 

Thus four values occur for the sine of half an angle when the sine 
of the angle is given. 

Similarly any expression vhich gives the value of cos ^ in 

2 

tenns Qf w «, maiy be expected to give the value of the cosine of 
every angle included in the formula ^ |7Mr + (- l)"a}. First sup- 
pose n even and equal to 2m; then 

cosi{wir + (-l)"a} = cosfw7r + ^j = cosmir cos | + sin mir sin ^ 

= cos wwr cos 5 = "fc cos ^ . 
Next suppose n odd and equal to 2m + 1; then 

cos i{nir+ (-^1) a} = cos f mir + — o— 1 = cosmir cos ^-^ + sinmirsm--5— 

IT — a IT — a , a 

.. ^cosmir cos-— ^=*cos— 5—=* sm-jy 
iS J 2 



FOBMUUE FOR THE DIVISION OF ANGLBSr 6^ 

Tbxui four values ocoor for the cosine of half an angle when the 
sine of the angle is giren. 

100. If sin A only be given and. nothing more be known 
respecting A, then the ambiguities of sign which occur in Art. 98 
cannot be removed. If however A itself be given, or if we merely 
know in which quadrant the angle A Hes, we can determine the 
proper signs; for in any particular case we may proceed as follows. 
We have 

*A A 
^2"*"^"2"*^^^"^^'^^ W» 

A A 
8in--oos-g. = A^(1^8inil) (2). 

Now suppose, for example, l^t A lies between and 90V then - 

2 

lies between and 45°; therefore cos -^ and sin -^ are both positive 

A ' A 

and cos -^ is greater than sin -^; hence the left-hand member of (I) 

is AposUiw quantity, and we must theref<Mie take the positive sign 

in (1), and the left-hand member of (2) is a negative quantity, and 

we must therefore take the negative sign in (2). Therefore if A 

lies between and 90°, we have 

A A 

sin-2 4-cos-s- = + */(l+8in-4), 

therefore 2sin-5- = + ^(l + sin-4)-^(l-8in^), 

2 cos -5- = + ;/(! + sin J^) + ^(1 - sin ii) . 

For another ejcample, suppose that A lies between 270° and 360°, 

A A ~ 

then: -^ lies between 135° and 180°; therefore cos -^ is negative, 

• A A A 

and sii^o* ^ positive, and cos -^ is numerically greater than sin-^;- 

T. T. 6 
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hence the leftr-haii4 ineiiaber of (1) is a negative quantity, and we 
must therefore take the negative sign in (1), and the left-hand 
member of (2) is a positive quantity, and we must therefore take the 
positive sign in (2). Therefore if -4 lies between 270° and 360®, we 

have 

. A A 

sin^ + cos-^ = -^(l + sin-4), 

sin -3- - cos^ = + ^(1 - sin -4) ; 

A 
therefore 2sin^ = -^(l +sin-4)+ ^(1 -sin-4), 

A 

•2 cos -^ = - ^(1 + sin -4) — ^^(1 - sin -4). 

101, It is easy to give general formulae for determining th« 

A A A A 

signs of sin -^ + 008-^ and sin ^-cos-^. For 

.A A ,^/l . A 1 ^\ ,^ . /A ir\ 

8ni- + cos^=V2(^^2+;y2^^S2;-V2sin(^^ + jj; 

(A ttN a it 

■5- + J j is positive i^ o" + T^i^ between 2nir and (27i+ l)ir, 

A IT 

and negative if -5- + j lies between {2n + 1) ir and {2n + 2) ir, where 

A A 
n is zero or any integer positiye or negative. Thus sin -5- + cos-^ 

A v Sir 

is positive if -^ lies between 2w7r - j and 2nir + -j- , and negative if 

A ^ 9- 

-^ lies between 2^nir + -j and 2wir + -j- . Similarly 



.A A ,^ . /A ir\ 

8m^-cos^ = V28m^2""4;' 



A A . A . 

aud hence we can infer that sin -^ — cos -^ is positive if -^ lies betweenr 

%Me + -7 and 2wir + -7- , and negative if 77 lies between 2nv + -p 

and 2*Mr + -7*, 
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102. By Art 85, tan^=. 



I tan- 



A A 

put <J for tan .4 j thus ctan*-5 + 2 tan^--c=0; 

therefore *ano= ^^^ '- 

103. The reason why two values occur in finding the tangent 
of half an angle when the tangent of the angle is given, may be 
assigned as before. For if a be an angle which has a given tangent, 
then the formula nir + a includes all the angles which have this 
given tangent; therefore any expression which gives the value of 

tan g in terms of tan d may be expected to give the value of the 

tangent of every angle included in the formula ^ (nir + a). First 
suppose 71 even and equal to 2m ; then 

tan ^ (wir + a) = tan f m?r + ^ j = tan ^ . 

Next suppose n odd and equal to 27n + 1, then 

tan|(wir + a)=tanfwMr + — ^ j = tan— ^ = taiif ^ +^V = --ootH. 

Thus two values occur for the tangent of half an angle when the 
tangent of the angle is given. 

104. If tan A only be given and nothing more be known 

respecting A, then the ambiguity of sign which occurs in Art. 102 

cannot be removed. If however A itself be given, or if we merely 

A A , , . 

know in whicL quadrant -^ lies, we. know whether tan -^ is positive 

or n^ative, and thus we know which sign we must take. 

A A 

105. By Art 91, oos-4 =4cos'-k-3cos-^» 

Thus if COS A he given we have a cubic equation for determining; 

5—2 
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A 
COS -^ j and the reason for this may be assigned as before. For if a 
o 

be an angle whicli has a given cosine, then the formula '2nit^a 

includes all the angles which have this given cosine; therefore any 

expression which gives the value of cos ^ in terms of cos a may be 

expected to* give the value of the cosine of every angle included in 
the formula J {2n'ir «fc a). Now n is of (me of the forms Sm, 3m 4- 1 , 
2m - 1. First suppose n=:2m; then 

cos J(2n7r±a) = cos r2i7wrsfc-j = cos~. 

Next suppose n—dm+1; then 

wo \ * /rt 27rdba\ 2ir*a 

cosJ(2/i7r±a) = cosf 2m7r + — _ J = cos — «— . , 

Last suppose w = 3 w - 1 ; then 

I J {2mr =fc a) = cos ( 2w4gr -V"" ) 



2ir sfc a\ 27r =f cl 

cos*(227i7r=fca) = cos(2w4gr rr— ) = oos- 



3 



a 27r + a 27r — a 



Thus three values occur, namely cos^, cos — - — , cos — ^ — . 

o o o 

106. By Art 91, sin^^3sin~4sin»4- 

Thus if sm ^ be given, we have a cubic equation for determining 

A 
sin -g- ; and the reason for this may be assigned as before. 



EXAMPLES. 

1. Shew that 2sin"|^ = ~^(l+sinil)-^(l-sin^), when A 
lies between 460*" and 630^ - 



^^. . . .. , A 

'DTOjn cor 

a^d 495'. 



A A 

2. Obtain cos -^ in terms of sin -i* when ^ Kes between 405* 
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, A A ' 

3. Obtain sin -jr in tenuB of sin ^ when -5 Kes between *- 45* 

and - 135". 

4. Determine the limits between which A must lie in order 
that 

2 sini = -^(1 + sin 2A) + ^(1 -sin.2-4), 
and ' 2cosii = -^(l+sin2ii)-^(l-sin2^). 

5. Determine the limits between which A m^ist lie in order 
that 

2cos^=-^(l + sin2il) + V(l-sin2il).; 

6. Determine the limits between which A mus^ lie in' order 
that 

2sin^-V(l + »^^)-N/(l-w'^2^)- 

7. Divide a given angle into two parts whose sines shall be 
in a given ratio. 

8. Divide a given angle into two parts whose cosines shall be 
in a given ratio. 

9. Divide a given angle into two parts whose tangents shall 
be in a given ratio. 

10. Given tan o" = ^ "^ «/^> ^^ sin -4, 

1 1. Given sin 210*' = - ^ find cos 106^ 

12. Given tan 2^1 = - -=-^ find sui^ and cos A, 

13. Find tan 165° from the known value of tan 330^ 

14. Shew that tan'l^ ^^^--^^^ . 

15. vers(180''-^) = 2versi(180'' + il)Tersi(180'-2). 

16. (cos4 + oo8 5)'+(8in^ + 8mJ5)' = 4co8'i(4-5). 
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17. {coBA-iiMBy + {mLA-aii£y=ian*^(A-£). 

18. Shew that sin 22i<' = ^MlV?) ^ eos 22^" = -^IfyB , 
and tan 22^" = ^2-1. 

19. (tan^ + cot^)2tan:^(l-taii»:^) = (l + tan«:^^^ 

«A X a/'T ^\ sec -i + tan A 

20. tan*(-r + ^)=: ^— -.. 

\4 2/ sec A — tan -4 

21..sm(j-5)^cos(^-5)=V(^^)- 

22. V(l + sine) = l+2sin| /(l-sinl). 

23. C0S*r7+C0S*-^+C0S*-Q- + C0S*-5-=^. 

O O O O <0 

25. tanU2i^ = 2 + V2-V3-V6. 

26. If tan x = (2 + JS) tan ^ , find the value of tan «. 

27. If a=fw + j dt^j w, find tana + coteu 

28. If g = ^, find the value of °^ ° '^ ^^ ° . 

17 cos 3a + COS Oa 

29. If sec(^ + a) + Bec(^-a) = 2sec^ shew that 

cos ^ = ^^2 cos 5^ . 



30. Iftan| = (^y tan |, shew that 



cos 6 - c 

008^ = ^5 ^- T» 
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VIIL MISCELLANEOUS PROPOSITIONS. 

107. To find the sine and cosine of cm angle of 18^ 

Let A denote an angle which contains 18^, then ^A containB 
36® and ZA contains 54*;^ hence sin 2ui = cos 3^, 

therefore . 2sinilcosil = 4cos'^ — 3co6^ ; 

divide by cos -4, thus 2 sin -4 = 4 cos*^ -3=1-4 sin' J, 

therefore 4sin"-4 + 2sin-4 — 1 =0; 

by solying this quadratic equation we obtain 

sm-4= . . 

4 

Since the sine of an .angle of 18° is a positive quantity we most 
take the upper sign, therefore 

108. Tojmi the sine and cosine of cm angle of 36*. 
eo8 36' = 1 - 2 ak* 18' = 1 - 2 (-i^y=l±5!^ , 

sin 36* = J{\ - cos* 36«) = n^^I^zV^) . 

109. Hence the values of the Trigonometrical Batios for 
smgles of 54* and 72° are known ; for 

sin 54° = cos 36°, cos 54° = sin 36°, sin 72° = cos 18°, cos 72° = sin 18°. 

110. The reason why more than one result was obtained in 
Art 107, is that the equation sin 2-4 = cos 3-4 is true for some 
other angles besides the angle which contains 18°. This equation 
may be written 

cos(90°-24 = cos3A 
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Henoe we conclude that 90° - 2A must either be equal to 3A 
or to one of the angles which have the same cosine as 3^ j thus 
eyeiy admissible ybIuo of A will be found from the equation 

90*-2^=n.360*±3^j 
where n is zero or any integer positiye or negative; 

. 90* -w. 360* 
thus ^ = ____. 

For example, if n = and we take the lower sign in the de* 
nominator, we obtain A = - 90° ; this value of A makes cos il = 0, 
and thus we see a reason for the appearance of th^ factor cos A 
which was removed by division in Art 107. Again, if we put 
n = 1 and take the upper sign in the denominator, we obtain 

^ = -.?!^=-54^andsin"(-54^ = -sin54* = -oos36° = -i^; 

and thus we see a reason for the appearance of the other root in the 
quadratic equation of Art. 107, besides the root which we used. 

111. To find the sine and cosine of cm angle of 9°, and of cm 
angle of 8V. 
By Art. 1^, 

sin9° + cofl9° = V(l + sinl8°) = 4?4^\ 
Bin 9« - 008 9" = - ^(1 - sin 180 = - ^^fc^ i 

„oJ.^ n/(3 + n/5)-*-V(5-n/5) 
4 

And sin8r = cos9°, cos 81° = sin 9°. 

We have now found expressions for the sines and cosmes 
of the foUowing angles, 9°, 15°, 18°, 30°, 36°, 45°, 54°, 60°, 72°, 75°, 
81°. (See Arts. 36, 37, 93, 107, 108, 111.) 

Since 3°= 18°— 15°, we oan obtain the sine and cosine of 3^ 
from those of 18° and 15° by Art 77 ; and then by means of Ajt 
76 combined with results already obtained, we can easily iind the 



I 
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sines and cosines of any angle comprised in the series 3^ &*, 9% 
12^ <fce. 

112. In Arts. 87 and 91 we have given expressions for sin 2 A, 
cos 2A, sin dA, and cos 3 A in terms of sin^ and cos^; we may 
also express the sines and cosines of 4^, 6 A, ifec. in a similar way. 

For sin (w + l)-4 + sin (w - 1)A = 2 sin Tiii cos ji j 

therefore sin (n+l)A=2 sin nA cos A — sin (n — 1)A ; 

let n = S; thus sin 4^ = 2 sin 3^ cos ^ - sin 2^ ; 

let 71 = 4 j thus sin 5-4 s= 2 sin 4-4 cos -4 — sin 3-4 ; 

and so on ; thus we can find in succession sin 44, sin 5 A, S^., in 
terms of the sine and cosine of A. . 

Similarly, the formtda 

cos (?* + l)-4 + cos (?* - 1) -4 = 2 cos nA cos A, 

may be used to find in succession cos 4^, cos^il, &c. 

This subject will be considered again hereafter, and we shall 
then give general formulae for the sine and cosine of 72.-4 in terms 
of the sine and cosine of -4 for any integral value of 7i. 

113. It is easy to find expressions for the Trigonometrical 
Batios of any compound angle in terms of the Katios of the com- 
ponent angles. For example, 

sin (-4 + -5 + C) = sin (^ + 5) cos (7 + cos (A + j5) sin (7 
= din -4 cos B cos C + sin 5 cos C cos A 

+ sin (7 cos -4 cos ^ — sin ^ sin ^ sin (7. 
Cos(i+5+C) = cos(^ + ^)cos(7-sin(il + j5)sinC 

= cos -4 cos i5 cos (7 -cos -4 sin jB sin (7 ] 

- cos -B sin -4 sin (7 — cos Csin A sin B, 

^ ^ cos{A + B + C) 

8in-4cosj5cosC+sin^cos(7cos-4+sin(7cos-4cos5— sin-4sin58in(7^ 
''cos-4cosjBcos(7-cos-4sin-Bsin(7— cos-B8in-4sin(7-cos(7sin4sin^^ 

divide both numerator and denominator of the last expression by 
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COB A COS BcobC; thus we obtain 

. . j^ ' _ tan^ + tan^ + tanC-tanJLtan^tanO 

^"~1 -tan-Stan C-tanCtanil -taniltan^* 
Suppose £ and G each equal to ^ ; thus we have 
^ ^. 3tan^-tanM 
^^^= l-3tanM ' 

114. When three or more angles are connected by some 

relation, we may often Gnd that some simple relation exists among 

some of their Trigonometrical Ratios, thus, for example, 

if 4 1 ^ + C' = 180^ then will 

sin 24 + sin 2^ + sin 2(7 = 4 sin 4 sin ^ sin G. . 

For • sin 24 + sin 25 = 2 sin {A + B) cos(4 - J?) = 2 sin (7 cos (4- JB) 

and sin2(7=2BinCcosC=-2sin(7cos(4 + J?), (Art 48); 

therefore 

sin24 + siu2jB + sin 2(7 = 2 sin C {cos (4- 5)-cos (4 +5)} 

= 4sin(7sin4sin5. 

Again, if 4 + 5 + G=180% then will 

111 
cos 4 + cos5 + cos (7= 1 + 4 sin ^4 sin ^ 5sin ^ G. 

For cos 4 + cos j5 = 2 cos ^ (4 + j5) cos ^ (4 - B) 

= 2sini(7cosi(4-J); 

and cos (7 = 1 — 2 sin* ^ G ; therefore 



COS 



4 + cosjB + cos (7=1 + 2 sin ^(7| COS ^(4 -5)- sin gCJ 
= l + 2sinl(7(cosi(4-5)-cosi(4 + 5)J 

= l + 4sin^4sin^5sin^(7. 

Again, if 4 + jB + (7= 180*, then will 

tan4 + tanjS+ tan(7 = tan4 tanj9tan(7. 
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For tanl80* = 0, therefore tan (-4 + S + C) = ; and therefor© by 

Art 113, taii-4 + tan.5 + tanC-tan]iitan^taiiC7=0. 

Again, by Art 113, ' 

.. 7? /^_ l-tanjgtan(7-tan(7taD>^-taiiii tanjg 
cot(^ + /^ + o;- tan.l+tan^ + tan(7-tan^tanJ?tanC ' 

ndwoot90''=0j hence if ^ + ^ + (7 = 90*, then will 

l=tanj9tan(7+tan(7tanil + tan.i tan j2?. 

115. For another example, suppose we have to investigate 
what relation must ejdst among the angles Ay JS, G, in order that' 

cos*-4 + coa' B + coA* C + 2ooaA ooaBcoaC- 1 maybe zero, 
cos* A + cos* £ + cos* C + 2 cos -4 cos^ cos C - 1 
= (cos-44-cos^cos(C)* + cob*jB + co8*(7- 1 -cos*j5cos*C7 
•e=(co8-4 + cos-5cosC)* + l-sin*jB + l -8in*C?-l 

-(l-sin*^)(l-sin*(7) 
= (cos ji + COS ^ COS Cy — sin* B sin* C 

= (cos ji + cos j5 COS (7+ sin JJsin C) (cos-4 + cos^cos(7— sin^sinC) 
= {cos^ + cos {B - C)} {cos -4 + cos (B+C)} 
., A^-B^G A-B + G A^B^G B + G-A 

= 4 cos ^ ^^S S C<>8 a ^S o • 

J J J J 

Hence in order that the proposed expression may be zero, one of 
the four cosines last written must be zero, and thus one of the four 
compound angles must be some odd multiple of a right angle. 
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Prove the following formuln : 

1. ^^j,'^"*'f "^^ =l-tanjgtang-tangtan^-tanJ[tanA 
cosulcos^cosC 

2. ^^^/tf ^^ = tan^ + tanJB + tong-tan^ta^^.tafta 
cos^cod^cosC7. 
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3. sin (a - j8) + sin (j3 - y) + Bin (y - a) 

. . a — 3 . B — y . y — a ^ 
-I- 4 sin ——- sin ^ sin ^-^— = 0. 
4 Ji ^ 

4. 4sin (0 — a)sin(m0 — a)oo8(0 — m0) 

= 1 + cos (2tf - 2we) -. cos (20 - 2a) - cos (2mtf - 2a). 

5. sin(a+^)cosj8-sin(a + y)cosy = sin(j8-y)cos(a + j8+y). 

6. cos(ii+J?+C) + cos(^+^-(7) + cos(il + C-^) 

+ cos (.5 + (7 - -4) = 4 cos -4 cos ^ COS C. 
' 7. cos 2a + COS 2^ + cos 2y = 4 cos (a + j3) <K)8 03 + y) COS (y 4 a) 
- COS 2 (a + j8 + y). 
^ sin 4 sin^ 

sin(.l-j5)sin(.l-(7)"^sin(5-(7)sin(^-^) 

sing .> 

■^sin(g-^)sin((7-^)*"^' 

9. cos (a + j3) sin j8 — cos (a + y) sin y 

= sin (a + j3) cos j3 - sin (a + y) cos y. 

10. sin (a+ j8 - 2y) cos j3 - sin (a + y- 2)8) cos y 

= sin(/8-y){cos(/3 + y-a) + cos(a + y-j8) + co8(a + ^-y)}. 

11. sin(-4 + ^ + (7)sinj5=sin(il +-5)sin(-B + (7)-siniisin(7. 

12. sin a sin )8 sin ()8 - a) + sin )8 sin y sin (y t-)8) 

+ sin y sin a sin (a - y) + sin (j3 — a) sin (y - p) sin (a - y) = 0. 

13. cos (a + P) sin (a- )8) + cos ()S + y) sin ( j5 - y) 

+ cos (y + 8) sin (y - 8) + cos (8 + a) sin (8 - a) = 0. 

14. sin (8- j5) sin (a -y) + sin ()3-y) sin (a- 8) 

+ sin(y-8)sin(a-i8) = 0. 

If -4 + ^ + C = 180", prove the following formulaB contained in 
the examples from 15 to 35 inclusive. 

,^ A B a A B a 

15. C0t-jr + 00t-5+C0t-jr-C0t-jrC0t;5-C0tir . 

^ }i }i ji ji Z 

ABC 

• 16. sin-4+sin5 + sinC=4cos-5-cos-5-cos-^. 

M }i ja 
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17. sin-<4 --gin^ + sm(7=s4sm-=-C08-^ sin 5. 

18. coa2A + cos2J? + co82(7 + 4cos^ cos -B cos (7+ 1=0. 

19. cos 4^ + cos 4j9 + cos 4(7+ 1 = 4 cos 2^1 cos 2^ cos 2C. 

ABC, ic-A ir-B TT-G 

20. CO8-7r + C0Ss' + <5OS-3r=«4cO8 -. COS 3 COS -. . 

2 2 2 4 4 4 . 

, ^- ^ 5 (7 . ir + ^ ir-B ir + C 

21. C0S-jj--C0S5-+COS^ = 4C0S — J— COS — 5 — COS — r — . 

^ IS IS 4 4 4 

22. sm-^4-Bm-^+8m-s-l = 4fiin-— j— sin— J— sin — j— • 

23. smM + sin"j5 + sin"(7-2cos^ cos j5 cos (7 = 2. 

' 24. sin* 24 + sin* 25 + sin* 2(7 + 2 COB 2-4 cos 2j5 cos 2(7 = 2. 

«« X ^x ^ X ^x C' ^ (7^ 4 - 

25. tan-3-tan-g-+tan-5-tan^+tan-^tan-5- = l. 

^^ sin -4 + sin 5 — sin (7 , A^ B 

2Q. -. — 3 ; — 5 — r-77=tan-;rtBn-^. 

sin4+sinjB + sin(7 2 2 

27. 1 + cos 4 cos ,5 cos (7 = cos ji sin J? sin (7 + cos 5 sin ji sin (7 

+ cos(7sin-4sin A 

28. oot-4 + cotJ? + cot(7=cotilootjffcot(7 

+ cosec A cosec B cosec (7. 

oo • t^ (sinJ? + sin(7— sin-4)(sin(7+sin-4 — sin5) 

jy. Bin 77 — ^ z — ; J — ; — 5 • 

2 48ui4sinj? 

30. The expression cot 4 + -: — ^ . ^ will retain the same 

value if any two of the quantities A, B, C, be interchanged. 

£ B G 
.«- taD44-tan5-ftan(7 _ 2 ^"2 2 
(sin -4 + sin jB + sin (7)* ~ 2 cos -4 cos -5 cos (7' 

oo . J . 7> • /> J • ^^ w-^ nB fiG 
32. sin n^ + sin n^ + sin 9i(7= 4 sin -^ cos -^ cos -^ cos -g-, 

if n be an integer of the form 4m -f 1 or 4m + 3. 
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oo • A ' D . /Y i nrr . nA ^ nB .. nC 

33. smn-4 4-8111 n^+sin nC7 = — 4 cos -75- sin -^ sm -^r- sin -^r-, 

J J J J 

if n be an integer of the form 4m or 4m + 2. 

ABC, B + C A+C A + B 

34. COS-;r + COS jr + COS -5 = 4 COS — 5 COS -: COS — j^- . 

^ J 4 4 4 4 

• tan^ tan 5 tan (7 tan^i tan^ tan (7 
tan^ tan (7 tan^i tan (7 tan? tanj9 
= sec ^ sec ^ sec (7 - 2. 

36. If the snm of four angles be two right angles, the sum of 
their tangents is equal to the sum of the product of the tangents 
taken three and three. 

37. lf^?!^Mz^ + »4^=l,provethattan^tan^ = taii»a 

tan -4 sin\d \ . 

„„ ^. tan*d cos j3 (cos a? — cos a) 

38. Given.-— 5-5= — ^ ^f, . . 

tan*/3 cos a (cos a; - cos p) 

shew that t9,n*^ = tan*5tan'^. 

Oft ri fl/i ^s* ^// ^^^^' *®^ ^ tana 

39. Ifcos"fl = — 5, cos*^= 5, I — ^ = 7 — -,, ' 

coap' coap tan^ tana 

shew that ^ tan"gtan"^ = tan'^. . . 

40. If cos a = cos j3 cos ^ = cos jS" cos ff>\ and 

sin a = 2 sin ^ sin-^ , shew that tan' ^ = tan'^ tan' --. 

41. If«B>^=!l?4^),8hewthat 

sin)8 sm^ 

cot jS- cot tf = cot (a + tf) + cot (a- j8). 

\8intf tantf/ '^' tana* 

.43. If tan ^=« cos tan a, and tana' s= tan sin ^ 

then one value of tan! ? is tan — jr— tan — 5— • 
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44. Find the relation between the angles a, /?, y, when the 
cosines are eonnected by the relation 

1 T- cos"a— cos"^ — cos'y + 2 cos a COB ^ cos y = 0. 

X y z ' 
^ sin" (a - j8) + ^ sm*(/3 -y) + sinVy-a) = 0. 

Tr**^*^ . tai^*<^ 1 J sintf Bin<i 
40. If r— a- + ir-^8 ^ = 1, and -: — = -T— ^ , 
tan'a tan'j5 ' sina sm)8 

shew that sin tf = - 



,y(l ± cos a cos P) ' 



.^ sxn(^-a) a ,cos(tf-a) a 

47. If -T— 7^ — ^ = -=; and — f^ — ^ = -77, 

sin(tf-^) 6 co8(^--j8) 6' 

then cos (a — o) = ^^ 77 • 

48. Having giyen tan ^ = — : — -Tr, '■ — j, , shew that one of the 

° ° ^ sin ^ + cos ^ 

Talnes of tan ? is tan 7? tan ( ' 



'S-D- 



49. Giyen cos = cos a cos jS, cos ff = cos a cos jS, 

tan ^ tan -^=tan^ , shew that sin*^ = (sec a - 1) (sec a- 1). 

50. Haying given that sin (-B + C ^ ^), sin (C + -4 - B), and 
an{A + JB''C) are in aiithmetical progression, shew that tani4, 
tan B and tan C, axe in arithmetical progression. 

51. If the sines of the angles of a triangle be in arithmetical 
progression, the cotangents of the half angles are also in arithn 
metical progression, 

52. If the sum of the squares of the angles of a triangle = 1, 
the difference between the greatest and least angle is equal to the 
mean angle« * 
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53. J£A, By C be the angles of a triaxigle, and 

sin ( -4 + -^ ) = w sin -^ , shew that tan -^ tan-^ = —7^ • 

54. J£A,B,G be the angles of a triangle, and 

sinji sin^ sin (7 ., 

= — , then . 

X y z 

CAB 

(a? - y) cot -^ + (y - 2f) cot -^ + (« - a;) cot -^ = 0. 

55. lfA + B-\-G- mm where m is any integer, Hien 

tan -4 + tan 5 + tan (7= tan JL tan ^ tan (7. 

56. If a, j5, 7 be any angles, shew that 

/% . . ft iS Y 

sin a + sm p + sin y — 4 cos ^ cos ^ cos ^ 

rt . a + fi + y-'Trf 3ft-i8-y + ir 3j8-a-y+7r 
= 2 sin — ^—^ cos ^--^ ^ + oos -^ -^ 

+ cos-^^ j-^- — — + COS ^ . ' — >. 



IX. CONSTRUCTION OF TRIGONOMETRICAL 
TABLES. 

116. If he the drctUar measure of an a^gle less than a right 
anghy 6 is grecAer tha/n sin B and less than tan $, 

Let AOB be an angle less than a right angle and let OB^ OA; 
from B draw BM perpendicular to OA and produce it to so that 
MC = MB ; draw BT at right angles to OB meeting OA produced 
in Ty and join CT. Then the triangles MOC and MOB are equal 
in- all respects, so that the angle TOO » tiie angle TOB ; therefore 
the triangles TOO and TOB are equal in all respects^ so that TOO 
is a right angle, and ^(7= 2!i9. 



OOKSTSUCnOK OF TRIGONOMETBfCAL TABLES* St 

With centre and radius OB describe an arc of a circle JBAC; 
ibis will touch BT B.t B and CT B.t 0, 

Nov we assume ^ an axiom that the straight line BC is less 
than the arc BAG; thus BM the half of BC is less than BA the 

BAf HA 

half of the arc BAG; therefore -^ is less than h^; that is, the 

sine oiAOB ia less than the circular measure of AOB. 




Again, we assume as an axiom that the arc BAG is less than 
the sum of the two exterior lines ^jT and TG} thus BA is less than 

HA BT 

BT; therefore ^ is less than -^^; that is, the circular measure of 

AOB is less than the tangent of AOB, 

Hence sin 0, 6, and tan are in ascending order of magnitude 

IT 

if be less than ^ • 



117. We have assumed two axioms in the preceding article; 
the first is so obvious that it will be readily admitted; but the 
second is more difficult. The student is recommended to postpone 
this point for future consideration. It is howeyer not difficult 
to shew that the assumption may be made to depend upon another 
almost identical with that which we have already been compelled 
to make in Art 14. ' For divide the arc BAG into any number of 
arcs and draw tangents at the points of division ; then from the fact 
T. T. 6 
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tiiaii two sides of a trioug^e are greater than the third, it follows 
that the perimeter of the portioa of a polygon thus formed, ia^lesa 
than the sum of BT and TO by a finite differoace. Moreaver 
this perimeter diminidhes as the nunibei* of points of division is 
increased. Now assume as in Art. 14 that the perimeter of the 
polygon can be made to differ aa lUtie as we please from the arc 
BAC by sufficiently.increasing tibie number of sides and diminishing 
the length of each side; thus it follows that the arc ^ii (7 is less 
than the sum oi BT and TO. 

118, The limit of —g— when 6 is indefmitdy diminished is 



For sin0, 0, and tan 6 are in ascending order of magnitude; 

6 1 

divide by sin tf : therefore 1, -; — -x , and — ^ are in ascending order 
^ "^ ' ' sin ^ ' cos ^ ° 

$ 1 

of magnitude. Thus -r— 2 Hes in value between 1 and -z: : but 

° sm ^ cos ^ ^ 

when is zero, cos ^ is unity; hence as B diminishes indefinitely 
-r— ^ approaches the limit unity. Therefore also — g- approaches 

the limit unity* 

. , tantf sbS 1 XI. v .4. r *a»^ T. /i • 

And as — r— = —x— x -r^ the umit of — ^r— when is 

u u coau u 

indefinitely diminished is also unity. 

119, It must be carefully remembered that in the important 

proposition of the preceding article, 6 is the circiU(W measure of the 

angle considered. If any other unit of angular measurement be 

adopted instead of the unit of circular measure, the limit under 

obnsideration will not be unity. For example, let us find the limit 
* 

of when n is indefinitely diminished. Let be the circular 

n 

measure of an angle of w degrees, then $ = —--' thus 
aiP ^^ sin g v sing 
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ITow when n diminishes indefinitely^ 6 does so also, and the limit 

of — ^— id unity; hence the limit of — — when n is diminidied 
V n ^ 

indefinitely is ygQ , which is the circular measure of an angle of 

• / 

one degree. Similarly we may prove that the limit of when 

n 

n is indefinitely diminished is the circular measure of an angle of 

one TmnvAe; and so on. 



120. If 6 he ^ circfidcer measn/re of a posMve cmgle lees them 
a right angle, sin 6 is greater than ^ ~ t • 

6 6' 9 

For sind = 2sin^cos^; and tan ^ is greater than ^ , therefore 



sin - is greater than « ^^® o i therefore sin $ is greater than 



2^cos'^, that is .greater than tfcos'?, that is greater than 

oil — sin' 5 j . And sin* ^ is less than T-^ j , therefore a forttori 

sin 5 is greater than ^ ( 1 "" t) i *^* ^ sinS is greater than O—-^ . 

121. Thus we see that if lie between zero and a right angle 

... 01 Q 

sin is less than and greater than ^ ~ -r- . And cos 0=1 — 2 sin' -^ . 

/0\^ 0^ 

Thus cos is greater than 1 "~ 2 f ^ J , that is greater than 1 - «- • 

/O 0^\' 
Also cos is less than ^ ^ ^ ( n ^ 09 ) ' ^^^^ ^ ^^^ ^^^ 

0^ 0* /0^\' 
^ "" ¥ "^ Tfi ~ ^ ( S2) ' ^®^^^^ ^ fortiori cos is less than 



^"2"^ IB* 



6-2 
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122« To calcuUUe approanmatdy the sine of IV, 
The circular measure of 10" is tttt^ — ^k — ?7\> ^^^ ^ 



therefore the sine of 10" is less than ^ToKtt and greater than 



180x60x60' "^"64800' 
64800 



eiioO -Keiioo)' ^^ ^" *^" ^"" " *^" approximate value 

3-141592653589793... we find -^-^ = -000048481368110...; the 

o4oUU 

* . . 'T 

sine of 10" is therefore less than this decimal fraction. And 



64800 
is less than -00005, therefore a fortiori^ sin 10" is greater than 

•000048481368110 -^ (-00005)'; that is, sin 10" is greater 

than -000048481368078 

We haye thus found two decimal fractions between which 
sin 10" must lie, and these decimal fractions agree in their first 
twelve figures; therefore we may say that 

sin 10"= -000048481368 

and we are certain that the error is less than j^^ . 

The value of cos 10" may then be found approximately since it 
is j,y(l — sin* 10"); or we may make use of the results established 
in Art 121. Thus it will be found that as fiir as thirteen places 
of decimals we have 

cos 10"= -9999999988248 

123. It appears from the preceding article that as fiu: as 
twelve places of decimals we have sin 10"= the circular measure 
of 10"; and in the same way we may shew that sin 1" = the cir- 
cular measure of 1" very approximately. And if ^ be any small 
number of seconds, we shall have approximately sin n'= the circular 
measure of n"=n times the circular measure of 1"£=7» x sin 1" 

^, the circular measure of w" . ^^ i j.i- j. • xi. 

Thus w= : — p approximately; that is the 

number of seconds in any small angle is found approximately by 
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diyiding the drcnlar measure of that angle by tHe sine of one 
second. 

124. We shall now shew how to calculate the sines of angles 
which form an arithmetical progression having lO'^ for the common 
difference. 

Let a denote any angle, then 

sin(9» + l)a + sin(n — i)a = 2&innaoosa; 
suppose 2 cos a = 2 — ^ then 

sin (n + 1) a + sin(n - 1) a = (2 - A) sin no, 

therefore sin (» + 1 ) a — sin na c= sin na — sin (w — 1 ) a — A sin nau 

Now suppose a= 10^', then sin a is known and cos cds known, 
and therefore k is known; we put n = l, and thus we obtain the 
value of sin 20" — sin 10", and thence the value of sin 20"; next 
we put n = 2f and thus we obtain the value of sin 30" — sin 20", 
and thence the value of sin 30"; next we put 9i=s3, and so on. 
It will be seeix that the only laborious part of this operation 
consists in the multiplication by k of the sines as they are suc- 
cessively found; but from the value of cos 10" it follows that 
i= -0000000023504, and the smallness ofk facilitates the process. 

125. When the sines of angles up to 45' have been calculated, 
those for the remainder of the quadrant might be deduced by the 
theorem 

sin(45*4-il)-sin(45*-ii) = 2cos45'sin^ = ^2.sinii; 

this would reqidre the multiplication of the sines already found by 
the approximate value of ^2. If however we calculate the sines 
of angles up to 60*, those for the remainder of the quadrant may 
be very easily found from the theorem 

sin (60* + ii) - sin (60* - ^) = 2 cos 60* sin ii = sin il. 

126. When the values of the sines of all the proposed angles 
in the first quadrant are known the values of the cosines are also 
known, for the cosine of any angle is equal to the sine of the com* 
plement of the angle. The values of the tangents cao be found by 
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dividiiig the cdne of every an^e 'by the ooedne of that angle. The 

tangents of angles greater than 45® may be easily inferred firom 

those of angles less than 45*^ by the theorem 

tan (45® + ^) - tan (45® - ^) = 2 tan 2i, 

which gives 

tan (45® + ^) = tan (45®-^) + 2 tan2A 

The cotangents are known since the cotangent of any angle is equal 
to the tangent of the oompkn^ent of the angle. The cosecants may 
be obtained by calctdating the reciprocals of ihe sines; they may 
however be obtained more simply firom the tables of tangents by 
the theorem 

cosec -i =s 3 < tan ;^ + cot -^j . 

The secants are known since the secant of any angle is equal 
to the cosecant of the complement of the angla 

127. In ihe method adopted for calculating the sines of angles, 
the sine of 10" was first obtained to twelve places of decimals, and 
then the values of sin 20", sin 30", <fec. were deduced in succepsiou. 
It will not however follow that the values of the sines of all the 
angles are correct to twelve places of decimals, and it is therefore 
xuseful to be able to test the extent to which the results are correct; 
and moreover it is essential to be able to tesfc the correctness with 
which the calculations are peiforined. We may for this purpose 
compare the value of the sine of any angle obtained in the maniier 
which has be^ etplained with its value obtained independently. 

Thus, for example, we know that sin 18®= ^^-j — ; <ihus the sine 

pf 18® may easily be calculated to any degree of approxii^ation, and 
by comparison with the value obtained in the tables we can judge 
how fer .we can rely upon the tables. There are however two 
formulaei which are usually called formvkB of verification from the 
^Kst that they oaji be eaadly used to verify luay part of the calculated 
tables. These foimulB9 are 
sinil + sui(72®+J)---Bin<72®-ul)«sin(36® + -4)^sin<36®'-.^), 
.co8il + co8(72® + ii)+cos(72®-il) = cos(36® + i) + cos(S6®-il); 
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th^ may be readily proved; for 

sin (72^ + 4)- sm.(72" - ii) = 2 cos 72* sin il = ?fc^ sin il, 

sin (36* + 4) - sin (36*- 4) = 2 COB 36^sin 4 = 5^^^ 

tliei^oresin^+sin(72'» + ii)-sin(72"-ii)^sinil+2i^^ 

= ^/^8in4=3in(36'+^)-sin(36*-4). 
2 ^ 

Similarly the second formula may be proyed; or it may be deduced 
from the first by changing A into 90* - A, 

Then if we ascribe any value to A, and take from the tables 
the values of the sines and cosines of the angles involved, these 
values must satisfy iiihe /arrrmlcd of verification to a certain number 
of places of decimals, if the tables have been correctly calculated to 
that number of decimal places. 

128i Some further remarks upon Trigonometrical Tables will 
be given in a subsequent chapter, in which we shall explain the 
method of using such tables. We will add here some theorems 
which will extend the results obtained in Art. 121 ; these theorems 
will furnish interesting examples although not of any inunediat^i 
practical importance. 

129. The JimU of co& ^ oos -j cos ^ ... cos ^ when the integer 
For 8in^=2sin:^cos-^ 

. , X X X 

= 4 sm T COS T COS H 

4 4 2 

« . aj X X X 
= 8 sm g cos g cos J cos ^ 



C%m . aV X ■ X ' X X 

: 2'sm^ cos j^ cos gt5os j cos g. 
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nri^ jf X X (C X Sill » 

Therefore cos ^ cos 7 cos ^ cos 73 = 



2-sing, 

^-. sin fl$ sin a; 2" 
Now -^— ^ = — — . , 

2 sin^i sin^i 

sm X 
and tKe limit of tHs when n is inde^tely increased is . 



2* 
since by Art. 118, the limit of is unity. This result is 

sometimes cited as Euter^s Formvla, 



130. To prove tha/t sin x is greater them a: - -^ . 

a? 
By Art 121, cos a; is greater than 1 — jr ; 

therefore cos^ cos j isgreater than (l- ^Vl - ^j , 

and a/<?r*ton greater than 1 —(-5 + -J ) ; 

\2 2 / » 

therefore cos | cos | cos | is greater than |l - ^-5 + ^ ||l -1 |!l 

. /aj* aj* 

and afortwrx greater than 1 - ( os + oS 

By proceeding in this way we find tliat 



fa? a? aA 



cos ^coB J COS g COS ^ is greater than 

fa? a? X* 



. /a? of d" a? \ 
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i_JL 

tliat is, greater than 1 — ^ j , 

1- — 

6^ "" 3 a^^v ' 

a^ 
and . a fortiori greater than 1 - -^ » 

Hence, by Art 129, 

sina; . . - aj* 

IS greater than 1 — -^ , 

a? Q 

a" 
therefore sin a; is greater than a; - ^ . 

By proceeding as in Art 121, we may now shew that 

a" a;* 
cos a: is less than 1 "" "o **" ol • 

(Serret's Trigonometrf/.) 



MISCELLANEOUS EXAMPLES. 

1. Let F be any point in a semicircle whose diameter is AB 
and centre G; draw FM perpendicular to AB, and draw FA, F£; 
from this construction, observing that the angles BFM and FAM 
are each equal to half of FOB, deduce the formula 

1 — cos -4 ^ n -4 

= j=tan"^. 

1 + cos^ 2 

- ton rr tan J 

o xi. /i »cos6--6 ^- 2 2 

2. Ifcos^ = r-^ — - , then . j , ^ = >. , * 

a-6'cos«^* J(a^b) J{a-b) 

3. If tan'tf = 2tan"^+l, then cos2tf + sin'^=0. 

4* If sec 20 = 2sec0 cosecd, then cosec 20 = cosec'0-sec*di 
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5. »If tantf = n tan ^, shew that taii"(tf -^) cannot exceed 

6. Reduce sin + sin ^ — cos sin (d + ^) to a single term. 

7. Shew that ' 

sin )8 cos a (tan a + tan fi) sin ^ (a - /3) - 

1 - cos (a + /S) cosj8sini(a + j8)'" 

8. "What is approximately the height of an object which trt 
the distance of a mile subtends at the eye an angle of one minute? 

9. Find approximately the distance at which a circular plate 
of six inches diameter must be placed so as just to conceal the 
Moon, supposing the apparent diameter of the Moon to be half a 
degree. 

10. If sin 3il = 9i sin ii be true for any value of A besides zero^ 
or two right angles, or a multiple of two right angles, shew that n 
must lie between 3 and - 1 j solve the equation when w = 2. 

11. If tan 3 = -z 7—5- 5 shew that tan (a—B)=(l —n) tan a. 

12. If sin 3$ be given, determine the number of values of 
tan A 

1 3. Prove that 64 (cos* ii + sinM) ^ cos 8-4 + 28 cos 44 + 35. 

14. Find all the values of 6 and ^ which satisfy 

COB cos + 1 =0. 

15. If 7i" sin* (a + j8) = sin' a+ sin* j8 - 2 sin a sin /S cos (a - )8), 
shew that 

tana=r tauB, 

1 ^n ' 

16. Find the limit of ^z — rrs^j yrhen is indefinitely 

^minished. 
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Solve the following equations : 

17. mn0 + cos6=J2, 

18. ^SmL6-cos0==^2. 

19. sin2tf = co&ft 

20. (4-^3)(8ectf + cosecfl>=4(sintftan9 + coB*cot^). 

21. coBtf-cos2e = sin3ft 

22. cottf-tau^ = coB*+»nft 

23. 2siji*tf + sin"2tf = 2. 

24. tantf + 2cot2tf = sintfa+tantf tan^V 

25. sim'2e-sin«tf = sin"g. 

26. cosectf = cosecg. 

27. cos 5 cos 8tf = COB 6tf oostA 

28. sintfsm3tf = H. 

29. 4sin'9 + sin"2tf = 8. 

30. (l-tane)(l + sin2tf) = l+tanft - 

31. sintf + sin2tf + sin3fl + sm4tf = 0. 

32. rin5-cos5 = 4pi»tf cos'.ft 

33. (cote-'tan^«(2-^V3)-4(2'»-V3). 

34. 2;y2cos(j-eVl + Binff)=l + coB2A 

35. sin9tf + sin5tf + 2sin'tf = l. 
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X. LOGARITHMS AND LOGARITHMIC SERIES. 

131. It will be necessary now for tlie student to become 
acqiiainted with the nature and use of logarithms, and the mode 
of calculating them. As it is usual to introduce into works on 
Trigonometry a chapter on these subjects, we shall repeat here 
what we have given in the Algebra, 

132. Suppose a' = n, then x is called the logomthm of n to the 
base a; thus the logarithm of a number to a given base is the 
index of the power to which the base must be raised to be equal 
to the number. 

The logarithm of n to the base a is written log.n; thus 
log^n = X expresses the same relation as a* = 9i. . 

133. For example 3* = 81 ; thus 4 is the logarithm of 81 to 
the base 3. 

If we wish to find the logarithms of the numbers 1, 2, 3, 

to a given base 10, for example, we have to solve a series of equa- 
tions 10' =1, 10* = 2, 10' = 3, We shall see in some sub- 
sequent articles that this can be done ctpproximately, that is, for 
example, although we cannot find such a value of a; as will make 
10'= 2 exactly/, yet we can find such a value of a; as will make 10* 
differ from 2 by as small a quantity as we please. 

We shall now pcove some of the properties of logarithms. 

134. The logarithm o/l isO whatever the base may be. 
For a'=I when a?=0. 

135. The logarithm of the base itself is wnity. 
For a' = a when aj = 1. 

136. The logarithm of a prodiict is equal to the svm of the 
logarUhnifS of its faOors. 
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For let x = loga^ y = log»n; 

therefore m = afy n^c^; 

therefore mn = aV = a'*' ; 

therefore log, mn = a + y = log, m + log, tl 

137. The, loga/rUhm of a qiiotunU is equal to the logarithm of 
the dividend diminished by the logarithm of the divisor. 

For let X = log, w, y = log, n ; 

therefore m = ar, n=(i^', 

therefore — = — = «•"» j 

^__ n w 

therefore log, — = as - y = log, m — log, n, 

138. The logarithm of awy powery vntegral or fractional^ of a 
number is equal to the product of the loga/rithn of the nwmber by the 
index of the pouter. 

For let m = a'; therefore m' = (gO' = a", 

therefore log, (m') =aBr = r log, m, 

139. To find the relation heh/oeen the logarithms of the same 
number to different bases. 

Let a? = log,9i^ y = logjm; 

therefore m = a' and =6*; 

therefore a'^^b^, 

" s. 

therefore a» = 6, and 6" = a; 

X u 

therefore - = log,5, and - = log5a. 

Hence y = a;log5a, and=rj ^. 

Hence the logarithm of a number to the base b may be found 
by multiplying the logarithm of the number to the base a by 

lo&«, orbyj;^. 

We may notice that log^ a x log, 6 = 1.. 
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140. In practical: oal(3tilatioiis the only base that is used is 
10; logarithms to the base 10 are called convmon logarithms. We 
will point out in the next two articles, some peculiarities which 
constitute the advantage of the base 10. We shall require the fol- 
lowing definition; the integral part of any logarithm is called 
the cAaracteristic, and the decimal part the mcmtisaa, 

141. In the common system of logarithms, if the logarithm 
of any number be known we can immediately determine the loga- 
rithm of the product or quotient of that number by any power 
of 10. 

For log,,10- X Jr=log,,ir+log,;i0-=log,,i<r+7i, 
l^gioiQir=logio^-logj,10" = log,,ir-w. 

That is, if we know the logarithm of any number we can 
determine the logarithm of any number which has the same 
figures, but differs merely by the position of the decimal point. 

142. In the common system of logarithms the characteristic 
of the logarithm of any number can be determined by inspection. 

For suppose the number to be greater than unity and to He 
between 10" and lO"**; then its logarithm must be greater than 
n and less than n-hly hence the characteristic of the logarithm 
ian. 

Kext suppose the number to be less than unity, and to lie 

between ^Tui ^^^ TTyTM j *^^* H between 10~" and 10~^"***; then 

its logarithm will be some negativa quantity between —n and 
— (71+ 1); hence if we agree that the TnmUissa shall aXwaya he 
poaUivey the characteristic will be — (n + 1)# 

We shall now proceed to investigate formulas for the caleular 
tion of logarithms. 

143. To expcmd 9!^ ma series of ascending poioers of x; ikaJt 
is, to expand a mmber in a series of ascending potvers of its 
hga/rithm to a given hose, - 
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a'={l+(a-l)}-=.l + «(a-l) + ?^^(«-l)' 

x(x-l)(x-2) . x{x-l){x-2){x-3) 

"■ 1.2.3 ^"-^^ ■" 1.2.3.4 ^'*-^>'- 

= 1 + x{a-i-\(a - 1)'+ i(a- 1)'- i (a- 1/ + } 

+ terms involving re", 05*, &c. 
This shews that a" ccm he expanded in a series beginning 
with 1 and proceeding in aseending powers of x; we may there- 
fore snpposethat 

a'= 1 +c,aj + Cja"4-<?,a;' + c^aj*+ , 

where <?,, e^ c^ are quantities which do not depend on on, 

and which therefore remain unchanged however x may be 
changed j also 

c.=«-i-K«-i)'+i(<»-i)'-i(«-i)'+ ' 

while c^ Cg, are at present unknown; we proceed to find 

their values. Changing x into a; + y we have 

a'** = l+Cj(aj4-y) + c,(a; + y)'-*-C3(a: + y)" + ...... ; 

but a^** = aV = a^{l + c^x + cjxf -^ c^^ -^ }. 

Since the two expressions for a'*^ are identically equal, we 

may assvme that the coefficients of as in the two expressions are 

equals thus 

c, + 2c^ + Zcj/ + ic^ + = CjO*' 

= Cj{l+Cjy + cy4-cy+ }. 

In this identity we may asmmne that thiB coefficients of the 
corresponding powers of y are equal ; thus 



. = 0, 



c' 






therefore, c,=4- 



c,c. c,'* 



H = ^A^ therefore, 0, = -^ = .^ ^ 3 , 
4^4= «A; therefore, c^=^' = j^^^'g^^ > 



Thus, ^=.l+c^a.+ u^+^ ^ir"*'' 
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Since this result is true for all yalues of a;, take x such thafr 
c,x = 1, then » = — and 

this series is usually denoted bjr e; thus <»^i = 6, therefore a =» 6^i 
and c =log,a3 hence, 

a"=l4-(log,a)a?4- ^ ^^^ 4- ^ ^* ^ + • 

•This result is called the Exponential Theorem, 
Put 6 for a, then log. a becomes log, 6, that is, unity, (Art. 135); 
thu% 

^ , a" a!" a* 
^=l'*-^^12-^[3-^IT-*- 

"With respect to the aaaumption which has been made twice 
in the course of this article, the student is referred to the chapter 
on IndeUrmhuxte Goejfficienta in the Algebra, 

144. By actual calculation we may find approximately the 
numerical value of the series which we have^ denoted by c; it is 
2-718281828 

145. To expand log^ (1 +x) *^ ^ series of ascending pouoers 
o/x. 

We have seen in Art 143, that Cj = log,a; that is, by 
the same Ai*ticle, 

log.a = a-l-i(a-l)' + i(a-.l)»-i(a-iy+ 

For a put 1 + x; hence. 



log.(l + «) = «--2- + y-j+. 



This series may be applied to calculate log« (l+x) if a; is a 
proper fraction; but imless x be very small, the terms diminish so 
slowly that we shall have to retain a large number of them; if x 
be greater than unity the series is altogether unsuitable. . We ' 
shall therefore deduce some more convenient formulae. 
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146. We have 

1 /I \ »■ au" a?* 
log,(l+aj) = aj-.-g- + -^-^ + 



therefore log,(l -«)=-«- ^-^-^^ \ 

hj subtraction we obtain the yalue of log, (1 + aj) - log, (1 - a;), 
1 +aj 



that \&y of log, 



r-aj' 



therefore log, • , _ = 2 1 aj + -s-+ -=-+ |. 



In this series write for x. and therefore — for . , 



thus 

1 rn, _^(m-n 1 /m ■- n\ ^ 1 / m - ytV "i . . 

Put 7i = 1, then 
■ of^-1 1/m-lV 1/w-lV ) .^, 

Again in (1) put w = ;* + 1, thus we obtain the value of 
log j therefore 

logi(?i + l) — log,w 

"^{2^m ^3(2/^+1)- ^5(2w+l/'*" j ;-^^V 

. 147. The series (2) of the preceding artide will enabte us to. 
find log, 2 ; put m = 2, then by calculation we shall find 

log, 2 = •6931471..:.:. 

From the series (3) we can calculate the logarithm of either of 
two consecutive ntimbers when we know that of the other. Put 

T. T. 7 
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71 = 2, and by maMng use of the known value of log, 2, we shall 
obtain 



log. 3 = 1-0986122. 



Put n = 9 in (3) ; then log, 9 = log, 3* = 2 log, 3 and is therefore 
known ; hence we shall find 

log, 10 = 2-3025850 



Logarithms to the base e are called I^apiericm logarithms, 
firom Napier the inventor of logarithms; they are also called 
natural logarithms, being those which occur first in our investi- 
gation of a method of calculating logarithms. We have said 
that the base 10 is the only base used in the practical appli- 
cation of logarithms, but logarithms to the Napierian base occur 
fi:^uently in theoretical investigations. 

148. From Art 139 we see that the logarithm of a number 
to the base 10 can be found by multiplying the Napierian loga- 

^*^ ^y i^' *^* ^ ^^ WEMm^' "^ ^y -^aisg^is; this 

multiplier is called the moduliM of the common system. 

The series in Art. 146 may be so adjusted as to give common 
logarithms ; for example, take the series (3), multiply throughout 
by the modulus which we shall denote by ft ; thus 

Mlog.(« + l)-;.log.«=2^{^ +5pi^ + ^pl^+ ...} J 
that is, 

Similarly from Art 145 we have 

log,o(l+«) = /*|«-2 + 3--T+- /• 
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149. The quanbUy e %8 incornmenswrahh. 

For sappose if possible e = — , where m and n are integers; ihus 
w» « 1 1 1 

multiplj both sides by \n ; then 
mL!LJ:=«^ integer +-i^4.^-j^^ 

B t — 1 1 

»+l"*"(w + l)(n + 2)'*'(w+l)(w + 2)(w+3)'^'" 

is a fraction, for it is greater than r and less than the geome- 

trical progression 

1 1 1 

«+i'*"(w+i/'^(;5^Ti)*'^- 

that is, less than - . 
n 

Thus the difference of two integers is equal to a fraction, which 

is absurd. Therefore e is incommensurable. 

150. "We will conclude this chapter by investigating two 
limits which will be useful hereafter. 

Tojind the limit o/* f cos - j when, n is incremed indeJmUdy. 
Let tt = f cos-j =:f 1 -sin* -Vj then 

logw==log n -sin"^V== -log f 1-sin*^^ 

=—--1 sin'-+ rrsm*— +^sm''-+ J. 

2\ n 2 n 3 n . / 

7-2 
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..a 
sin- 

J^ow w sin - = a = a when n is increased indefinitely (Art. 

n a 

n 
118); therefore n sin* - = a sin - =:= ultimately ; and similarly 

n sin* - , n sin* - , vanish ultimately. Therefore log t* = ; 

thei'efore u=l. Thus the reqiiired limit is unity. 

m 

'sin-' 
To find the limit o/[ — | when n is increased indefinitely. 



. a 

sm- 
w 
"We know by Art. 116 that — is less than 1 and greater than 

n 

.a / . a\* 

sin- /sin-\ 

— , that is, greater than cos - ; hence ( — I is less than 1" or 

tau^ "" V - / 

n \ w / 

1 and greater than f cos - j ; and by the preceding article the 
limit of f cos - j is unity, therefore the limit off ^^ I is unity. 



n 



MISCELLANEOUS E3UMPLES, 

1. Knd the logarithm of 128 to the base ^4. 

2. Pind the logarithm of 243 4/9 to the base ^3. 

3. Find the following logarithms, log, 2187, Iog,/0001, 
log, cos 4^. * . .... 
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4. Find approximately the value of x from the equatioo 

having given log 2 = -301030. 

5. Given log -224 = a and log 125 = 6, find log 2 and log 7. 

6. Beqnired the characteristics of log^725, and of log^y(-0725). 

7. Given log 2 = -301030, log 405 = 2-607455, find log -003. 

a Given log 2 = -30103, log 7 = -845098, find log 96 and 

^^^353)*- 

9. Given log 2 = -30130, log 3 = -47712, find log (0020736)*. 

10. Determine the sum of the series 

2 4 6 , . . 

11. Shew that 

e 1 1 + 2 1 + 2 + 3 1 + 2 + 3 + 4 ,. . 

2=(2"'"t3'^— [4— "^ [5 -+-«^»n/:. 

Find X from the following six equations : 

12. 4sinajsin(aj-a) = 2co9a-l. 

13. cos)8 J{a*-'ixf) + asina=:a;sin)3. 

14. sin a + sin (a? - a) + sin {^x + a) = sin (a; + a) + sin {^x - a). 

15. cos f aj + ^ j a + cos f oj + g j a = sin a. 

16. »■ cos a cos Ta - ^ j + a? cos (o - )8) = 2 pos ^ . 
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17. eot 2'~*c» - cot 2'a «= cosec 3o. 

18. Solve the equation m vers fl = w vers (a - fl). 

19. Solve the equation cos wfl + cos (w — 2) fl = cos tf. 

20. Solve the following equation, and shew that there are 
seven positive values of $ greater than and less than 2v, 

sin + sin 30 = sin 20 + sin iO. 

21. Find tan x from the equation tan x = tan P tan (a + a;) ; 
and shew that in order that tana; may be real, tan)3 must not 
lie between (sec a — tan a)* and (sec a + tan a)*. 

22* Find the least value of which satisfies 

23. Given sin'(w + 1) = sin'ntf + sin'(?* - 1) where (n + 1) 0, 
nOy and (n — 1)0 are the angles of a triangle, find an integral 
value of n, 

24. Beduce to its simplest form and solve the equation 
cos*0 — cos'a = 2 cos'0 (cos — cos a) — 2 sin'0 (sin — sin a). 

25. Shew that all the angles which have the same sine as 
a are included in the formula f 2w +-5jir± (~aj . 

26. Shew that all the angles which have the same cosine 
aa a are ijiduded in the formula f w + -^ W + (- 1)" f o — -^ J . 

27. The ambiguity >k in the formula 

cos -g- ain^ = di^(l - Bin il) 
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may be replaced by (— l)* where m is the greatest integer con- 
tained in — ^^ — , A being expressed in degrees. 

28. The ambiguity ^ in the formula 

, A ±J(l + tan«J[)-l 

tan rr= — ^^^-^ : — 

2 tanJ. 

may be replaced by (— 1)"*, where m is the greatest integer con- 
tained in - ■, A being expressed in degrees. 

29. If tan (cot 05) = cot (tan aj), shew that the real values of 

4 
X are given by sin 2x = j^ ^r- , where n is any integer except — 1. 

30. Shew how to express cos ^ in terms of cos -4, where n 
is any positive integer. 



31. From the equation cosaj=^^ rx deduce 



the 



formula for sin x- in terms of sin 2a^ and shew how the proper 
signs for the radicals may be determined. 

32. If the expression 

■4co8(g-fa)4-J9 sin(g-4-j8) 
^'sin (^ + a) + ^'cos {$ + fi) 

retain the same value for all values of d, then will 

AA'^BJff={A'B--AJr)^{a-^P). 

33. If the sum of two angles is given, shew that the sum 
of their sines is greatest and the simi of their tangents is least 
when the angles are equal. 

34. If A + jB+G^90% shew that unity is the least value 
of tan*^ + t&n'B + tan' (7. 
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35. IfA-hB + C^l80% shew iihat unity is the least value 
of cotM + cot'5 + cot'C. , 

36. If it + 5 + (7 = 180^ then 

2 cot A + 2 cot 5 + 2 cot C is greater than 
cosec A + cosec B + cosec C. 

37. Shew that the sum of the three acute angles which satisfy 
the equation cos'-4 + coa'B + cos' (7 = 1 is less than 180*. 

38. If each of the angles A, B, G he less than 90^ then 
sm{A + B + C) is less than sin -4 + sin -5 + sin (7. 

39. Find the limit of f cos - j when n is increased indefinitely. 

40. Find the limit of f cos - j when n is increased indefinitelyi 

41. Shew that sin fl is greater than tan $ ^ — • 



XL USE OF LOGARITHMIC AND TRIGONOMETRI- 
CAL TABLES. 

15L In the preceding two chapters we have shewn how 
tables of the values of the Trigonometrical Ratios may be cal- 
culated and how tables of logarithms may be calculated, and we 
shall now shew how to use such tables; we begin with tables of 
logarithms. It is obvious that tables of logarithms may be cal- 
culated to various degrees of approximation; they may be calcu- 
lated to 5/6f 7 or a higher number of decimal places. For a list 
of logarithmic and trigonometrical tables^the student may consult 
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the articles Tablw in the Penny Gydopcedia and its Supplement. 
Different tables present some variety in their mode of arrange- 
ment, and are nsually accompanied -with full explanation of their 
peculiarities and the methods of using the tables ; we shall not 
enter into any minute account of the way in which tables may 
be used with the greatest advantage, but shall give such general 
illustrations as will enable the student to avail himself of any 
set of tables for the purpose of occasional calculation. The loga- 
rithms will always be supposed taken to the base ten. 

152. We may observe that throughout all approxinuUe cal- 
culations it is usual to take for the last figure which we retain, 
the figure which gives the nearest approach to the true valua 
Thus for example, suppose we have the decimal fraction '3726 ; 
if we wish to retain only three places of decimals we should write 
-373 and not *372; the former is too large and the latter too small, 
but the excess in the former case is '004, and the defect in the 
latter case is *006, so that there is a smaller error in the former 
case than in the latter case. Thus we have this general rule^ 
when only a certain number of decimal places is to be retained — 
i^rUce off the rest ofthefigv/rea cmdincreaae the last Jlgv/re retained 
hy 1 if ike first jigwre struck off he 5 or grealer than 5. 

We now proceed to explain the use of tables of common loga- 
rithms; and we shall use tables oi seven places of decimals. 

153. Tofmd the logarithm of a given nmnber. 

If the number be contained in the Table we have merely 
to take the decimal part of the logarithm immediately from the 
Table and prefix the characteristic (Art 142). For example, 
required the logarithm of 534. The table gives -7275413 as 
the decimal part, and the characteristic is 2; therefore 

log 534 = 2-7275413. 

Similarly, log 53400 = 4-7275413, 

log -0534 ='2-7275413. 
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Id the last example the characteristic is — 2, and this is de- 
noted by the bar placed over the 2. 

Suppose, however, that the given number is not contained 
in the Table; the Table for instance may give the logarithms 
of numbers from 1 up to 100000 and we may require the logarithm 
of 5340234. Here we can take from the Table the logarithm 
of 5340200, and the logarithm of 5340300; we have 

log 5340300 = 6-7275657 
log 5340200 = 6-7275575 

difference =;= -0000082 

The required logarithm of course lies between the two logarithms 
which we have taken from the Table. Now we see that cor- 
responding to the increase 100 in the number there is an increase 
•0000082 in the logarithm; and we assvme that corresponding 
to an increase 34 in the number there will be a proportional 
increase in the logarithm. Let x denote the quantity which 
we must add to the logarithm of 5340200 in order to obtain 
the logarithm of 5340234; then we have from the assumption 
which we have made the following proportion: 

100 : 34 :: 0000082 : a?; 

therefore « = Jqq ^ -0000082 = -0000028 (Art 152) ; 

therefore log 5340234 = 67275575 + -0000028 = 6-7275603. 

154. We assumed in the preceding article that the increase 
in a logarithm is proportional to the increase in the number; this 
is a case of what is called the principle of proportional pa/rts, and 
although it is not strictly true, yet it is in most cases sufficient for 
practical purposes. We shall in the next chapter investigate the 
subject, and shew to what degree of approximation we can rely 
upon the principle of proportional paHa. 

155. The process given in Art. 153 is facilitated in large 
Tables in the following manner. Required the logarithm of 
23453487. 
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log ^3454000 = 7-3702169 

log 23403000 = 7-3701984 

difference = -0000185 



Firoportioiuil Parta. 


1 


185 


2 


370 


8 


555 


4 


740 


5 


925 


6 


1110 


7 


1295 


8 


1480 


9 


1665 



Here by the process of Art 153 we have to 
multiply -0000185 ^7 ^ i tl^* is, by 1 + A 

7 
+ iQArt* Now the multiplioatiou is effected for 

us, and the results given in a small Table headed ProportioncU 
parts, which is printed on the same page as the two logarithms 
which we have taken from the Table; the small Table shews that 
4 X -0000185 = -0000740, 8 x -0000185 = -0001480, 7 x -000018.5 
= -0001295; and from these results, by dividing by 10, 100 and 
1000 respectively, we obtain the three parts which we require. 
The process may be arranged thus : 

log 23453000 = 7-3701984 
add for 4 740 

8 1480 

7 1295 

7-3702074095 
therefore, retaining 7 places o£ decimals, 

' log 23453487 = 7-3702074. 

156. We have taken as our example a whole number; if a 
decimal fraction, or a mixed quantity formed of a whole number 
and decimal fraction, be given, we may throw aside the decimal 
point, and find the decimal part of the logarithm of the whole 
number thus obtained; then by prefixing the proper characteristic 
we have the required logarithm. Thus, for example, required the 
logarithm of -23453487 and of 234-53487, The decimal part of 
the logarithm is -3702074; therefore 

log -23453487 =1^3702074 

log 234-53487 = 2-3702074. 
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157. To find the nvmber which corresponds to a given loga/rOhm, 

K the decimal part of the logarithm be found in the liable, we 
have merely to take the number which corresponds to it, and put 
the decimal point in the number in the place indicated bj the 
characteristic. For example, required the number which has for 
its logarithm 2*7275413. Corresponding to the decimal part 
'7275413 we find ia the Table the number 534, and as the charac- 
teristic is 2, there must be one cypher before the first significant 
figure (Art. 142); therefore the number which has the given 
logarithm is *0534. 

Suppose, however, that the decimal part of the given logarithm 
is not contained exactly in the Table; for example, let the given 
logarithm beT'3702074, we shall find that the decimal part of this 
logarithm is not in the Table; we have, however, corresponding to 
the number 23454 the decimal part of the logarithm '3702169, 
and corresponding to the number 23453 the decimal part of the 
logarithm -3701984; thus 

log 23454 = 4-3702169 
log 23453 = 4-3701984 

difference = -0000185 

The excess of the given decimal part of the logarithm above 
•3701984 is -3702074 - -3701984, that is -OOOOOSO. The required 
number of course lies between -23454 and -23453; let d denote 
its excess above -23453, then assuming that the increase of tl\.e 
number is proportional to the increase of the logarithm, we have 

•0000185 : -0000090 :: 1 : d; 

90 
therefore d=-r^^ = 'iS6, 
loo 

• Therefore log 23453*486 = 4-3702074, 

and log -23453486 = T-3702074 ; 

thus the required number is •234{f3486. 
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158. "We may save the labour of dividing 90 by 185 in the 
preceding example by means of the Table of Proportional parts 
given in Art. 155 ; the process of division, if performed, will stand 
thus : 

185; 90-0 (^486 
740 



1600 
1480 

1200 
1110 



Now the products 740, 1480, 1110, are furnished ready in the 
Table referred to, so that we need only perform the subtractions 
and put down the following steps : ' 

90 
4 740 



160 
8 1480 



1200 
6 1110 



159. We will now give some examples of the use of logarithms. 
Required the product of 3670-257 and 12-61158. 

Log 3670-2 = 3-5646897 
5 60 

7- 8 



Log 3670-257 = 3-5646965 

Log 12-611 = 1-1007495 

5 172 

8 28 



Log 12-61158 = 1-1007695 
3-5646965 



by adding the logs 4-6654660 
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Decimal part of log 46287 *6654590 





70 


7 


66 


4 


. 40 



4628774 

Thus the required number is 46287 '74, the position of the 
decimal point being determined hy the characteristic 4. 

160. Kequired the quotient of -1234567 by 54-87645. 

Log -12345 =1-0914911 

6 211 

7 25 



Log -1234567 = 


= 10916147 


Log 54-876 = 


= 1-7393824 


4 


32 


5 


4 


Log 64-87645 = 


= 1-7393860 




T-0915147 




1-7393860 


fifing 


3-3621287 


>f log 22497 = 


= -3521246 




41 


2 


38 


2 


30 



2249722 

Thus the required number is '002249722; there are two 
cyphers before the first significant figure^ because the character- 
istic of the logarithm is 3. 
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1 61. Beqmred the cube of -3180236. 

Log -31802 = T-5024544 

3 41 

6 8 



Decimal 


part 


Log 
of log 


•3180236 

32164 : 

5 

8 


= 1-5024593 

3 

2-6073779 

= -6073701 




78 
67 
110 



3216468 
Thus the required number is -03216458. 

162. Bequired the cube root of -3663265. 
Log -36632 = T-5638606 
6 71 

5 6 



Log -3663265 = 1 5638683 

We have now to divide 1*5638683 by 3 ; that is, we have to 
divide — 1 + -5638683 by 3. It is convenient to write the num- 
ber to be divided thus, - 3 + 2*5638683 ; then by dividing by 3 
we obtain - 1 + -8546228, that is, 1*8546228. 

r*8546228 
Decimal part of log 71552 = -8546218 

10 
2^ 100 

7155202 
Thus the required number is -7155202. 
We now proceed to the use of Trigonometrical Tables. 

163. To find the sine of a given cmgle. 

If the given angle be o&e which is contained in the Table of 
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the sines of angles the required sine is furnished immediately by 
the Table; we proceed then to the case when the given angle lies 
between two which are contained in th^ Table. For example, re- 
quired the sine of 44® 35' 25", having given from the Table 

sin 44" 36' = -7021531 

sin 44" 35' = '7019459 

difference = -0002072 

The required sine of course lies between the two sines which 
we have taken from the Table y let x denote its excess above the 
sine of 44" 35', and assume that the increase of the sine is propor- 
tional to the increase of the angle, therefore 

60" r 25'' :: -0002072 : x, 

25 

therefore a; = ^ x -0002072 = -0000863. 
oO 

Therefore sin 44" 35' 25''= -7019459 + -0000863 = -7020322. 

We have thus again assumed the principle of proportional 
partSy and we shall assume it throughout the present chapter, 
reserving the investigation of it for the following chapter. 

164. To find the cmgle which corresponds to a given sine. 

If the given sine be found in the Table the required angle is 
furnished immediately by the Table ; we proceed then to the case 
when the given sine lies between two which are contained in the 
Table. For example, required the angle which, has for its sine 
•6970886, having given from the Table 

sin 44" 12'= -6971651 

fiin44" 11'= -6969565 

difference = -0002086 

The excess of the given sine above the' sine of 44" 11' is 
-6970886 --6969565, that is, -0001321. 
The i-equired angle of course lies between the two angles which 
we have taken from the Table; let n be the number of seconds in 
its excess above 44" 11', .then 

-0002086 : -0001321 :; 60 : n, 
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^, . .^ -0001321 60 X 1321 „. 

therefore ^ = 6^^:0002086= 2086 ^^^' 

Therefore the required angle is 44** 11' 38". 

165. To find the cosine of a given <mgle. 

If the given angle be one which is contained in the Table of 
the cosines of angles, the required cosine is furnished immediately 
hy the Table; we proceed then to the case when the given angle 
lies between two which are contained in the Table. For example, 
required the cosine of 44° 35' 25", having given from the Table 

cos 44° 35'= -7122303 
cos 44° 36'= -7120260 



difference = -0002043 

Since in the first quadrant the cosine decreases as the angle in- 
creases, the required cosine will be less than the cosine of 44° 35', 
and the required cosine of course lies between the two cosines 
which we have taken from the Table; let x denote its defect 
below the cosine of 44° 35', then 

60 ; 25 :: -0002043 : x, 

therefore a = ^, x -0002043 = -0000851. 
oU 

Therefore cos 44° 35' 25'' = -7122303 - -0000851 = -7121452. 

^166. To find the angle which corresponds to a given cosine. 

If the given cosine be found in the Table the required angle is 
furnished immediately by the Table; we proceed then to the case 
when the given cosine lies between two which are contained in the 
Table. For example, required the angle which has for its cosine 
•7169848, having given from the Table 

cos 44° 11'= -7171134 

cos 44° 12'= -7169106 



difference = 0002028 
T. T. 
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The given cosine falls short of the cosine of 44° 11' by -7171134 
- •7169848, that is, by -0001286; the required angle of course lies 
between the two angles which we have taken from the Table; let 
n be the number of seconds in its excess above 44® IT, then 

•0002028 : -0001286 :: 60 : n, 

.r. r af, '0001286 60x1286 ^^ 

therefore n = 60x;g^g^^= 2028 = ^^ 

Therefore the required angle is 44® 11' 38". 

167. It will not be necessary to give examples for the other 
Trigonometrical Functions ; the important fact to be remembered 
is that in the first quadrant the tangent and secant increase as the 
angle increases, and the cotangent and cosecant decrease as the angle 
increases; thus the taugent and secant are treated in the same way 
as the sincy and the cotangent and cosecant in the same way as the 
cosine. 

168. The Tables of Trigonometrical Functions which we have 
hitherto considered are called Tables of the natv/ral Functions to 
distinguish them from other Tables which we now proceed to con- 
sider. The Table of sines of angles for example is called a Table of 
natural sines; if we take the logarithms of the sines of all the angles 
which have been calculated we form a new Table which is called a 
Table of Logarithmic sines. Similarly, we can form a Table of the 
logarithms of the cosines of angles, and a Table of the logarithms 
of the tangents of angles, and so on; these Tables are called respect- 
ively Tables of logarithmic cosines, Tables of logarithmic ta/ngentSy 
and so on. 

169. The great advantage which we obtain from these Loga- 
rithmic Tables is that calculations are much abbreviated with their 
assistance; this is especially the case, as we shall see hereafter, in 
what is called the solution of Triangles. We have stated as suffi- 
ciently obvious that these Logarithmic Tables may be calculated by 
taJdng the logarithms of the values of the Trigonometrical Functions 
which have been already tabulated; it will be shewn however in 
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the higher parts of the subject that the Logwii£hm,iG Tables can be: 
calculated mdependenU^/, that is, without the use of the Tables of 
the Tiatural Functions. We proceed now to exemplify the use of 
the Tables of Logarithmic Functions. 

170. Since the sine of an angle is always less than unity 
the logarithm of the sine will always be a negcitive quantity; also 
the same remark is true for the cosine. The logarithm of the 
tangent of an angle will be negative if the angle be less than 
45^ and the logarithm of the cotangent of an angle will be 
negative if the angle be greater than 45^ In order to avoid 
the occurrence of negative quantities in the Tables it is found 
convenient to add 10 to the logarithm of every Trigonometrical 
Function before registering it in the Tables; the logarithm so 
increased is called the Tabvla/r logarithm and is usually denoted 
by the letter L, Thus X sin ^i means the Tabular loga/rUhm 
of the sine of A^ and it is equal to the real logarithm of th^ 
sine of A increased by ten. Of course in calculations we shall 
have to remember and to allow for this increase of the real loga- 
rithms; this will be seen when we come to the solution of Tri- 
angles. In what follows we shall exemplify the use of the Tables 
of Logarithmic Functions. 

171. To find the tabular logarithmic sine of a given angle. 

If the given angle be one which is contained in the Table 
of the logarithmic sines the required result is furnished imme- 
diately by the Table; we proceed then to the case when the given 
angle lies between two which are contained in the Table. For 
example, required the tabular logarithmic sine of 44® 35' 25"-7, 
having given from the Table 

Z sin 44'» 35' 30" = 9-8463678 

L sin 44° 35' 20" = 9-8463464 

difference = -0000214 

The required tabular logarithmic sine lies of course between the 
two which we have taken from the Table; let x denote its excess 

8—2 
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above the tabular logaritlimic sine of 44° 35' 20''; then by the 
principle of proportional parts 

10 : 5-7 :: -0000214 : x^ 

thus a: = ^ X -0000214 = -0000122. 

Therefore L sin W 35' 26"-7 = 98463464 + -0000122 = 9-8463586. 

172. To find the angle which corresponds to a given tabular 
loga/rithmic sine. 

If the given tabular logarithmic sine be found in the Table 
the required angle is furnished immediately by tie Table; we 
proceed then to the case when the given tabular logarithmic sine 
lies between two which are contained in the Table. For example, 
required the angle which has for its tabular logarithmic sine 
9-8432894, having given from the Table 

Z sin 44* 11' 40" = 9-8432923 
Z sin 44" 11' 30" = 9-8432707 



difference = -0000216 

The excess of the given tabular logarithmic sine above that of 
44" 11' 30" is 9-8432894 - 9-8432707, that is, -0000187. The re- 
quired angle of course lies between the two angles which we have 
taken from the Table; let n be the number of seconds in its excess 
above 44" ir 30", then 

•0000216 : -0000187 :: 10 : w, 

.v I. in :0000187 10 x 187 .^ 
therefore ^ = 10 x-^^jg^^ = -^j^ ^8-7. 

Therefore the required angle is 44" U' 38"-7. 

173. Tofi/nd the tahvla/r loga/rithmic cosine of a given angle. 

If the given angle be one which is contained in the Table of the 
logarithmic cosines the required result is furnished immediately by 
the Table; we proceed then to the case when the given angle lies 
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between two whicli are contained in the Table. For example, ^- 
quired the tabular logarithmic cosine of 44° 36' 25"-7, having given 
from the Table 

L cos 44° 35' W = 9-8525789 

L cos 44° 35' 30" = 9-8525582 



difference = -0000207 

The required tabular logarithmic cosine lies of course between 
the two which we have taken from the Table, and is less than the 
tabular logarithmic cosine of 44° 35' 20"; let x denote its defect 
below the latter; then 

10 : 5-7 :: -0000207 : x, 
thus a; = ^ X -0000207 = -0000118. 
Therefore L cos 44° 35' 25"-7 = 9-8525789 - -0000118 = 9-8525671, 

174. To find the omgle which corresponds to a given, tabular 
logcbrithmic cosine. 

If the given tabular logarithmic cosine be found in the Table 
the required angle is furnished immediately by the Table.; we 
proceed then to the case when the given tabular logarithmic cosine 
lies between two which are contained in the Table. For example, 
required the angle which has for its tabular logarithmic cosing 
9-8555086, having given from the Table 

L cos 44° 11' 30" = 9-8555264 
Z cos 44° 11' 40"= 9-8555060 

difference = -0000204 

The given tabular logarithmic cosine falls short of that of 
44° 11' 30" by 9-8555264-9-8555086, that is, -0000178. The 
required angle of course lies between the two angles which we 
have taken from the Table; let n be the number of seconds in its 
excess above 44° 11' 30"; then 

•0000204 : -0000178 :: 10 : % 
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*u* ^ iA -0000178 1780 o^ 

th^refoi^ n = 10 X :^^^^^ = -^g^= 8-7. 

Therefore the required angle is 44^ 11' 38" -7. 

175. It -will not be necessary to give examples for the other 
Trigonometrical Functions; the important fact to be remembered 
is that in the first quadrant tiie tabular logarithms of the tangent 
and secant increase as the angle increases, and the tabular logarithms 
of the cotangent and cosecant decrease as the stngle increases; thus 
the tangent and secant are treated in the same way as the sine, and 
the cotangent and cosecant in the same way as the cosine. 



EXAMPLES. 

1. Given log 12440 = 4-0948204, 

log 12441 =4-0948553, 
find log 12440-35. 

' 2. Given log 1-0686 = -0288152, 

log 1-0687 = -0288558, 
find the number of which the logarithm is -0288355. 

3. Given log 23456 = 4-3702540, 

log 23457 = 4-3702725, 
form a table of proportional parts for the intermediate numbers, 
and find log -2345638. 

4. Find the number whose logarithm is -(1-8753145), having 
given 

log 1-3325 = -1246672, log 1-3326 = -1246998. 

5. Given log 3-855 =-5860244, 

log 3-8551 = -5860356, 
find log(-00385504)T. 

6. Given log 24 = 1-3802112, 

log 4-8989= -6900986, 
log 4-8990= -6901074, 
find (24)^ to six places of decimals. 
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7. Given log 14271 = 41544544, 

log 20313 = 4-3077741, 
log 20314 == 4-3077954, 
find (142-71)^. 

8. Given log 7= -8450980, 

log 58751 = 4-7690153, 
log 58752 = 4-7690227, 
find (-07)1^ to seven significant figures. 

9. Given log 2 = -3010300, log 5-743491 =-7591760, 
find the fifth root of -0625. 

10. Given log 2-7 = -4313638, log 5-172818 = -7137272, 
find the value of 27"*. 

11. Given log 71968 =4-8571394, diffi for 1 = -0000060, 
find the value of ^(0719686) to seven places of decimals. 

12. Given log 103 = 2 0128372, log 7440942 = 6-871628, 
find (1-03)-^*. 

13. Find the value of 64 {1 - (1-05)-^}, having given 

log 105 = 2-0211893, log 37689 = 4-5762140. 

14. Find approximately 5^*, having given 

log 2= -301030, log 1-562944 =-193943, 

log 349485 = 5-543428, log 3-655 =-562887, 

log 3-656 = -563006. 

15. Having given 

log 12 = 1-0791812, log 1-257915 = -0996512, 

log 1-121568= -0498256, find the value of 
(l-44r-(l-44)-^'. 

16. Having given 

log 105 = 20211893, log 5303214 = 6-7245391, 
log 3T68894 = 6-576214, find the value of 

^i(ro5p"(ro5fj- 



120 



EXAMPLES. CHAPTER Xt. 



17. Given 



find 



18. Given 



find 



19. Given 



find 



20. Given 



find 



21. Given 



find 



sin 47"= -7313537, 
sin 48" =-7431448, 

sin 47" r. 

sin 7" ir= -1267761, 
sin 7" 18' = -1270646, 

sin 7" 17' 25'; 

X sin 17" r= 9-4663483, 
Z sin 17" = 9-4659353, 

Z sin 17" 0' 12". 

Z sin 26" 24' = 9-6480038, 
Z sin 26" 25' =9-6482582, 

Z sin 26" 24' 12". 

Z cot 72" 15'= 9-6062891, 
Z cot 72" 16' = 9-5048538, 

Z cot 72" 15' 36". 



22. Given Z cot 81" 46'= 9-1604569, diffi for 10"= -0001486, 
find the angle whose Z cot is 9-1 603493. 

23. Given Z cos 20" 35' 20" = 9-9713361, difference for 10" 
= -0000079, find the angle whose Z cos is 9-9713383. 

24. Given Z cos 34" 24' = 9-9165137, diff. for 1'= -0000865, 
find Z cos 34" 24'56", and also the angle whose Z cos is 9-9165646. 

25. Given Z sin 37" 19' = 9-7826301, diff. for 1'= -0001657, 

Z cos 37" 19' = 9-9005294, diff for 1' = -0000963, 

find . Z sec 37" 19' 47", and Z cot 37^^ 47". 

26. Given Z sin 32" 18' = 97278277, diff for 1' = -0001998, 

Z cos 32" 18' = 9-9269913, diff. for 1' = -0000799, 

find Z sine, Z cosine, and X tangent of 32" 18' 24"-6. 
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XII. THEOKY OF PROPORTIONAL PARTS. 

176. IVe sliall now investigate the principle of proportional 
partSy the truth of which was assumed throughout the preceding 
chapter. The logarithms in the present chapter are supjiosed to be 
logarithms to the base 10; and we will suppose that the Table of 
logarithms is calculated to seven places of decimals, and that it con* 
tains the logarithms of every whole number from 1 to 100000. 

1 77. To shew that the change of the logarithm is approximately/ 
proportional to the cham^e of the nwmb&r. 

"We know that log (n + cQ - log w = log ^^ = logrl + -) i 

and b. Art 148, log(l .g.^(f -£,.^.-...), 

where /x is the TnodvluSy so that /x=: '43429448 

Suppose that n is an integer containing five figures so that n is 
not less than 10000, and suppose that d is not greater than imitj. 

Then ^ is less than ^ ( Jq^) , and a/ortiori less than -000000003; 

^ is less than one ten-thousandth part of this, and so on. 
on 

Hence at least as &r as seven places of decimals we have 
log {n + d) — log w = — . 

This equation establishes the required result ; for it shews that 
if the number be changed fix)m nio n-hd the corresponding change 

in the logarithm is approximately — , that is, the change of the 

logarithm is approximately proportional to the chanfige of the nvmber. 

178. The principle of proportional parts is thus shewn to hold 
-in the case of the logarithms of numbers to a sufficient degree of 
accuracy for practical use. For when we wish to find the loga- 
jdthm of a given number we can suppose the decimal ppint in the 
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number placed after the fifth figure, so that the nmnber is thus 
made to lie between two which difier by unity and which are both 
contained in the Table; and we have shewn that as &r as seven 
places of decimals the change of the logarithm is proportional to 
the change of the number. Then we can if necessary change the 
position of the decimal point and make the corresponding change 
in the characteristic of the logarithm; and thus we finally obtain 
the logarithm of the original given number. Similarly we may 
proceed if we want to find the number which corresponds to a 
given logarithm lying between two in the Table. 

179. We will now shew how the result of Art. 177 is applied 
in practice. We have 

log (n -f <?) - log w = S- , 

also log (» + 1) - log n = - = 8 suppose, 

thus log(w + t?) = logw + t?8. 

Now 8 being the difference of two known logarithms is furnished 
immediately by the Table ; and to obtain the logarithm of (n + d) 
we multiply this known quantity 8 by the given fraction d and add 
the product to the logarithm of n. This is the rule which wad 
used in the preceding chapter, Art. 153, in order to find the 
logarithm of a given number. • 

Again, suppose we require the number which corresponds to a 
given logarithm. Let n and n + 1 be integers between which the 
required number lies, and denote the required number hj n + d. 
Then log {n-{-d) — logn is known ; call it x, and let 8 denote the 

X 

known quantity log (w + 1) - log n ; thus dB = x; therefore ^ = k • 
This is the rule which was used in the preceding chapter, Art, 157. 

1 80. We shall now proceed to examine how far the principle of 
proportional parts holds in the case of the natural Trigonometrical 
Functions; this we shall do by considering these Functions s^pa- 
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rately. We shall suppose throughout this chapter that the angles 
which occur are positive angles not exceeding a right cmgle; this is 
sufficient because it has been shewn that any Trigonometrical 
Function of cmy angle is equal to the same Function of some poai- 
tive angle not exceeding a right angle; see Art 55. 

181. To prove thai in general the chcmge of the sine of cm 
angle ia approximately proportional to the chaaige of ike amgU, 

We have sin (tf + A) - sin tf = sin A cos tf - sin tf (1 - cos A) 



= sinAcos^f l-tan0 — . , ) 
\ sinA / 

= sinA costf (l-tanfltan^j. 



Let us now suppose that h is the circular measure of a very- 
small angle so that sin A = A approximately; thus, approximately, 

sin (fl + A) - sin tf = A cos tf ^1 -tan tf tan 1^ ; 

let us also suppose that is not very nearly equal to ^ so that 

tan is not very large, and thus tan tan ^ may be neglected. 
We have then, approximately, 

sin (tf + A) — sin fl = A cos tf, 
and this establishes the proposition. 

Similarly, sin (tf — A) - sin fl = - A cos fl approximately. 

182. We may however require to know more exactly the 
amount of error to which we are liable in using the result of the 
preceding article; this point we will now examine. The approx- 
imate value of sin (tf + A) — sin tf, is A cos 0, while the exact value is 
sin A cos tf -(1 - cos A) sin $ ; thus to obtain the approximate value we 
change sin A into A in the first term of the exact value, and we neglect 
the second term of the exact value. First then consider the error 
produced by writing A for sin A. The circular measure of an angle 
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IT 

of one degree is j^ ; and by Art. 130 sin A cannot differ from h by 

18 

so much as -X- 9 so tbat it may be shewn that for an angle of one 

degree the sine cannot differ from the circular meafsure by so much 

as '0000001. Hence if our calculations extend to only seven 

places of decimals no error will be introduced by changing sin h 

into k even for an angle of one degree, and a fortiori no error will 

be introduced by the change if we restrict A to be not greater than 

the circular measure of an angle of one mirmte. Next consider the 

error produced by neglecting the term sin fl (1 - cos A), that is, 

h . h . 

2 sin ®"^* o • Since sin tf is neVer greater than unity and sin ^ is 

less than ^ > the value of the term neglected is less than •-; and if 

h be the circular measure of an angle of one minute ^ is less than 

•0000001. Hence if our calculations extend to only seven places 
of decimals no error will be introduced by neglecting the term 
sin (1 - cos A) if we restrict A to be not greater than the circular 
measure of an angle of one minute. 

Therefore if we have a Table of natural sines calculated for 
every minute to seven places of decimals, no error will be intro- 
duced by our calculating to seven places of decimals the sine of an 
angle which lies between two in the Table from the formula 

sin (0 + A) - sin = A cos 0. 

183. We will now shew how this result is applied in practioe. 
Suppose that we have a Table of natural sines calculated for every 
minute, and that we require the sine of an angle which lies be- 
tween two in the Table. Let k be the circular measure of an angle 
of one minute; let and + A; be the circular measures of the angles 
in the Tabl« between which the given angle lies, and let + A be 
the circular measure of the given angle. Then 

ain(tf + *)-sinfl = ico8fl = 8 suppose, 
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thus sm(tf + A) = 8intf + j8 = Bmtf + ~8, 

where 8 is the number of seconds in the angle of which h is the 
circular measure. Now 8 is the difference between two consecutive 
sines in the Table, and is therefore furnished immediately by the 

Table, and we must multiply this known quantity by ^ and add 

the result to sin tf in order to obtain sin (tf + A). This is the rule 
which was used in the preceding chapter, Art 163. 

Again suppose that we require the angle which corresponds to 

a given natural sine. Let k be the circular measure of an angle of 

one minute ; $ and $ + k the circular measures of angles in the 

Table between which the required angle must lie, and let ^ + A be 

the circular measure of the required angla Then sin (d + ^) - sin 

is known; call it Xy and let 8 denote the known quantity 

A8 h X 

8in(0 + k) — sin.0; therefore -t- = «> therefore t= «-j let « be the 

number of seconds in the angle of which the circidar measure is h, 

8 X 6O2B 

then ^TT = -5, therefore 8 = — 5-. This is the rulQ which was used 
oU o 

in the preceding chapter. Art. 164. 

184. When is nearly ^ , since cos is then very small, the 

term h cos 6 will be very small if A be the circular measure of a 
small angle. Thus the difference between the natural sines of two 
angles, each of which is nearly equal to a right angle, is very small ; 
this is expressed by saying that the differences in the sines of con- 
secutive angles are nearly insensMe when the angles are nearly 
equal to a right angle. There is also another point to be noticed 
in this case; we have 

sin (tf + A) - sin ff = sin A cos ff - (1 - cos A) sin tf ; 
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the ratio of the second term to the first is numerically 

sin ^ (1 - cos h) 
cos 6 sinh * 

that is, tan 6 tan -^ , and when 6 is nearly equal to ^r this ratio 

will be a sensible quantity unless ^ be extremely small Thus the 

second term ought not to be rejected in comparison with the first 

term unless ^ be extremely small. This is expressed by saying 

that the differences in the sines of consecutive angles are irregvla/r 
when the angles are nearly equal to a right angle. In the present 
case this irregvla/rity is not of much importance on account of the 
accompanying insensibility. 

185, We have shewn that, approximately, 

sin (^ + A) - sin tf = ^ cos tf ; 

change 6 into « — ^> thus 

sing -^ + A)-8mg-0') = Acosg -^) , 

that is, cos (^ — A) — cos ^ = A sin ^; 

and by changing the sign of A 

cos (^ + A) - cos ^ = - A sin ff. 

It is convenient to deduce this formula horn that already 
proved, because we thus know, without a new investigation, the 
amount of error to which we are liable in using it; it may how- 
ever be proved independently, as we will now shew. 

186. To prove that in general the change of the cosvne of an 
angle is approximately proportional to the cham.ge of the angle. 

We have 

cos (9 - A) -cos s sin A sin d -- 008 0(1 - cos A) . 
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1 - cos h\ 



= siiiAsm0(l — cotd — : — = — ) 
\ smh J 

= sin A sin tf f 1 - cot fl tan -^ j . 



Let us now suppose that h is the eircular measure of a very 
small angle, so that sinA = A approximately; thus, approximately, 

cos (fl - A) - cos tf = A sin tf n - cot tf tan-j ; 

let us also suppose that is not very small, so that cot B is not very 
large, and thus cot B tan ^ may be neglected. We have then, 

approximately, 

cos (^ - A) - cos tf = A sin ^, 

and by changing the sign of h^ 

cos (fl + A) - cos fl = — A sin fl; 
and this establishes the proposition. 

187. From the result of the preceding article, we can deduce 
the rule used in Arts. 165, 166 of the preceding chapter; the 
method is the same as that which we have already given in Art. 
183. The only peculiarity to notice is that the cosine diminishes 
as the angle increases. 

And by proceeding as in Art 184 we see that the differences 
in the cosines of consecutive angles are nearly insensible and are 
also irregular when the angles are very small. 

188. To prove that in general the chcmge of the tangent of wr^ 
angle is approxmuiidy proportional to the cham^e of the am<gle. 

Tir 1. X //I i\ X /I sin(^+A) sin^ 

We have tan (fl + A) ~ tan fl = — ^^ — r(- -« — ^ 

^ ' cos(^ + A) cos^ 

8in(^ + A)cos^-cos(^+A)sin^ ain(^ + A--^ sin A 

^ cos(d+A)cos0 "'cos(^ + A) cos ^""003(^ + ^)003^ 

sin A tanAr 

~ cos* d (cos A - sin A tan tf) "^ cos* fl ( 1 - tan d tan A) * 
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Let us now suppose tLat A is so small that we may put h for 
tan A, and also that is not nearly equal to ^ so that tan 6 tan h 

may be neglected. We have then, approximately, 

h 
tan(e + A)-tane = — 5^=Asec'^, 

also by changing the sign of h 

tan(^-A)-tand = -Asec'e; 
this establishes the proposition. 

189. From the result of the preceding article we obtain the 
same rule for the tangent as we obtained in Art 183 for the sine. 
We will now proceed to examine the amount of error to which, 
we are liable in using the approximate formula of the preceding 
article. We have 

«z)/i ^^/i. ,, = tanAsec«g(l~tangtanA)-^ 
cos'^ (1 - tan tan h) ^ ' . 

= tanA sec"^ (1 + tan fl tan A + tan'fl tan'A + ...); 

thus if we take only the first term tan A sec'tf we neglect a series 
of terms beginning with tan' A sec'0 tantf, that is approximately 
A*(l + tan'tf) tan^. Now if we have a table of natural tangents 
calculated for every minute and we wish to find the natural 
tangents of intermediate angles the greatest value of A is the cir* 

If 
cular measure of one minute, that is, ^oTv — ^> or '0003 approxi- 
mately. Hence the numerical value of the greatest error is not 
less than (•0003)* (1 + tan"^) tan B, and therefore even if d be not 

If 
greater than ^ ^^ ^^ liable to an error in the seventh place 

of decimals. If, however, we have a table calculated for every 
ten seconds the greatest value of A is the circular measure of 

ten seconds, that is, jgQ — gg — g> or '00005 approximately; in 

this case we shall be free from error in the seventh place of 
decimals until tan is about as great as 6 ; the table shews that 
tan 80^ is rather less than 6. 
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190. Since tan (O + h)- tan d = h sec* 6 approximately, and 
sec ^ is never less than unity, the differences of consecutive tan* 
gents are never inseTisiMe; but as we have shewn in the preceding 
article, the differences are vrregrdwr when the angles are nearly 
right angles. 

191. We have shewn that approximately 

tan (^ + A) - tan d = A sec" fl ; 

change 6 into « "" ^> *^^^ 

tan g-tf' + a) -tan g - ^) = Asec* g - 6k) , 

that is cot (tf' — A) — cot ^ = A cosec' ^, 

and by changing the sign of h 

cot (e' + A) - cot fl'= - A cosec' ff. 
This may be proved independently, as we will now shew. 

192. To prove that in general the chcmge of the cotangent of 
an a/ngle is approxvmately proportional to the chamge of the a/ngle. 

-rrr , ^ //I T\ .A cos(^ — A) cosfl 

We have cot (tf -A) - cot fl = -T-4z — r( — ^— z 

^ ' 8in(^-A) sin^ 

_ cos (^ - K) sin ^ - cos ^ sin {0-h) sin(g- g+A) 

"" 8in(tf-A)sin^ "" sin (^ - A) sin tf 

sin h __ sin A 

"" sin (^ — A) sin tf sin* B (cos A — sin A cot &) 

tan A 

""sin'6^(l-tanAcottf)' 

Let us now suppose that A is so small, that we may put A for 

tan A, and also that Q is not very small, so that cot 6 tan A may be 

neglected. We have then approximately 

cot(g--A)-cotg= . g^ =A cosec* ^, 

also by changing the sign of A 

cot(tf + A)-cottf=!-A cosec*^ ; 
this establishes the proposition. 

T. T. 9 
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193. To prove that in general the chcmge of the secav^ of an 
angle ie proportional to the change of the angle. 

We have sec (0 + A) -sec 6 = rn — t\ tt 

^ ' cos^O + h) cos 6^ 

cos 9 - cos {$ +.h) _ s in hsmd + (l- cos h) cos 
"" cos cos {0 + h) ~ cos* (cos A — sin A tan 0) 

tan A sin ^ 1 1 + tan 75 cot ^ 



n + tan^cot^j 



cos* 6^ (1 - tan 6^ tan A) 

Let us now suppose that A is so small thafc we may put A for 
tan A> and also that 6 is neither very small nor very nearly equal 

to 5 , so that tan i^n A and cot 6 tan ^ may be neglected. We 

have then approximately 

sec (^ + A) - sec 6 = ^tt- ^ si^ ^ sec* 6, 

^ ' cos* a 

,also by changing the sign of A 

sec (6 - A) - sec d = - A sin 6 sec' Q ; 
this establishes the proposition. 

194. We have shewn that approximately 

sec (6 + A) - sec 6 = A sin tf sec" B ; 

change B into s ■" ^> *^^ 

that is cosec (^ - A) - cosec d' = A cos ^ cosec* ^, 

and by changing the sign of A 

cosec (^ + A) — cosec fl' = — A cos ff cosec* 9» 
This may also be proved independently. 

195. The amount of eiTor to which we are liable in using the 
approximate formulas of the preceding two articles may be in- 
vestigated as in Art. 189. It will be seen that the differences of 
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consecutive secants are insensible and vrreguUvr when the angles 
are very small, and they are irregvla/r when the angles are nearly 
right angles; the differences of consecutive cosecants are irregvlwr 
when the angles are small, and insensible and irregular when the 
angles are nearly right angles. 

We will now proceed to examine how far the principle of pro- 
portional parts holds in the case of the Logarithmic TrigonometricdL 
Functions, 

196. To prove that in general the change of the tabular loga- 
rithmic sine of cm angle is approximaUly proportional to the cham^e 
of the angle. 

We have approximately sin (fl + A) = sin ^ + A cos ^, 

therefore ^° : ^ ' = 1 +A cot^ : 

sin^ 

therefore log sin (tf + A) — log sin d = log — ^ a ~ ^^8 (1 + ^ cot tf), 

sin Cr 

and log (1 + A cot d) = yh cot B approximately (Art. 148), where ft i» 
the modulus; thus approximately 

log sin (^ + A) - log sin = fL^ cot ^, 
also by changing the sign of h 

logsin(^-A)— logsind = -/AA cot ft 
If L stand for tabular logarithm, we have 

Z srQ(d + 7i)= 10 + log sin(tf + A), 
Z sin tf = 10 + log sin fl ; 
therefore Xsin (d± A) — Z sin d = «*=/iAcot ft 

This establishes the proposition. 

197. We will now shew that in general the principle of pro- 
portional parts holds approximately in the case of the other 
tabular logarithmic functions, and then we will consider the 
amount of error to which we are liable in using the approximate 
formulae. 

198. We have shewn that approximately 

L sin(tf +A)-Z oaO = i*h cot 6y 

9—2 
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change 6 into „ "" ^> *^us 

Zsing-e' + A)-Xsin(|-^) = ,iAcotg-^), 

tliat is L cos (tf' — A) — Z cos ff = yJh tan ff^ 

and by clianging the sign of h 

Z cos (^ + A) - Z cos ^ = - /DiA tan »'. 

This proves the principle in the case of the tabular logarithmic 
cosines. 

199, We have shewn that approximately 

log sin {B + K)— log sin ^ = /xA cot tf , 
and log cos{tf + A)-logcos tf = -fiA tantf; 

then by subtraction 
log sin (6 + h) -log cos(tf + h) -{logsintf - log co86}=/xA(cotfl+tan^), 

that is log tan (^ + A) - log tan tf = -^^-kq > 

therefore Z tan(tf + A) -Z tanfl = ^^, 

and by changing the sign of h 

Ztaii(^-A)-Ztantf = -3i. 
^ ' sin 2^ 

This proves the principle in the case of the tabular logarithmic 
tangents. By changing into ^ — tf' we obtain 

Zcot(«'=FA)-Zcottf' = db3^; 

this proves the principle in the case of the tabular logarithmic 
cotangents. 

200. We have shewn that approximately 

log sin (^ + A) - log sin =/iA cot 0, 

therefore log - — 7^ — =-r -log -; — -x =-1/11 cot Of 

that is logoosec(d + A)-logeo6ec0s-fLA cot9, 
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therefore L cosec (fl + A) - Z cosec tf = - /lA cot fl, 

also by changing the sign of h 

L cosec (tf — A) — X cosec fl = fiA cot fl ; 
this proves the principle in the case of the tabular logarithmic 

cosecants. By changing B into ^ - ^, we obtain 

Z sec (^ =TF A) — X sec ^ = sp fiA tan ff ; 

this proves the principle in the case of the tabular logarithmic 
secants. 

201. From the results of Arts. 196—200 we obtain the rules 
which were exemplified in Arts. 171 — 174. It will be observed 
that we have deduced the approximate formulae for all the other 
logarithmic functions from that of the logarithmic sine; thus if we 
investigate the amount of error to which we are liable in the case 
of the logarithmic sine, we shall know the amount of error for all 
the other logarithmic functions. The approximate formulae how- 
ever for the other logarithmic functions may be obtained inde- 
pendently, and we will for example give the investigations for the 
logarithmic cosine and the logarithmic tangent. 



To prove that in general the change of the tdbvlar loga- 
rUhmic cosine of an angle is approximately/ proportional to the 
change of the cmgle. 

We have approximately cos (^ - A) = cos tf + A sin 0, 

therefore co^K - ) = i + ;i tan fl, 

QO&O 

therefore log cos(tf - A)- log cosg = log ^^^ "^ ^ = log (1 + A tan ^), 

and log (1 + A tan 0) = fjLh tan approximately (Art. 148), 

therefore log cos (^ - A) - log cos tf = /xA tan tf approximately, 
therefore L cos {6 - h) - Z coa = fih tan 0, 

and by changing the sign of A 

Z c6s (6 + A) - Z cos 6^-fih tan ft 
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203. To prove that in general the change of the tabular loga- 
rithmic tangent of an angle is approximately proportional to the 
change of the angle. 

We have approximately tan (0 +h)= tan + h sec* 0, 

therefore — ^^ ^ ' = 1 + — — ^ = 1 + 2A coseo 20. 

tan d tan 

therefore log tan (^ + A) - log tan 6 = log (1 + 2h cosec 20) 

= 2yx^ cosec 20 approxiqiatelj, 

therefore L tan {0 + h)-L tan = 2fih cosec 20, 

and by changing the sign of h 

L tan {0-h) — L tan tf = — 2/iA cosec 20, 

204. We will now proceed to consider the amount of error to 
which we are liable in using the approximate formula 

Z sin (^ + A) - Z sin tf = /iA cot 0, 

In obtaining this formula log (1 + A cot 0) was taken equal to 
IjJh cot 0, so that the square and higher powers of h cot were 
neglected. But when is very small cot is very large, and thus 
/i* cot' 6 may be too large to be neglected; this case then will 
require further examination. 

We have shewn in Art. 181 that 

8in(6 + A)-sintf = sinAcos^n -tand tan?)); 

h 
let us suppose h so small that we may write h for sin h and ^ for 

2 

tan ^ ; thus approximately 

sin (tf + A) - sin fl = A cos fl - -^ sin ^, 

therefore f>^r>{0 + h) ^ ^ + 4 ^j <, _ A' 

sm ^ 2 
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therefore log \ — ^»— = log f 1 + A cot 6 - -^ J 

^fifh cot e-l") -^(h cote -^'+ ... (Art 148) 

= /iA cot fl - ^ (1 + cot» ^) + ... ; 
thus if we omit powers of h higher than h' we have 

log sin (^ + A) - log sin ^ = fiA cot 6 — ^-~ cosec* 6, 

If oiu' Table is calculated to every ten seconds, then the 
greatest value of A is the circular measure of ten seconds, that is 
about '00005; and ft = ^ approximately. Thus the greatest error 

to which we are liable is about — Y(\io — • ^^ error will become 

sensible in calculations to seven places of decimals if ^ is less than 
an angle of 5®, for the tables shew that the sine of 5° is less than 
tVj and so the cosecant of 5° is greater than 10. 

Thus we see that the differences of consecutive logarithmic 
sines are irregular when the angles are very small. 

When is very nearly a right angle, cot is very small 
while cosec* 6 is not very small ; thus the above formula for 
log sin (0-hh)- log sin $ shews that the differences of consecutive 
logarithmic sines are nearly insensible when the angles are nearly 
equal to a right angle^ and that these differences are at the same 
time irregular. 

From these results we can immediately infer the correspond- 
ing results for the logarithms of the other trigonometrical func- 
tions; they will be found enunciated in Art. 206. 

205. It appears from the preceding article, that when an 
angle is small it cannot be accurately determined from its loga- 
rithmic sine nor the logarithmic sine from the angle by means of 
the common tables, because although the differences of consecutive 
logarithmic sines are then sensible, yet they are irregular. To 
obviate this difficulty three methods have been proposed. 
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First Method, We may have a Table of logarithmic sines 
calculated for every second for the first few degrees of the quadrant; 
in this case the greatest value of h is the circular measure of one 

second, and thus -^ cosec' 6 becomes small enough to be neglected. 
2 

Second Method. !this is called JDdcmbris Method. A Table 

is constructed which gives the value of log — >,— + Z sin 1'' for every 

second for the first few degrees of the quadrant. 

Let Q be the circular measure of an angle of n seconds, then 
tf = w sin \" approximately (Art 123), 

therefore log — — = log — 7-^7, = log sin w" — log w - log sin 1", 

= L sin ri' — log w — Z sin 1", 
therefore log ti = X sin w" - ( log — ^— + Z sin 1" j . 

If the angle is known, then the Table gives the value of 
log ^ + Z sin 1", and log n can be found from a Table of the loga- 
rithms of numbers; thus the formula enables us to find Z sin n". 

If the value of Z sin n" is given and we have to find w, we pro- 
ceed as follows; since Z sin n" is known we can find approodmately 
the value of the angle, and then from the Table we get the value 

of log + Z sin 1"; then the formula gives us log w, and we can 

find 71 by an ordinary table of logarithms of numbers. In this 
operation we are liable to an error by using an approidmate value 

of — ^— instead of the real value. But it may be inferred from 

Chap. IX. and will be more fully shewn hereafter, that when is 

small — 2j — is very nearly equal to 1 — -^ , and thus a small error in 
u 

6 will not produce any sensible error in our calculations, since 
log —^ will vary fex less rapidly than 6. 
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Thvrd Method. This is called Maakdyne^a Method It may be 
used if Tables such as those described in the other methods are 
not accessible. 

It may be inferred from Chap. ix. and will be more fully shewn 
hereafter, that when $ is very small we have approximately 

ajiO = — '^f costf = l — -5; 

U' M 

therefore —^ ^^"'^^['9) ^PP^^xi^^^tely, 

= (cos 0)i approximately, 

therefore log sin tf = log + ^ log cos approximately. 

This formula gives log sin 6 at once if ^ be given. If log sin 
be given, we must find an approximate value of 0, and then find 
log cos 6 approximately ; then we have 

log 6 = log sin tf - J log cos 0. 

Here since cos 6 varies fiir less rapidly than fl, we are free from 
sensible error by using an approocvmate value of log cos 6 instead of 
the real value. A similar formula may be found for the tangent 
of a small angle j for 

«.e^ !^^(I.|)(X4) 

= l+-^ = n-yj approximately, 

therefore log tan 6 = log tf - | log cos 6 approximately. 

206. We will now sum up the results of the investiga- 
tions of the present chapter. 

The principle of proportional parts is applicable to all the 
trigonometrical ftinctions natural and logarithmic with certain 
exceptions^ which occur when the angles are small or nearly equal 
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to a right angle. In the exceptional cases the differences of 
consecutive functions are sometimes irregular only; sometimes 
they are nearly insensible, and then they are also irregvloflr. 

For the neural functions we have the following exceptional 
cases. For the sine the differences are insensible when the angles 
are nearly right angles ; for the cosine they are insensible when 
the angles are small. For the tangent the differences are ir- 
regular when the angles are nearly right angles ; for the cotangent 
they are irregular when the angles are small. For the secant 
the differences are insensible when the angles are small, and 
irregular when they are nearly right angles; for the cosecant 
the differences are irregular when the angles are small, and in- 
sensible when they are nearly right angles. 

For every logarithmic Junction the principle of proportional 
parts fails both when the angles are small and when they are 
nearly right angles. For the log sine and the log cosecant the 
differences are irregular when the angles are small, and insensible 
when they are nearly right angles. For the log cosine and the 
log secant the differences are insensible when the angles are 
small, and irregular when they are nearly right angles. For the 
log tangent and the log cotangent the differences are irregular 
when the angles are small and when they are nearly right angles. 

207. In using Trigonometrical Tables it is necessary to avoid 
as much as possible the cases in which the principle of pro- 
portional parts does not hold. In other words, we must endeavour 
to use a Table such that the differences of the function con-e- 
sponding to given small differences of the angle are both sensible 
and regular. If the differences of the function are insensible 
for a certain number of decimal places we cannot by any method 
determine the value of the function for any intermediate angle, 
or perform the converse operation, so long as we are restricted 
to the certain number of decimal places. If the differences of 
the function are irregular we cannot determine the value of the 
function for an intermediate angle, or perform the converse 
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operation, hy the principle of proportional paiis, though we may 
by retaining the terms which were neglected in the first approxi- 
mation. 

208. If we have to determine an angle from its natural 
sine or cosine it will be advisable to employ the natural sine 
if the angle be less than 45°, and the natural cosine if the angle 
be greater than 45^ For the differences of consecutive sines 
vary approximately as the cosine of the angle, and the differences 
of consecutive cosines vary approximately as the sine of the 
angle; thus the differences of consecutive sines are greater or 
less than the differences of consecutive cosines according as the 
angle is less or greater than 45^ A similar remark holds for 
the logarithmic sine and cosine. 

209. The student who is acquainted with the elements of 
the Differential Calculus will see that all the results of the present 
chapter may be obtained from Taylor's Theorem ; and thus these 
results may be easily retained in the memory, or at least readily 
recovered when required. For example, consider the natural 
sine; we have by Taylor's Theorem 

sin (6 + A) = sin 6 + A cos 6 - ^ sin (6 + Xh), 

where X is some proper fraction. This formula shews that if 
we put 

sm(6 + h) = sm0-hh cos 

the error is less than -»- . Moreover we see that when is small the 

principle of proportional parts is especially applicable, for then 

A' 
the term -^ sin {0 + Xh) is extremely small in comparison with 

TT 

h cos ; and on the other hand, when 6 is nearly ^ the principle 

is not so appropriate, because then -^ sin (^ + Xh) may be sensible 
in comparison with K cos 0. 
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Again, by Taylor's Theorem, we liave 
log sin (tf + ^) = log sin tf + /uA cot 6 -^ cosec' {0 + XA), 

where /i. is the modulus and X some proper fraction. This equa- 
tion shews that the principle of proportional parts is in general 
applicable for the logarithmic sine, but that the differences of 
consecutive logarithmic sines are irregular when the angles are 
small, and insensible and irregular when the angles are nearly 
right angles. 

210. The following application of Taylor^s Theorem will give 
a good mode of estimating the amount of error involved in the 
principle of proportional parts. Take the logarithmic sine for 
example; we have 

log sin (^ + A) = log sin fl + /uA cot {6 + XA), 

where X is some proper fraction. Thus the approximation 
uses cot instead of cot {0 + AA). The true value in foct of 
log sin (^ + A) -log sin 6 must lie between /aA cot $ and yJh cot {0-\-h\ 
80 that the error is less than /lA {cot — cot (^ + A)}. 



HISCELLAKEOUS EXAMPLES. 

1. From one of the angles of a rectangle a perpendicular 
is drawn to its diagonal, and frx>m the point of their intersection 
lines are drawn perpendicular to the sides which contain the 
opposite angle ; shew that if p and p^ be the lengths of the 
perpendiculars last drawn, and c the diagonal of the rectangle, 

p^ ■¥p'^ = c* 

2. If two circles whose radii are a and b touch each other 
externally, and if be the angle contained by the two common 
tangents to these circles, shew that 

{a + by 
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3. Given sec a sec + tan a tan =: sec j3, find tan 6. 

4. Find the limit when fl = of 

sin - cos 2d . J, ^ 

2 - ^ tan'd 

and of 



vers 61 cot 6^ ' sec 2^-1' 

5. Shew that cot ^ is greater than 1 + cot for all values 
of 9 between and ir. 

- Tr ^ ^ tand+c-l ^ , ^ $ 

6. If tan - = - — 55 =■ , find tan ^ . 

2 tand + c+1' 2 

7. Find the condition necessary that the same value of B 
may satisfy both the equations 

a Bec'd-6 cosd = 2a, 6cos'd-a Becd = 26. 

8. Eliminate a and P from the equations 

a = sin a cos )3 sin + cos a cos 0, 
5 = sin a cos j8 cos — cos a sin d, 
c = sin a sin j8 sin 0. 

9. Eliminate a and j3 from the equations 

6 + c cosa=:«^QOs(a-fl), 6 + c cosj8 = wcos(jS-tf), a-j3=28 
and shew that «*' — 2i«? cos d + c* = 6' sec' 8. 

10. Eliminate x from the equations 

a tan' ^ — a? __ 2a tan & _ 
tan 2a tan 2a' "" tan 2a + tan 2a ~ "" ^ 

and shew that d = a + a', or ^ + a + a'. 

11. Eliminate d and <^ from the equations 

sin d + sin <^ = a, cos d + cos ^ = 6, cos (d - ^) = c. 

12. Eliminate d and ^ firom the equations 

<ccostf + y sintf = a, ajcos(tf + 2<^)--ysin(d + 2<^) = a, 
6 sin(d + <^) = a sin ^. 
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13. EUminate x and y from the eqiiations 

tan X + tan y = a, cot x + cot y = b, a; + y = c. 

14. Eliminate 6 from the equations 

X sec* 9 — cos' 2b . ^ - ^ 

- = — Tn-, rs> — =sec' + cos* ^. 

a sec^ + cos^ y 

15. Eliminate 6 from the equations 

(a + 5) tan (« - ^) = (a - 6) tan (tf + ^), 
a cos 2^ + 6 cos 2tf = c. 



a^ v' 1^ 

1 6. Given -^ cos ^ = ^ cos tf + = • cos ^, 
a' a' o' 



and 



sin(6+6»') sin(^-^) sin 2^' 



, ., . sinfl 6* 

shew that -: — ^, = -3 . 

sin>^ a 

17. Eliminate <^ from the equations 

y cos ^ - a; sin ^ = a cos 2<^ y sin <^ + a; cos ^ = 2a sin 2^ ; 
and shew that (x + y)* + (a? — y)^ = 2a* 

18. Eliminate and ^ from the equations 

^ sin j8 . sin y 

cos 6 = -z—^ , cos = ~ — ^ , 
sin a sm a 

cos (^ - <^) = sin j8 sin y ; 

and shew that tan' a = tan* j8 + tan* y. 

19. Eliminate from the equations 

m = cosec — sin 0, 7^ = sec 6 - cos 0. 
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20. Eliminate from the eqxiations 

/. ,/ « jx co8"« sin'^ 1 

21. Eliminate 9 and ff from the equations 
osin'^ + a' cos'^ = 6, a' sin' ^ + a cob' ^ = 6', 

atan^ = atan^, 

1111 
and shew that h "^ "V ~ a'^ "al ' 

22. Given «■ + y* = a* + 6*, ajy = a6 sin a, 

cos»^ sin'd 1 



af y' a' 



a' 



shew that * cot 2d = cot 2a + ti cosec 2o. 



23. K £?i?.= ?2l25=?^^. ahewthat 



« 2«,-a.-a . 

Sin TT = i • 

2 4a, 



24. If 
shew that 

25. Given 
shew that 



sin X sin Sx sin 5a; 



»I 




«. 


" ». ' 








a, 




+». 










COB a; 


cos 


(x + 


fl) cos (« + 


20) _ 


cos (x + 


30) 


«. 
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«/. T^ • 9 . COS 2a cos 2a' ,, 

26. If sin" 6 = ^, 77-, then 

^ cos" (a + a') ' 



tan'$ = 
2 



tan^jia) 



tan 



(!'•')• 



2y j£ sin(g-^)cosa ^ cos (a -h g) sin ^ ^ ^ 
sin (<^ - a) cos j8 cos(<^ — j8)sina ' 

, tan ^ tan a cos(a — fl) ^ 

and 7 — n: — 5 + — > — S( = 0, 

tan <fi tan j8 cos {a + p) 

shew that ton 5 = ^ (tan j8 + cot a), tan <^ = ^ (tan a - cot )8). 

9ft Tf 2 _ sin j8 sin d _ tan (6 -a) 

l+iB"cos(i8-tf) " cotjS ' 

prove that a" = (cot ^ - 2 cot ^j (*an| + 2 cot j8 j . 

29. Given sin tf sin ^ = sin a sin j8, tan ^ cos j8 = cot 5 , prove 
that one of the values of sin ^ is sin ^ sin j8. 

30. Given sin <^ = 91 sin tf, tan^=>2tantf, find the limiting 
values of n that these 'equations may coexist. 

31. Shew hj means of a Trigonometrical formula that 

if x + y + z^xyZf 

^, 2x 2y 2z 2x 2y 2z 
then :i i+ :i— ^ + — 



l_aj»"l-/"l-«»"" l-a»'l-y--l^«»* 

32. Find the values of v, a;, ^, z from the equations 

sin a; sin ^ sin 2; ^ 

« = -; — = -P— 1= ._ J x + y'\-z=2ir. 
ema sino smc ^^ 

33. Find the limit of (cos axf^* ^ when x is zero. 
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34. From a taUe of natural tangents whicH goes to 7 places 
of decimals, shew that an angle may be determined within about 
^th part of a second when the angle is nearly 60^. 

35. When an angle is very nearly equal to 64® 36', shew that 
the angle can be determined from its L sine within about ^th of a 
second; having given log. 10 . tan 64" 36'= 4;8492, and the tables 
going to 7 places of decimals. 

36. Shew that 
(l-W|)(l-W-)(l-taa'fi) «^m/ = ^. 

37. If -4, j8, C> be positive angles which satisfy the equation 

sinM + sin'j& + sin'C = 1, 
prove that A-^t-B-^G is greater than W. 

38. A circle is drawn touching the tangent and secant of a 
given angle a, as well as the corresponding arc; find its radius and 
explain the double value. If one vs^iie be equal to the radius of 

the original circle, shew that a = s- • 



Xni. RELATIONS BETWEEN THE SIDES OF A 
TRIANGLE AND THE TRIGONOMETRICAL FUNa 
TIONS OF THE ANGLES. 

211. We shall now investigate certain relatiwis which hold • 
between the sides of a triangle and the Trigonometrical Functions 
of its angles; these relations will be applied in the following 
chapter to the solution of Triangles, We shall denote the angles 
of a triangle by the letters -4, By G, and the lengths of the sides 
respectively opposite to these angles by the letters a,b,c; thus a, 6, c 
are nurnbers expressing the lengths of the sides in terms of some unit 
of length such as a foot, or a yard, or a mile. The unit of length 
may be whatever we please, but must be the same for all the sides. 
T. T. 10 
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212. In a right-^mgled triangle each side 
is equal to the product of the hypothewuee into 
the cosine of the adjacent a/ngle. 

Let ABC be a triangle Imving a right angle 
at C ; then 

AO . BG ^ 

therefore 5 = c cos A, a^c cob JS, 

Since coaA^waB and cosB = sin A, we may also enunciate 
the proposition thus-^n a right-angled triangle eotch side is eqtiaZ 
to the product of the hypothenuse into the sine of ^ opposite cmgle, 

21 3. In cmy right-angled triangle each side is equal to the pro- 
duct of the tangent of the opposite angle into the other side. 

Prom the figure of the preceding article we have 

AG 
'BG' 

therefore a = 6tanily h=aisxiB» 

Since tan^ = cotj9 and tanJ?=cotii, we may also enunciate 
the proposition thus — in any right-angled trUmgle each side is 
eqtud to the product of the cotangent of the adjacent angle into the- 
other side, 

214. In any triangle the sides are proportional to the sines of 
the opposite angles. 



BG 
tanii = -T^, taaB: 
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Let ABG be any triangle, and from A draw AD perpendicular 
to the opposite side meeting that side, or that side produced, iu D, 
If B and G are acute angles we have from the left-hand figure, 

AD^ABanB, and ^LD = -4(7 sin (7; 

therefore ABjm B ^ AC sin (7, 

., ^ c sinC 

therefore 7-= -- — »• 

If the angle G be obtuse we have from the right-hand figure, 
AD=ABmjiB, andiii>=ii(7sin(180'-(7) = ii(7sin(7; 
therefore AB sin J5 = -4(7 sin (7, 

e sin (7 



therefore 



b smB' 



K the angle (7 be a right angle^ we have from the figure of 
Art. 212, 

AG^ABanB, 

e 1 sin G 



therefore 



b sinjS sinjS* 



Thus it is proved that in every case j- = -; — ^ . 

-,..-- a sin -4 , a siuii 

Similarly 7- = — — 5 and - = . ^ . 

•' b sin -fl c sm C 

The results may be written symmetrically thus, 

sin A sin B __an.G 
a " b " c ^ - 

215. To eoffpreas the codne of a/n angle of a triangle in terms 
o/the sides. 

Let ABG he a triangle, and suppose G an acute angle, (See the 
left-hand figure of the preceding article.) Then by Euclid IL 13, 

AB' = BG''\-AG'-2BG.GD, 
and GB^AGcoaG; 

therefore c" = a' + 5*-2a6 cos(7. 

10— « 
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Next suppose G an dbtme angle. (See the ri^t-hand figure of 
the |M:ecediiig article.) Then by Euclid II, 12, 

AB'=BG'+ AC + 2BV. CD, 

and (7j9=^<7oo8(180^-.<7) = -ii(7cos(?, 

therefore c* = a' + &* — 2a& cos C. 

Thus in both cases vre have ces C = m — • 

2(w 

Moreoyer when (7 is a ri^t angle, a' + 6* = c* and cosO is tero; 
thus the formula just found for cos (7 is true whatever the angle 
C may be. 

Smiilarly, cos-4= jr^ , cosjB= — ^ . 

•^^ 2be * 2ca 

216. In every triangle each side is eqital to the sum of the 
product of each of the others into the cosine of the a/ngle which it 
makes wUh the first side, 

From the left-hand figure in Art 21 4, we have 
BG^BD^DC^ABqo&B^AGqo&Cj 
that isy a = c cos^ + 6 cosC 

From the right-hand figure in Art. 214, we have 
BG=BD-DG = ABco^B--AGQmQ.W-'G) 
= AB cos B + AG COS G, 
that is, a = c cos J5 + 6 cos (/. 

Similarly, in every case, -^e shall have 

b = a cos C + c cos ii, 
and c = 6 cos ii + a cos -ff. 

217. To eospress the sine, cosine, cmd tangent of half an a/ngle 
of a triangle vn terms of the sides. 

We have by Art. 215, 

J' + c'-o* 
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therefore 1-oosj1 = 1 ^r = hi ^i 

., ^ .8-4 (a + 6-c)(a + (5-6) 

therefore sin' tt =^ ^^ f^ ^ • 

2 4oc 

Let 28=a + h + c so that « is half the sam of the sides of the 
triangle; then 

a+6-c = a + 6 + c-2c=2(«-c), 
a + c-6=a + 6 + c-26= 2(«-6), 

2 00 ' 

and ""Y'V^ 63 ^• 

Also l + coail = l+— 2j3 26c ' 

therefore cos* ^ = ^ ff = \ S 

and cos^ = ^-A__^ 

From the ybIusb of sin -^ and cos -^ we deduce 



^2 ^V sia^a) 



The poaitiTe sign must he given to the radicals which occur in 
iMs articlei because -^ is less than a right angle, and therefore its 
sine, cosine, «nd tangent are all positiye. 

Similar expressions h(^d for the sinoi cosine, and tangent of 
half of each of the other angles. 



150 BELATIONS BETWEEN THE SIDES OF A TBI ANGLE AND 

A A 

218. Since sin ii = 2 sin -^ cos -?, we obtain 

Or we may find sin A directly from the known value of cos ii ; 
thus sm"ii = l--^ — 2T5-5 — ^ 

26V + 2cV4-2a'ft'~a*-5^-c\ 
46V 

^ ^ . , »j2b'd' 4- 2c V + 2a'b' -a*-b*^c* 

therefore sm -4 = . ^r= : 

26c 

the former expression may be shewn to agree with this by forming 
the product of the fiictors 8, 8— a, 8 — b, and 8 — 0. 

219. We haye proved the formulie in Arts. 214 — 216 inde^ 
pendently froiA the figures ; we may however observe that it is 
easy to deduce those in any two of the articles from those in the 
third. Thus we may first establish as in Art. 216, that 

a = 6cosC+ccosj8, 6 = ccosil + aoos(7, c = acosj&+6co8-4; 

multiply the first of these equations by a, the second by 6, and the 
third by e; then add the first two resulting equations and subtract 
the third; thus we obtain 

' a' + 6'-c'=:2a6cos(7. 

Similarly the other two formulte of Art. 215 may be deduced. 

Then from these results we may proceed as in Arts. 217, 218, 

and shew that ~Sc '^^(*~*)(*""*)(*^^)» 

and that — v— ^^^ are equal to the same expression. 
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_, sin -4 sin J? sin (7 

Thus = --1— = . 

a c 

Or we may T)egin by establishing the fonnulsB of Art. 214 
directly from the figure, and then proceed as follows, 

8inui=sin(18(>''~-4)=sin(J5 + C) = sinJ5cos(7+cosjBsinC7; 

, ^sin^ »sin(7 

therefore 1 = cos - — -: + cos jff -; — j , 

smA smA 

= - cos(7+-cosJ?: 
a a 

therefore a = 6 cos C + c cos B. 

Similarly the other two formulae of Art 216 may be deduced; 
and then those of Art. 217 will follow in the manner shewn in the 
beginning of the present article. 



The reason why an ambiguity of sign occurs in the 
formulae for sin-^ and cos -^ of Art 217 may be explained as on 

former occasions. It will be observed that we have an expression 

A A 

for cos A, and we proceed to deduce expressions for sin -jr and cos ;r ; 

and in Art. 96 it has been shewn that in this case we may expect 
two values differing only in sign for each of the required quantities. 

221. Since the formulae in Art. 217 have been strictly demon- 
strated, they must of course always furnish real values for sin -^r , 

2 

A A 

cos jr, and tan -^ , if the triangle really exist That they do so 

may be easily verified from a known property of a triangle. 

Take for example the formula 

. ^A (a + 5~c)(a4-c-5) 

. ^ 2^: m~. :* 
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A. 

that this may give a possible value lor sin •? the expressioa on the 

right hand must be positive and less than unity. It is positive, 
because from the fact that two sides of a triangle are greater than 
the third, we have a + h — c positive and a-\-c — h positive. And 
the numerator is a'-{e—by, and this is less than the denominator 
provided a' be less than (c-6)'+46c, that is provided a* be less 
than (6 + c)*, whicL is obviously the case. 



HISCELLANEOUS EZAHFLES. 

1. The sides of a triangle are af + x-^ly 2x+ 1, and a" - 1 ; 
shew that the gi*eatest angle is 120^ 

2. If cos B = jr—' — TV J shew that the triangle is isosceles. 

3. In a right-angled triangle of which G is the right angle, 

^A h + c 

4. If atan-l +6tan-B = (a + 6)tan— K — shewthatr = i> • 

5. The angles of a plane triangle form a geometrioal pro- 
gression of which the common ratio is ^ ; shew that the greatest 

side is to the perimeter as 2 sin — to unity. 

6. 1£A\ B^y C are the external angles of a triangle, shew that 
26c versui' + 2ca vers J?'+ 2ab vers C"= (a + 6 + cf, 

7. Fi*om the angle A of any triangle ABC a perpendicular 
AD is drawn upon the base, and from D perpendieulaTS DS^ DF 
are drawn upon A By ^(/respectively; shew that 

AS.BB.coe^G-'AF.FO^coa'B. 



JB3U3fPLES. CHAFTSB Xni. 153 

8. I£afb,e,he the sides of a ixiangle and ike oppoeiie angles 
be 2tf, 30, 4tf, shew that tan* tf = (— ) -^ 1- 

9« ABC is a trianj^ of which C is an obtuse anglej shew 
that tan A tan JB is less than unity. 

10. If the sides a> 5, c of a triangle be in arithmetical pro- 
gression, shew that 

cos— ^ — = 2sm ^, andaco8"j + ccos'-j=-2-. 

11. If jD be the middle point of the side BC of a triangle 

cot-ff^i>-cotjB = 2cot4. 

12. If an angle of a triangle be divided into two parts such 
that iA^ ones are in the ratio of the sides adjacent to ^bffxn. 
respectively, prove that the difference of their cotangents is equal 
to the difference of the cotangents of the angles opposite to their 
sides. 

13. If the cotangents of the angles of a triangle be in arith- 
metical progression, the squares of the sides will also be in j^ith- 
meticai progression. 

14. Given the vertical angle and the ratio between the base 
and altitude of a triangle, find the tang^its of the angles into 
which the vertical an^e is divided by the perpendicular drawn 
from it upon the base. 

15. K the base of a triangle be divided into three equal parts, 
and t^9 t^ <g be the tangents of the angles which they subtend at 
the vertex 



CT*r)a^r><>4)- 



16. If the sines of the itogles of a triangle be in arithmetical 
progression, the product of the tangents of half the greatest and 
half theleafltisj. 
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17. If the side BC of a iriaDgle be bisected in 2> and ui2> be 
drawn, shew that XaxiADB = ?^1!E^ . 

A S 

18. If A, £j Che the angles of a triangle and cot y , cot ^ , 

C . , AC 

cot g in arithmetical progression, prove that cot -g^ cot -^ = 3* 

19. Straight lines are drawn from the angles A and B of ^ 
triangle dividing the angles respectively into parts whose sines are 
in the ratio of 1 to w; these lines intersect in D; shew that BC 
either bisects the angle C or divides it into parts whose sines are 
in the ratio of 1 to n', 

20. If Z be the' length of the line which bisects the angle A of 
a triangle and is terminated by the base, the angle which it 
makes with the base^ shew that the perimeter of the triangle 

21 cos -77 sin 



° . . . i - 

sm ^ — sm -g- 

21. If and ^ be the greatest and least angles of a triangle 
the sides of which are in arithmetical progression, prove that 

4 (1 *- cos fl) (1 — cos ^) = cos fl + cos <^ 

22. Prom the angular points of a triangle ABC lines are drawn 
jnaking each the same angle a towards the same parts with the 
sides of the triangle taken in order. Shew that these lines will 
form another triangle similar to the former, and that the linear 
dimensions of the two triangles are in the ratio of 

cos a — sin a (cot A cot B cot C + cosec A cosec B coseo (7) to 1. 

Shew that in any triangle the relations given in the following 
examples, from 23 to 40, hold. 

23. a(6cos(7-ccosJ5)=6*-c*. 

24. a(co6j9oos(7 + cosjI) == ((cosii co8(7+ cos^ 

= c (cos ^ cos ^ + cos C7). 
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25. (6 + c--a)tan-5-=((5 + a-6)tan-^ = (a + 6-c)tan-5-. 

26. J COB j5 + c cos (7 s= a cos (J? - (7). 

27. (a + 6)cosC+(6 + c)co8ul + (c + a)co8J?=a + i + c. 

28. (a»-6")cot(7+(6*-<Ocot^ +(c*-a*) cot5 = 0. 

29. (a-ft)cot^ + ((5-a)cot-g- + (6-c)cotj = 0. 

30. l-tan4t«ii|= ^^ 



2 2 a + b + e* 
31, (a + 6 + c) (cos-4 + cos j8 + cos (7) 



= 2a cos* o "*" ^^ ^8*^ + 2c cos* ^r- . 
J 40 J 



sm'ul cos ji cos ^ cos ^ cos (7 cos J? cos C 



A A Bill .A UUD^ UUBXr UUB.aCU8ly 

32. — 5-= J- + + j- 

^^ ab ac be 



33. acos^ + 5 cos J? + c cos (7 = 2a sin J? sin (7. 
A J 1 T> ^ - 2a sin j5 sin (7 

34. COSJ + cos jff + 008(7=1+ i ♦ 

a-{-b + c 

35. a' - 2a6 cos (60* + (7) = c" - 26c cos (60" + A). 

36. cot T -cosec -s- : cot-^r +cot7r :: 6 + c-a : 2a. 

4 2 2 2 

37. co8*^cos*|cos*^=>s(S-cos~)(s-cos|)(2-cosg, 

where 22 = cos -^ + cos -^ + cos ^ . 

A 7? A ^ 7i 

38. Theperimeter of any triangle is 2c cos -5- cos -n- sec — — . 

39. If y sin'-i+a; sin*^ = « sin*j5 + ysin*(7=aj sin*£7+« sin'ii, 
then a; : y : « :: sin 2ui : sin 2j? : sin 2(7. 

A B Xj 

40» 8 sin-jr sin -jr- sin ;r is less than 1, except when A=B = C. 
J J 22 



( 156 ) 
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222. In every triangle there are six elements, namely, the three 
^des and the three angles. The sdutian o/triangln is the process 
by which when the values of a sufficient number of these elements 
are given we calculate the values of the i*emaining elements. It 
will appear as we proceed that when three of the elements are given, 
the remaining three can be found exo^t when the three angles are 
given, and then we cannot determine the lengths of the sides but 
only the ratio they bear to each other. We shall have occasio(n to 
introduce logarithms into our formidse, and we shall as before by 
the word logarUhm or the abbreviation log denote a logarithm to 
the base 10 5 and by the letter L placed b^re any Trigonome]bical 
Function, we shall denote the tabtUar logarithm of that function, 
which is formed by adding 10 to the logarithm to the base 10. 

We shall begin wi^ a ri^t-angled triangle and shall suppose 
C the right angle. 

223. To solve a rigklHmgled tricmgU batmg given ^ h^o- 
thenuse and cm (ictUe cmgle. 

Suppose the hypothenuse and the angle A given] then 

J? = 90S^; 

- = sin A therefore a = c sin -4, 
c 

therefore loga = logc + k)g8inii = log<? + -C«nji-10; 

- = sin^, there&(refrB:e«anJ?, 
c 

therefore log(Blogc + logsinJ?=logc + £sin^-*-10; 
Thus By a, and h are determined. 

224. To solve a rigkb^cmgUd trumgle having^ given the hypothe- 
nuee and a side. 
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Suppose c and a girem; then 

Bm-4=-, logsin-4=loga-logc; 
c 

therefore iam-i = 10 +loga-logc; 

tliifl determines -4 ; then -S ^ 90® - -4. 

And if^a* + b% therefore 6"=: c^~ a"- (c-«)(c+ a^ 

therefore h = s/{c-'a){c-ha), 

log6 = ilog(c-a) + ilog(c + oX 
Or we may find h JBx)m the formula 6 = c cos A. 

225. To solve a right-angled triangle hcmng given a side and 
an csciUe angle, 

Suisse a and A giren; then 

J?=90*-^; 

- = Bin^, therefore c= -, — 7, 
log c = log a - log sin -4 = log a - Z sin ^ + 10 ; 

|=taiiA therefore 6=^, 
log6 = loga - Idg tan-i = loga- Z tan-4 + 10. 

Thus B, c, h are determined* 

If a and -» are given, then -4 = 90*^-^; thus A is known, and 
we may find c and b as before. 

226. To solve a right-angled triangle having given the two 
sides. 

Here a and b are given; tten 

tan^ = |, therefore log tan ^5^ log a -log 6, 
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therefore Xtaiiui = 10 + loga-log&; 

J5 = 90"--4; 

— = am -4^ therefore c -• 



therefore log c = log a^LsiaA + 10, 

Or we may find c from the formula c = ^(a* + 6*), but this is not 
adapted to logarithmic computation, 

227. We may remark here that when an angle of a triangle 
is determined from its cosine, versed sine, tangent, cotangent or 
secant, no uncertainty can exist about the angle, because only one 
angle exists less than 180^ for which any of these functions has an 
assigned value. But when an angle of a triangle is determined 
from its sine or cosecant uncertainty may exist, since there are two 
angles less than 180° which have a given sine or a given cosecant. 
But no uncertainty will exist in the case of a right-angled triangle^ 
because each of the other angles of the triangle must be acute* 

We now proceed to the solution of oblique-angled triangles. 

228. To solve a triangle hamng given two wnglee amd a side. 
Suppose A and (7 the given angles, and b the given side; 

then JB = 180'-A-C; 

a an A ,, - 6 sin -4 

r=-: — D> therefore « = —: — s-, 

therefore log a = log 6 + log siuii-log sin-ff = log 6 +J& sin ii-Z sin -ff ; 
similarly logc = log6 + Zsin(7-Zsin-ff. 

Thus By a, and c are determined. 
If A and B are the given angles then 
C=lSO'-B-A, 
and we may proceed as before to find a and c. 
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To solve a triangle hamng given ttoo sides amd ike in- 
clvded angle. 

Suppose b and c the giyeu sides and A the included angle, 
sin^ b 



"We have 
therefore 



sin (7 c ' 

Bin -5 — sin (7 _ 6 ~ <? 
sinjB + sin(7""6 + c' 



^^^'^ ^^(BVGrb^c^ ^"^ ®^^' 

and tani(^ + C) = tani(180"-ul) = cot4, 

therefore tan i(-ff - C) = z — cot ir, 

'^ ^ 6 + c 2' 

therefore logtan i(-5-C) = log(6-c)-log(ft + c) + logcot-5 , 

therefore Xtan^(^-C) = log(6-c)-log(6 + c) + j&cot^j 

this formula determines ^ (-ff-C) ; and ^{B + C) is known since 

it is 90® — -^ ; thus B and (7 can be immediately found 

Also - = -; — Tj,. from which a can be found, 
c smC 

230. In finding a from the expression just quoted we should 
require three logarithms, namely, those of c, sin J, and sin (7; in 
the following method wa shall only require two new logarithms. 

a b c 



We have 
therefore 



sin^ anB sinC 
a b + c 



sin il sin J? + sin (7 ' 
and sin^ + sin(7 = 2sini(^ + (7)cosi(^~a) (Art 83) 

s=2coss-cosi(^-(7), 



16Q soLunoir of trnxKoi^a. 

therefore a=- i = cosi0-dy 

as the logaritlim of 6 + c lias been used in the former part of the 
solution, we shall only require two new logarithms, namely those of 

sin Y, ^^^ ^^® i (^ " 0- 

231. We can also from the given quantities in the preceding 
article determine the third side without premovsly determining the 
other two cmgles. For we have by Art. 215, 

a*= 6" + c?-2hc cos A ; 

and we can transform this formula into another, which is adapted 
to logarithmic computation as follows j 

^« = 5» + c« -26c ^2 cos«^ ^ iV 
=:{6 + c)'-46c COS'-g-, 



=^^'y{^-jr^''^i}- 



Now find an angle 6 such that 



46c ,A 



^"•"(6 + c/^"'' 2' 

thus a» = (6 + c)»(l-sin»e) = (6 + c)»cos'tf, 

therefore a = (6 + c) cos tf, 

therefore loga= log (6 + c) + log cos tf = log(6 + c) + Z cos 6- 10 ; 

thus a is determined. 

It is usual to give the name of enhsidia/iry angle to an angle 
introduced into an expression for the purpose of putting it in the ' 
form of a product of factors. Thus 6 in the preceding investiga- 
tion is a subddia/ry angle. We are certain that an angle exists 
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which has the square of its sine equal to the given expression; for 

that expression is positiye, and it is less than unity because 4tbc is 

A 
never greats than (5 4-tf)' and cos*-? is less than unity. The 

^uation fox determining 6 gives by taking logarithms 

2 log sin tf « log 4 + log ^ + log c - 2 log (6 + c) + 2 log cos -^ , 

therefore 2 j& sin fl = 2 log 2 + log 6 + log c - 2 log (5 + c) + 2X cos -5- . 



The process of Ait. 229 is sometimes facilitated by the 

use of a subsidiary angle when the logarithms of g, And h are 

known. 

h — c A 
We have tanJ(J?-C) = g ^^-s- 



Now let - = tan<>: therefore 
e 

h-^e tan*-l ^ 

• = tan 



(»-»' 



6 + c tan<^ + l 
t%v» tani(^^(7)»=tan^tf-0cot-j.. 

Or tiius, suppose c less than h; let c = 6 cos ^} 
therefore r = ^ r = tai^ 5 ; 

thus tani(^-(7) = tan*|cotj. 

2^3. To solve a triemgle having given tuH) sides and ike 
angle opposite to one of them* ^ 

Let a and h be the given sides, and A the given angle ; 

then -; — J = - ; therefore sin jB = - sinJ : 
sin^ a a 

now if is less than unity, two different angles may be 

T. T, U 
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found less than 180** which have for sine, one of the^e 

a 

angles being less than a right angle, and the other greater. If a 
be greater than 6, then A must be greater than B^ and therefore 
B must be an acvie angle; thus only the smaller value is ad- 
missible for B, l.i a be less than h^ then either value maj be 
taken for B, When B is determined, C is known since it is 
180°- -4 -J5, and then c can be found from 

c «mG 
a sinui* 

Thus if two values are admissible for B we obtain two correspond- 
ing values for C and Cj so that two triangles can be found from 
the given parts. 

If = 1, then ^ is a right angle, so that only one tri- 
angle can be found from the given parts; and if is greater 

Ob . 

than unity, no triangle exists with the given parts. 

Thus, when two sides are given and the angle opposite the 
less we can generally find two triangles from the given parts, and 
this case in the solution of triangles is therefore called the cumbigvr 
0U8 case. We say that two triangles can be generally found in 
order to have regard to the exceptions; for the triangle may be 
right angled^ and then only one triangle can be found, or the 
triangle may hQ impossible. 

2iL The cmhiguous case may be illustrated by figures. 
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C 




Let CAB be the given angle -4, and AG the given side h\ sup- 
pose a circle described ifrom (7 as a centre with radius equal to 
a. The perpendicular from C on AB is equal to 5 sin -4 ; there- 
fore if a be greater than 6 sin ii, the circle will meet the line 
AD in two points, which we will denote by B and B, If a be 
less than 5, then B and ^ are on the same side of A^ as in the 
first figure; thus two triangles, namely ABC and ABC^ can be 
obtained,, each having the given parts a, 6,-4. If a be greater 
than 6, then B and B are on opposite sides of u4, as in the second 
figure; thus only one triangle, namely CAB^ can be obtained hav- 
ing the given parts a, &, u4; the triangle CAB has an angle CAB 
which is 180^- -4 instead of -4. 

If a be eqwiL to h sin -4, the circle touches the line AB^ and 
the two points B and B in the first figure coincide; thus one 
triangle is obtained which has a right angle at B, 

If a be lesB than 5 sin .4 the circle does not meet the line AB^ 
and no triangle exists with the given parts a, 6, X 

235. In Art. 233 we first found the angle By and afterwards 
the side c; we may however adopt another mode of solution and 
begin by finding <?. For 

a* = 5* + c'-26coos.4j 

therefore c*-2&<jcos-4 +6'-a* = 0; 

by solving this quadratic equation in c we obtain 

c = 6 cos^ sfc fJ{a*-V sin'-4), 

and we shall now discuss the values thus found for c. 

11—2 
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If a is less than b ain A, the values of c are impossible, and no 
triangle exists with the given parts. 

If a is eqtial to h sin -4, we obtain c=Jcos-4. If -4 be an 
acute angle, c is positive and one triangle exists with the given 
parts. If u4 be an obtuse angle, c is negative, and this indicates 
that the triangle is impossible; and in fact a is less than 6, since 
it is equal to 6 sin A, and so A cannot be an obtuse angle in 
a real triangle. 

rf a is greater than h sin A, then two values occur for c, and 
these win both be positive if ii be an acute angle and b cos A 
greater than ^(a*- 6* sin* -i) ; the latter leads to the condition 
5' cos* -4 greater than a*- 5* sin' -4, that is, b' greater than a*. 
Hence we see as before that there are two triangles if J. be an 
acute angle, and a be greater than b sin A and less than 5. 

S36. To €9lve a iriangU ha/oing given the three ndee. 
Let e denote half the sum of the sides; then by Art. !217, 

and similar formulae are true for the other half angles. 

The formidsB for the tangents of half the angles will be the 
best to use with logarithms, because then we only require the 
logarithms of », ^-tt, 8 — b, and »-c, in ord^ to find ixU the 
angles; whereas if we use the formulse for the sine or cosine we 
shall require in addition the logarithms of the sides. 

237. When all the sides of a triangle are giveo, the aaagles 
may also be found by dividing the triangle into two right-angled 
triangles. 

Thus, with the left-hand figure of Art. 214, we have 
AD'^^AB'^Biy, and also ^-AC'-CJy; 
therefore Aff-^AG'^BD'-CI/y 

therefore {AB'^AC){A£'-AG)t.{BD^€D){BD''CD); 



«0I.TJtION OP TMANGLB8. 165 

from tMs we can find BD — GD^ and then since BD + CD is known 
we can find BD and CD; then 

J, BD r^ CD 

thns B and C are determined* 

With the right-hand figure of Art 214 we have as before 

{AB + AC){AB-Aq = {BD + CD){BD--GD); 

from this we can find BD-\-GD, and then since BD^CD is 
known we can find BD and GD; then 

cmB^^, oob(180»^C)-^; 

thns B and G are determined. 

238. We have seen in Chap, xil that the Tabies of tvigo. 
nometrical functions cannot always be used with advantage ; this 
circnmstance guides us in selecting the method of solution of a 
triangle to be adopted when more than one method is theoretically 
applicable, and leads us to modify the method of salution in some 
cases. For example, suppose we hare to find A from the equation 
sin-4 = », where n is nearly equal to unity; this is an inconve- 
nient equation for determining A, because the difference of conse- 
cutive fmea is nearly insensible whan the angles are ni^furly dght 
angles. We have however 

l^€0g(9e^-^^)) 



H*'--i)'\/{- 



and this formula is free from the objection. 

Similarly, if we have to find A from the equation 

Gosui =n^ 

where n is nearly equal to unity, we may advantageously transform 
' the equation thus, 
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sin- 



or thus, 



l + cosA^ 1 + n' 



therefore tan ^ = ^ (i-^^) . 



EXAMPLES. 

1. Find the Talaes of the angle A having given sin ^ = '25, 
a = 5, 6 = 2-5. 

2. One side of a ^^riangle is half another and the included 
angle is 60°; find the other angles. 

3. The sides of a triangle are in the ratio of 2 : ^6 : 1 + ^3 ; 
determine the angles. 

4. If A = 30°, 5 = 100, a = 40, is there any ambiguiiy i 

5. Having given A^IS\ a = 4, 6 = 4 + ^/(SO), solve the 
triangle. 

6. Having given ^ = 15**, a = 4, 6 = 4 + ^(48), solve the 
triangle. 

7. If a> 6, ul be given, and a be less than 6, and if c, </ be the 
two values found for the third side of the triangle, then 

c* - 2c(/ cos 2ii + c" = 4a" cosM. 

8. Find the sum of the areas of the two triangles which 
satisfy the conditions of the problem in the ambiguous case. 

9. If -ffj, Cj, and j5„ Cg are the angles of the two triangles 
in the amJnguoua case, then 

. sin(7, sinC, rt . 

■ D +-^^^ = 2cosii. 
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10. In the cmAigiuma ease the area of one of l^e triangles is 
n times that of the other; shew that if & be the greater of the 

h 97 4. 1 

given sides and a the less^ - is greater than 1 and less than = . 

a n— 1 

11. If log a + 10 =log& + X sin ii, can the triangle be ambi- 
guous? 

12* If be an angle determined fix)m the equation 

008^== , 

c 
prove that in any triangle 

A-B ^ (a + h) sin 6 A +B ^ csintf 

"^"2""" 2J{ab) ' "^^ "T"' 2 ^{ab) ' 

13. If tan^ = ^-^^^8inj, then c = (a-6)sec<^ 

14. In a triangle ABC in which a = 18, b = 20, c = 22, find 
L tan -^ , having given 

log 2 ^-3010300, log 3 = -4771213. . 

15. The sides of a triangle are 32, 40, 66 ; find the greatest 
angle, having given 

log 207 = 2-315&703, log 1073 = 30305997, 

L cot 6Q' 18'= 9-6424342, diffl for 1' = -0003433. 

16. The sides of a triangle are 4, 5, 6 ; .find B, havi,ng given 
log2 = -3010300, 

L cos 27' 53' = 9-9464040, diff. for 1' = -0000669. 

17. Apply the formula cos -^ "^ x/ ] k \ ^ ^^ *^® 
greatest angle in a triangle whose sides are 5, 6, 7 feet respect- 
ively, having given 

log 6 = -7781513, 
. . i cos 39" 14':^ 9-8890644, diff. for 60" « -0001032. 
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18. Two fiddefi of a triangle are 18 and 2 ffeet respectively, 
and the incltt<fed imgle is 55^ ; find the i^maining angles, haring 

giren 

log 2 = -3010300, I cot 27* 30' = 10-2835233, 

Xtto5$^5e'«101863769, diff. for 1' = -0002763. 

19. Two sides of a triangle are in tHe ratio of 9 to 7, and the 
included angle is 64^ 12^; find the other angles, haying giveti 

log 2 = -3010300, L tan 57* 54'= 10-2025255, 

Xtan ir 16' = 9-2993216, Xtan ir 17'^ 9-2999804. 

20. If d=70, 6 = 35, C = 36^ 52' 12", find lihe remaining 
angles, luiving given 

log 3 = -4771213, L cot 18« 26' 6"^ 10-4771213. 

21. The ratio of two sides of a triangle is 9 to 7, and the 
included angle is 47*^ 25' ; find the other angles, having givefi 

log 2 = -3010300, Z tan 66° 17' 30" » 10-3573942, 

L tan 16^ 53' = 9-4541479, diff. for 1' = -0004797. 

22. In a triangle ABO where a^dO, S = 20, and the con- 
tained angle = 22^; find the other angles, having given 

L pot 11^ = 10-7113477, X tan 46* 48'= 10-0121294, 
Xtan 45^9'= 100123821, log 2= -3010300. 

23. Given 5 = 14, c = 1 1, .1 = 60^ shew that ^ = 71' 44' 29", 
having given i tan 1 1*^ 44' 29" = 9-31 774, 

log 2 = -30103, log 3 =-47712. 

24. The sides of a triangle are 7, S, 9 ; determine &11 the 
angles,^ having given 

log 2 = -3010300, 

i;tan24* 5' 40" =9 6505069, Ztani4* 5' 50"=* 9-6605634, 

Z ta<i29* 12' 20" tr 9-7474183, Z tan 29* 12' 30" « 9-7474677. 
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25. In a right-angled triangle the hjpothennse c = 6953 and 
6 = 3; find J5, having given 

log 3-475 = -5409548, log 6-953 = -8421722, 

L sin 44" 59' 15" « 9-8493902, diffi for 1" = -0000021. 

26. Two Bides are 80 and 100 feet, and the included angle 
60" j find the other an^es, having given 

log 3 - -47712, Z tan 10" 53' 36" « 9-28432. 

27. Two sides of a triangle are 3 and 5 feet, and the included 
angle is 120"; find the other aogles, having given 

log 4-8 = -6812412, 

Z tan 8" 12' = 9-1586706, diff. for ^0" = -0008940. 

28. A side of a base of a square pyramid is 200 feet and each 
edge is 150 feet; find the slope of each face, having given 

log 2 = -30103, Ztan 26" 33'= 9-69868, 

Z tan 26" 34' =9-69900. 

29. Given J = 1-2, (7=60", log 3 = -4771213, Z cot 9" 49' 
= 10-7618797, diflT. for 1'= -0007514, find the other angles.- 

30. If a = 2, c = 3, Z sin .4 = 9-5228787, find (7; log 3 being 
•4771213. 

31. Shew how to solve a triangle having given the base, the 
height, and the difference of the angles at the base. 

33. Shew how to soIvb a triangle having given the three pw- 
pe&dioulan from the angles on the opposite sides. 
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XV. ON THE MEASUKEMENT OP HEIGHTS 
AND DISTANCES. 

239. We shall now give a few examples which will shew a 
practical application of some of the preceding formnlee; we shall 
assume that by means of suitable instrumentff an observer can* 
measure the angle subtended at his eye by the line joining two 
visible objects. For a description of the requisite instruments, 
and the method of using them, we must refer the student to 
ti^eatises on the instruments used in surveying. 

240. To find the height and distance of a/n inaccessible object 
on a horizontal plans. 




Let F be the top of an object^ and let it be required to find its 
height PC, and the distance of the object from a point A in the 
horizontal plane through (7. At A observe the angle FAG; then 
measure any length AB directly towards the object^ and at B 
observe the angle FBG. Then in the triangle AFB the side AB 
is known, and the angle FAB; also the angle FBA is known, 
since it is the supjplement of FBG, therefore AF can be found. 
Then FG=AF^nFAGj and AG^AFco^FAG; thus the height 
FG and the distance AG are determined. 

If however it is not convenient to measure the length AB 
directly towards the object, we may proceed thus; measure the 
length ABin. omy direction from A; ^\, A observe the angles FAG 
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and PABy and at B observe the angle PBA. Then in the triangle 
APB the side AB and the angles PAB and PBA are known; 
therefore AP can be found. Then, as before, PC = AP(diiPAC, 
sLiidAC=APcoaPAG. 

241. To find the distance between two visile biU inacceesUile 
oijecte. 

Let P and Q be the objects, A and B two accessible points 
from which both the objects are visible. At A observe the angles 
PA Q and QAB, and if A^ B, Q, P are not all in the same plane 
observe also the angle PAB. At B observe the angles PBA and 
QBA, Measure AB. Then in the triangle ABP the side AB and 
the angles PAB and PBA are known; thus PA can be found. 
Again, in the triangle ABQ the side AB and the angles QAB and 




QBA are known; thus AQ can be found. Lastly, in the triangle 
PAQ the sides AP^ AQ, and the angle PAQ are known; thus 
PQ can be found. ' . 
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242. The lengths of the lines which join three points A, B, C, 
are knoum; at any point P in the scvme plane as A, B, C, the 
angles APC and BPC a/re observed: it is required to find the dis- 
tance of Y from each of the points A, B, C. 

Let the angle APC be denoted by )8, the angle BPC by a ; the 
angle PAC by x^ and the angle PBC by ^; then a and ^ are 




known, and when x and y are found the required distances PAy 
PB, PC can be found ; for in each of the triangles PAG and PAB 
two angles and a side will then be known. We will shew how x 
and y may be found. 

Since the four angles of the quadrilateral PACB are together 
equal to four right angles, we have 

a; + y = 2ir-a-)8-(7; 

thus the sum of x and y is known. 

From the triangle AGP we have 

^^ AG Bin PAG 5sin« 
sin-ijPC sin a ' 

from the triangle BGP we have 

pp_ BC mnPBC amnp ^ 
orBPC " siniS ' 
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therefore Jan^^oany 

Sin a smp ' 



therefore 



Bin X a ain a 



siny JsinjS' 



a sin a 



Nov fUMume tan ^=v— : — 5, then the mlue of 4 can be 

sin/} ^ 

found from the Trigonometrical Tables; thus 

sina: . , 
- — =tan0: 
sin y 

therefore ^n^-riny ^ tan^- 1 ^ / _^N 
sinjc + flmy tan^+l v ^/ 

therefore (Art. 88) *^|J?Z^) = t«n f<^-^'\ ; 

from the last equation we can determine x — y, since a; + y is 
known; thus x and y can be found. 

243. It is someiimes important to know what amount of 
error will be introduced into one of the calculated parfcs of a 
triangle hj reason of anj error which may exist in the giren parts ; 
such questions are best treated b j the assistance of the Differential 
Calculus, but we will give here two simple examples which will 
shew how they may sometimes be treated without going beyond 
the limits of the present subject. 

244. Suppose that the height of a building is determined by 
measuring a horizontal line from its base, and by observing at the 
extremity of this line the angular elevation of the top of the build- 
ing above the horizon; if a small error be made in observing the 
augle, required the error in the estimated height of the building. 

Let a be the length of the measured line, $ the observed 
angle, x the estimated height of the building; 
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f 



then x = a tan 0, 

Let tf + A be the true angle, and a? + ^ the true height, 
then as + f = a tan {6 + h) ; 

by subtraction, ^=a{tan(tf + A)-tan tf} = 77 — =-r jl. 

If A be small we may put h for sin h in the numerator, and 
cos 6 for cos (0 + A) in the denominator; thus approximately 

ah 



^ = 



cos'tf 



«rt^ 



this gives the error in the height consequent upon an error in the 
angle. 

The raMo of the error to the estimated height 

ah ^ ^ h 2h 

cos* d sm ^ cos ^ sm 2^ ' 

thus this ratio is least for a given value of A when sin 26 is great- 
est, that is, when 2tf = ^ . 

245. A triangle is solved from the given parts il, 6, c; if 
there be a small error in Ay find the consequent small error in JB, 

We have for connecting B with the given quantities the 
formula 

sin^ = -sin(7 = -sin(^+J5),... (1). 

e c, 

Now suppose that h denotes the circular measure of the error 
made in estimating A^ and Jc the drcula/r measfwre of the conse- 
quent error in B) then instead of (1), the correct formula is 

sin(-B+A) = -sin(.l+^ + A + A) (2). 



By subtraction, 
sin(5+J{^-fi 
from this equation we have approximately (Art 181) 



sin(5+;[^-8inj5=-{sin(^ + 5 + A+*)^sin(il.+ i?)}; 
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k co8^= -{h + k)cos{A +B) = --{h-{-k) cosC; 
c c 

thus i(co8J5 + -co8C) = cosC: 

^ c ^ c ' 

. 1 « . 7 / -n sin JS At\ h sin jB cos C 

therefore ^ (cos -8 + -r— 7^ cos (7) = r—^ : 

^ smC ^ sinC 

. , - , ^ sin ^ cos G 

therefore k = ; — 5 , 

sin J ' 

thus the ratio of ^ to ^ is found. 



EXAMPLES. 

1 . From a station j9 at the base of a mountain its summit A 
is seen at an elevation of 60°; after walking one mile towards the 
summit up a plane making an angle of 30° with the horizon to 
another station (7, the angle £CA is observed to be 135°. Find 
the height of the mountain in yards. 

2. The altitude of a tower is observed to be 30° at the end of 
a horizontal base of 100 yards measured from its foot. Find the 
height of the tower, 

3. The angular elevation of a tower at a place A due south of 
it is 30°; and at a place B, due west of Ay and at the distance a 
from it, the elevation is 18°; shew that the height of the tower is 



V(2 + 2V5)" 



4. A person on a level plain, on which stands a tower sur- 
mounted by a spire, observes that when he is a feet distant from 
the foot of the tower its top is in a line with that of a mountain. 
From a point 6- feet farther from the tower he finds that the spire 
subtends at lus. eye the same angle as before, and lias its top in a 
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line with that of the mountain. Shew that if the height of the 
tower above the horizpntal plane through the, observer's eye be c 
feet, the height of the mountain above that plane will be 

ahc 

-ji s feet. 

5. A person wishing to ascertain his distance from an inac- 
cessible object finds three points in the horizontal plane at which 
the angular elevation of the summit of the object is the same. 
Shew how the distance may be found. 

6. A person wishing to ascertain the distances between three 
inaccessible objects A, By (7, places himself in a line with A and 
B', he then measures the distances along which he must walk in a 
direction at right angles to AB until -4, G and -ff, C respectively 
are in a line with him, and also observes in those positions their 
angular bearings; shew how he can find the distances between 
A, B, G. 

7. Two posts AB and GD are placed at the edge of a xiver at 
a distance AG^AB^ the height of CD being such that AB and GD 
subtend equal angles at E, a point on the other bank exactly oppo- 
site to A ; shew that the square of the breadth of the river is equal 

AB^ 
^'rWZrjW^ and that AD and BG subtend equal angles at E, 

8. A flag-staff a feet high stands on the top of a tower h feet 
high. At what point on a horizontal plane passing through the 
base of the tower must an observer place himself so that tiie tower 
and the flag-staff may subtend equal angles, the height of the eye 
being M 

9. A tower situated on a horizontal plane leans towards the 
north; at two points due south and distant a, 6, respectively from 
the base, the angular altitudes of the tower are a and ^. Shew 
that if ^ he the inclination of the towser, and h the perpendicular 
jgueighty 

. - J— « - 5— a 

**^ ^ - T 1 T~a 9 ^ = — T^ 7— • 

^oota— ocotp cotp — cota 
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10.- An object a feet high placed on the top of a tower sub- 
tends an angle y at a place whose horizontal distance from the foot 
of the tower is h feet; determine the height of the tower. 

11. On the bank of a river there is a column 200 feet high 
supporting a statue 30 feet high; the statue to an observer on the 
opposite bank subtends an equal angle with a man 6 feet high 
standing at the base of the column; required the breadth of the 
river. 

12. The height of a house subtends a right angle at an oppo- 
site window, the top being 60^ above a horizontal line; find the 
height, taking the breadth of the street 30 feet. 

13. Two chimneys are of equal height. A person standing 
between them in the line joining their bases observes the elevation 
of the nearer one to him to be 60°. After walking 80 feet in a 
direction at right angles to the line joining their bases he observes 
the elevations of the two to be respectively 45* and 30°. Find 
their height and the distance between them. 

14. An object is observed at three points A, JS, C lying in a 
horizontal line which passes directly underneath the object; the 
angular elevation at JB is twice that at A, and at C is three times 
that a,t A; AB^a^ £G=h*, shew that the height of the object is 

|V{(« + 6)(36-a)}. 

If the tangent of the angle of elevation at -4 be J, shew that 
5a =136. 

15. A vertical tower whose base is in the same horizontal 
plane with the observer, is observed from a station A to bear 
directly North and to subtend an angle of 15°; the observer then 
walks 100 yards so that the tower always subtends the same angle, 
and then it bear^ North-east; find its height and distance from A, 

16. A person walking along a straight road observes that the 
greatest angle which two objects subtend is a; from the spot 
where this is the case he walks a distance c, and the objects now 

T. T. 12 
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f^ppeftr ^ QCte, :tlieir diri^tioiis m^ildiig <an angle j3 with the road. 
Prpve ;t]?^t ^he ijistwo^ bj^tween the objects is 

SosinAsinjS 
.cosa + cosjS * 

17. A forjjregs w^s observed by a 9bip at sea to bear K N. R, 
an4 ftfter sailing 4 iniles to the East it vas observed to bear 
N. N. E. ; «he^ ih^t ^^e distance of tiie ship from the fortress at 
the first and second observation was ^(16+8 J2) and ^(16-8^2) 
miles respectively. 

18. A ship sailing towards the North observes two light- 
houses in a line due West; and after an hour's sailing the bearings 
of the lighthouses are observed to be South-west and South- 
south-west. The distance between the lighthouses being 8 mUes, 
find the rate at which the ship is sailing. 

19. From the top of the mast of a ship 64 feet above the level 
of the sea the light of a d;istant lighthouse is just seen in the 
horizon; and after the ship has sailed directiy towards the light for 
30 minutes it is seen from the ieek of the ship^ which is 16 feet 
above the sea. Find the rate at which the ship is sailing, con- 
sidering the es^h a,s a sphere of 4000 ;miles radius. 

20. A man ascends a mountain by a path which is the shortest 
distance between the base and the vertex. The inclination of the 
path to the horizon at first is a, but afterwards suddenly increases 
to py apd then continues the same. On reaching the vertex he 
finds by the barometer he has ascended n feet in altitude, and 
observes the angle of depression y of the point from which he 
started. Shew that the distance he travelled in the ascent is 



ncQs ' — '^ 



2 



008^-.^^ — siny 



21. If from two points in a horizontal plane an object be 
seen at ^i^gles pf elevation a, a , and if from a third point between 
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the twp points and in the straight line joining them and at 'dis- 
tances a, a from them respectively the phjeob vbe seen at an angle 
of elevation j8, shew that the height of the object above the hori- 
zontal plane is 

sin a sin a! sin P {aa- {a + a')}* 
{a sin*a (sin'jS - sin* a') + a' airx'a (sin'/S - sin*a)}i * 

22. A person walking along a straight road observes the 
angles of elevation a, a of the summits of two hills in front of him, 
one behind and partially hid by the other. After walking c miles 
the farther hill becomes entirely hidden, and on observing the . 
elevation of the lower hill at the next mile-stone he finds it to be 
p. Find the heights of the two hills. 

23. A tower is surrounded by a circular moat. At noon on 
a certain day the shadow of the top of the tower is observed to 
project 45 feet beyond the edge of the moat. When the sun is 
due "West on the same day ijiQ shadow projects 120 feet beyond the 
moat. The distance between the extremities of the shadow is 
375 feet. The angle of elevation of the top of the tower from any 
point of the edge of the moat is 60°. Find the height of the tower 
and the altitude of the sun at noon. 

24. A tower stands upon an inclined plane, meeting it at a 
point J^; at a point C in the plane the tower is observed to subtend 
an angle a; on proceeding to a point D in the line AC such that 
CD=AG, the tower is observed to subtend an angle fi; if be the 
angle between the tower and AC, shew that cot 0=2 cot a- cot j8. 

, Also if similar observations be made in another line AC If, it is 
found that tana = 2 tanjS'; the angle CAC=y\ prove that if tf be 
the inclination of the plane to the horizon, sin sin y = cos ^ 

25. In a triangle ABC having given ul = 30°, 5 = 3 ^3, a = 3, 
solve the triangle; and supposing that an error of 2" is made in 
observing the angle A^ find approximately the corresponding error 
in the angle B, 

12—2 



180 EXAMPLES. CHAPTER XV, 

26» The distance between two objects on the opposite bank of 
a river is known to be c. An equal distance is taken anywhere 
along the bank on this side and the angles subtended by c at the 
extremities of this distance are a and j8. Find the breadth of the 
river^ the sides being parallel. 

27. A person wishing to obtain the breadth of a square fort on 
a distant hill, observes that when he is due South of one comer, 
the &ce towards him subtends an angle a. He then walks due 
"West, and at a distance of a feet from his first position, finds that 
the face subtends the same angle as before. On walking 5 feet 
further, he is due South of the other comer of the fece. Shew 
that the breadth of the fort is 

{a + h) sec feet, where tan ^ = j- . 

28. A and A^ are the peaks of two mountains, and BG is a 
straight horizontal road; shew that if the nearer of the two peaks 
just conceals the more distant at some point of the road, then 
sin a sin ^S' = sin a sin j3, where a is the altitude of A as seen from 
any point B of the road, P is the angle ABC, and a , p are similar 
quantities for the peak A' as seen from any point B^ of the road. 

29. A and B are two objects in the same horizontal plane, 
P a point at which the angle a subtended hj AB\b observed; 6t>m 
P two persons walk in directions at right angles PA, PB respec- 
tively, to points Q, R, at each of which the angle subtended by AB 
is a; the distances PQ, PR are a, 5; find the length oiAB. 

30. -4, (7, B are three objects in the same plane as an ob- 
server; AC=CB, BjidAC, CB are at right angles to each other. 
At the point 0, AC, CB subtend angles a, p respectively. The 
observer moves from in the direction Off at right angles to CO 
through a space Off=d; here he finds that AC, CB subtend angles 
a, )8' respectively. Find the distance AB. 

31. A person standing at the edge of a river observes that 
the top of a tower on the edge of the opposite side subtends an 
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angle of 55* with a horizontal line drawn from his eye; receding 
backwards 30 feet he then finds it to subtend an angle of 48^ 
Determine the breadth of the river, having given 

Zsin 7" = 908589, Z sin 35*= 9 75859, 

Lor 48'* = 9-87107, log 3 = 47712, 
log 1-0493 = -02089. 

32. A tower 150 feet high throws a shadow 75 feet long 
upon the horizontal plane upon which it stands. Find the Siin's 
altitude, having given 

log 2 ^ -3010300, L tan 63" 26' = 10-3009994, 
Z tan 63" 27' = 10-3013153. 

33. A rope-dancer wishes to ascend a tower 100 feet high, by 
means of a rope 196 feet long. If he can do so, find at what incli- 
nation he must be able to walk up the rope, having given 

log 2 = -30103, L sin 30" 40' = 9-70761, 
log 7 = -84510, X sin 30" 41' =9-70782. 

34. Two hills rise at the same point, with inclinations of 60" 
and 40" to the horizon. At a distance of 64 feet from the base of 
the lower hill the angles of elevation of the bottom and top of a 
vertical object on the other hill are 40" and 70". Find the height 
of the object, having given 

Z tan 20" = 9-5610659, Zoos 40" =9 -8842540, 

log 2= -3010300; 7-4303981 = log 29640031. 

35. A vessel observed another a" from the North sailing in a 
direction parallel to its own. After an hour's sailing its bearing 
was )8", and after another hour y" from the North. In what di- 
rection were the vessels sailing? 

36. In the problem discussed in Art. 242, shew that if 

a + )3 + C = 7r, then = j> 
and the solution cannot be obtained from the data. 
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XVI. PROPEETIES OF TRIANGLES. 

246. The present chapter will ctmtaiu sotDd miscellaneous 
propositions relating chiefly to the properties of triangles. 

247. To find ea^esaionii/or the area of a triangle. 

A triangle is half a rectangle on the same base and altitude; 
thus if AJiG he any triangle, and AD the perpendicular from A on 
the opposite ^de, T^e have (see t^e figures in Art 214) 

area of triangle = ^ JBO ,AD^ 

and AD^AB^i^:^, 

therefore area of triangle = \ac sin-5 (1); 

thus the ared of a triangle is half the product of two sides into 
the sine of the included angle. 

By Art. 218, sin5 = — V{« (*-«)(«-&)(«- c)}; 

substitute the value of sin j8 in (1) and we obtain 

area of triangle = J{8 (a — a) (« - b) (s — c)} (2); 

this furnished a convenient expression for the area when all the 
sides are known; the expression ,J{8 {a — a) («— 5)(s'— c)} is often 
for abbreviation denoted by S. 

rs AM. cii.» ^ sin-4 h mnG 

By Ajtt, 214, a= . p > c = . p , 

substitute these values in (1); thus we obtain 

. . V si n A Bin G " .^^^ 

area of tnangle= — ^r—. — jj — (o); 

ju sin jd 

thus we can find the Area when a side and two angles are given, 
for if two angles are given the third angle is also known. 
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MS: To find ike tadim o/OU dfde irisbtHb^ih d triahgU. 




Let ABC be a triangle, l^e dsntre of the circle inscribed in 
the triangle and touching the sides in the points 2), F^ F. Let 
f' dtoote l&e radios of the circle; theh 



or 



axea of triangle £0G= i^BC. 02) = ^, 
area of triangle COii = iCii . 0J^= ^ » 



area of triangle AOB = ^AB . OFr= 



2 



therefore, by addition, 

(a + 6 + c) ^ = area of triangle iLBC=/S; (Art 247), 

therefore 



S 
r=-. 

s 



The radius of the inscribed circle is thus equal to the area of 
ihe triangle cSvided hf half the siiin; of the ndes ; and thrufh dif- 
t^tteat for&iB can be obtained fot the radius by employing the 
different expressions already given tor the area of thei triangle. 
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249. We may also obtain the value of r in another form, 
which will be often useful. 

By Euclid iv. 4, the lines OA^ OB, OG bisect the angle* 
A, B, G respectively. Thus 

B C 

BD=rcotjr, CD = rcoijr, 

A A 



therefore 


r ^cot^+cot^j = a, 


therefore 


. B^G . B , G 
rsin 2 =o,Bm ^^n ^y 




. B . G 
asm-sm^ 


therefore 


cos^ 



250. To find the radius of a circle which touches one side of a 
PrUmgle and the other sides produced. 




Let ABC be a triangle, and let be the centre of the circle 
which touches the side BG, and the other sides produced. Let 
r^ denote the radius of this circle. 
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The quadrilateral OB AG may be divided into the two triangles 

c h 
OAB,OAC; therefore the area of this quadrilateral is ■^r^ + ^r^. 

Again, the same quadrilateral may be divided into the triangles 
0£C and ABC; therefore the area of this quadrilateral is 



Ir^+A?. Thus 






e ha ct 


therefore 


r^c + h-a) 

2 =^' 


therefore 


S 

r =- — -. 



8-a 

Similarly, if r^ be the radius of the circle which touches CA 
ttnd the other sides produced, and r^ the radius of the circle which 
touches AB and the other sides produced, 

S S 

A circle which touches one side of a triangle and the other 
aides produced is called an escribed circle. 

251. We may also obtain an expression for the radius of an 
escribed circle similar to that in Art. 249 for the radi\is of the 
inscribed circle. 

For, in the figure of Art. 250, the line OB bisects the angle 
which is the supplement of B, and the line OG bisects the angle 
which is the supplement of C; thus 

-B^ = r, cot (90^-1), CZ) = r, cot(90*-^); 
therefore r ^ ( tan -^ + tan — j = a ; 



therefore 



B G B G 

a cos -^ cos ^ a cos -^ cos ^ 

. B+G " J 

8in -^ cos ^ 
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252. To find the radius of the circle deacribed rotmd a- tri- 
angh. 




Let ABC bd a; triangle, and the dentre of the cii*cle detlexibed 
round it. Draw OD perpendicular to BG, then BG is bisected in 
D by Euclid iv. 5, Let R denote the radius of the circle. 

The angle BOG is double the angle BAG] therefore 

BOB^A'r 



and 



BD = Ri^A=%', 



therefore 



R = 



29mA' 



thus R is expressed in terms of a side and the opposite angle. 

2S 
By Art 218^ sin-i = ^, therefore 



R = 



abc 



253. Many theorems have beeii demonstrated with respect to 
the circles which have been noticed in Arts. 248 — 252;' as aH 
example we will find an expression for the distance between the 
centres of the inscribed and circumscribed circles. 
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Let denote tie cenrfcre of the circumscribed circle, and O 
the centre of the inscribed circle; and suppose and O joined-^ 
with the angular point C of the triangle. Then 

o(r ^o(? ^a(? -^00 .OG QG%oc(y \ 

now the angle OGB = \G\ and the angle 0GB = 90° - ^ ; thus 



cos 



070^ = 008 (90»-^-|) 

/A-^B + G . G\ 



A+B + G . G\ B^A 

cos t: 



also 0(7=7?, (yG=^^; 

sin^ 

therefoi-e OCr ==Ic + ^ - \ cos — 5— . 
sin" -2? sin -iT- 



a sin 77 sin -^ 



By Art. 249, r = ■ "^ ' ^ J^' 



cos-^ 

by Art 252, i?=5-^; 

•^ ' 2 sin -d 

XI. i. r , . A . B . G 

therefore -^ = 4 sin -5- sm -^ sin -^ . 

Therefore 

00'*=i2'--HLJcos^?^--2sin|ilsini^) 
^l| J 

^, 2Br ( B A . B . A) 

""2 



= J!2'-2i?r. 
Therefore 0& = V(^ - ^^4 
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25L To find the area of a qitadrUaieral which can he in- 
scribed in a circle. 

Let ABGJD be the quadrilateral; let 

AB = a, £G=h, GD = c, DA = d. 




The figure can be divided into the triangles ABC, ADC', its area 
therefore 

= i (a6 sin ^ 4- ce?sin 2)) =^ \{db + cd) sin i?, 

for the angles B and D are supplemental 
Now from the triangle ABG, 

AG'=a'-hb'^2abco8B, 
and from the triangle GBA, 

AG'^c' + cP- 2cd cos JD = cr+d' + 2cd corB; 
therefore c* + c?" + 2cd cos B = a' + b'- 2ab cos B, 

a'+b'^c'-d' 



therefore cos B = 



2{ab-hcd) ' 



therefore sin'i?= i ,(^';f -^'jff 

4 (oft + cdy 
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_ {2(a5 + crf)>fc' + (/*-a'-5'}{2(a5 + c<if)-c'-(/'+a'-hy} 
4 (a6 + cdf 

4 (a6 + cdf 

_(c + 6 + <3?-a)(a + c + c?-5)(a + 5 + c?-c)(a + 5 + c-c?) 
4.(a6 + cdf * 

Now let i (a + 5 + c + c?) = «; thus 

Hence the area of tiie quadrilateral 

= V{(,-a)(,-6)(.-c)(,-d)}. 
If we substitute the value of cos i? in the expression for -4(7', 

we obtain -40" = c" + cT + \-r^ n 

2{ab + cd) 

ab + cd 

_ {ac + hd){ad-\-hc) 
ah + cd 

Similarly it may be shewn that 

cos A =s jr-T — = =-^r — , 

^jr^^ {ac + hd){ah + cd) 
ad-\-bc 

The radius of the circle described round the quadrilateral 
may be easily expressed; for this circle passes round the triangle 
A£C, hence by Art. 252 its radius 

AC I /( {ab + cd) (ac + hd) {ad+ hc) )^ 
" 2sm£ " i \/ { {8'-a){8-b){8'-c){8'd))' 
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255. To find the radii of ths mscriied <md oircum$cnbed 
circles of a regvlar polygon. 




Let AB be the side of a regular polygon of n sides; let be 
the centre of the circles, OD the radius of the inscribed ciicle, OA 
the radius of circumscribed circle. 

IjQt AB^a, OA=.R,.OD = r. 

The angle AOB is the n^ part of 4 right angles, that is, 



AOB^ 



27r 



n 



AJ) = -^ = Bam- =rtan- ; 
2 n n 




therefore 



256. The area of a regular polygon may be expressed by 
means of the radius of the inscribed circle, or the radius of the 
circumscribed circle. For with the figure of Art. 255, the area 
of the triangle AOB 

a a 



= iiLB.02> = ^^cot-=^cot-; 
' 2 2 n 4: n 
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therefore the area of the po]i7g«!iL 

P= -7- -cot - 
4 n 

= nIP sin" - cot - = -s ^ sin — . 
n n 2 n 

Also the area of the polygon 

= nr^ tan*— cot - = wr" tan - . 
n n n 

257. To find the area of a circle. 

The area of a regular polygon of n ^ides described about a 
circle of radius r 

. IT 

sin- 
_ , IT _ irr n 

n it'tt 

cos- - 

n n 

Now suppose n to increase without limit, then the area of 
the polygon approximates continually to the area of the circle as 
its limit, and therefore the area of the circle will be the limit of 
the above expression. But when n is indefinitely great, 

sin- 
cosJ = l, -~=1, (Art. 118); 

n 
therefore a/rea ofwrde of radius r='7rr*. 

258. Tofimd the a/rea of a sector of a circle. 

Let 6 be the circular measure of the angle of the sector; then 

area of sector _ 
area of circle ~ 2ir ' 

therefore area of sector = vr" x ^r- = --■ . 

2ir 2 
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Since 6 is the circular measure of the angle of the sector, the 
length of the arc of the sector iar6; hence the area of a sector is 
equal to half the product of the length of the arc into the radius. 



EXAMPLES. 

1. The sides of a plane triangle are 24, 30, 18; find tho 
area. 

2. Two angles of a triangle are 15° and 45°, and the included 
side 10 feet; find the area. 

3. The sides of a triangle are equal to 3 and 12 respectively, 
and the contained angle is 30°; find the hypothenuse of an equal 
right-angled isosceles triangle. • 

4. The area of a triangle = i {a' sin 2^ + 6* sin 2 A). 

. , a" -'6' sin -4 sin 5 

5. The area of a tnLangle = — x t—t-: — ^. 

° 2 sm {A -JS) 

6. The area of a triangle 

2ahc A B 



; COS -ft COS 77 cos -s • 



a + b-^c 2 2 2' 

7. Shew that the triangle whose sides are proportional to 

ghik' + H'), kHj^' + hT), {hk + gl){hl-gk) 
has its area and the trigonometrical ratios of its angles rational. 

8. The sides of a triangle' are in arithmetical progression, and 
its area is to that of an equilateral triangle of the same perimeter 
as 3 to 5. Find the ratio of the sides and the value of the largest 
angle. 

9. If the alternate angles of a regular hexagon be joined so as 
to form another regular hexagon, and again the alternate angles of 
the latter hexagon be joined, and so on, shew that the sum of the 
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areas of all the figures so formed = ^ , where A is the area of the 
original figore. And geneiallj if the figure has n sides, the sum 

-icos* — 
n • 

. 3ir . IT* 

Sin — sm - 
n n 

Explain the cases where n = 3 or 4. 

10. If an equilateral triangle be described with its angular 
points on the sides of a given right-angled isosceles triangle, and 
one side parallel to the hjpothenuse, its area will be 

2a* sin eO** (sin 157, 
where a is a side of the given triangle, 

11. The distance between two points is a, and their distances 
fix>m a giyen line are &, o; of all the triangles which can be formed 
haying the same base a, and whose vertices lie on the given line, 

the area of that which has the greatest- vertical angle is ^ »J(pc), 

12. The straight lines which bisect the angles A, C of a 
triangle A£G meet the circumference of the circumscribing circle 
in the points A\ C; shew that A'(T is divided by CB^ BA into 
three parts, which are in the proportion 

, , ^A g. , A , B , G • «(• 

sm'j ;2sm^sm-5-sm^:Bm'2. 

13. If a be the difference between the sides containing th^ 
right angle of a right-angled triangle, and S its area, the diameter 
of the circumscribing circle is equal to ^(a' + 4/S), 

14. The sides of a plane triangle are 3, 5, 6 j compare the 
radii of the inscribed and circumscribed circles* 

15. is the centre of the circle circumscribed round a triangle, 
and AOis produced to meet BC in 2> j shew that 

2>0 cos (5-(7) a^O cosit 
T. T, 13 
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16. A circle is inscribed within a given triangle, and another 
triangle formed by joining the points of contact; within this latter 
tnangle a circle is inscribed^ and another triangle formed as before, 
and so on continually; shew that the triangles thus formed ulti- 
mately become equilateral, 

17. The sum of the diameters of the inscribed and circum- 
scribed circles of any plane triangle is equal to 

a cot A + 6 cot j5 + c cot (7. 

18. Perpendiculars are drawn from the angles Ay S, C of 
a triangle on the opposite sides, and produced to meet the circum- 
scribing circle ; if those produced parts be a, ')9, y respectively, 
prove that 

-+ •3+- = 2{tan-4+tan^ + tan(?). 

19. A circle is inscribed in a triangle ABC^ and smaller 
circles are described so as to touch this circle and the two sides of 
th^ triangle ; find their radii. 

20. In any triangle the area of the inscribed circle is to the 

ABC 
area of the triangle as tt to cot -5- cot -^ cot ^ . 

M M J» 

21. On each side of an acute-angled triangle as base an isos- 
celes triangle is constructed, the sides of each being equal to the 
radius of the circumscribed circle; if the vertices of these be 
joined a triangle will be farmed equal and similar to the original 

22. If iil be the radius of the circnmscribed circle of a triajogle, 
aw&A-^-i cos^ + ccoBC7=4jSsin^ sin^sinC 

23. is the centre of the drcle circumscribed about a triangle 
ABG\ from the perpendiculars OD^ OE^ OF are drawn to the 
sides ; shew that 

4 {01/ -^OE'f or) « a* cotM + V ooi^B + c* cot'C. 
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24. If r be the radius of the circle inBcribed in a triangle, 
and r^ r^ r^ the radii of the cirdes inscribed between this circle 
and the sides containing the angles Ay By C respectively ; proye 
that 

25. Giyen the s^ments into whieh the base of a triangle is 
divided by the point of contact of the inscribed circle ; find the 
greatest possible value of the radius of the inscribed circle. 

26. If a triangle A'SC be formed by joining the feet of the 
perpendiculars let fall from Ay By C upon the opposite sides, shev 
that BC=BBiD.2Ay where E is the radius of the circle circum- 
scribed about ABC, 

27. Perpendiculars drawn from the angular points of a 
triangle to the opposite sides meet those sides in the points Dy 
By F'y prove that if B and B^ be the radii of the circles described 
about the triangles ABC and DBF respectively, and Ti the radius 
of the circle inscribed in the latter triangle, 

i?j = ^jB, Bsid r^=^2£ ooa A co&B GOB C. 

28. If r, r^, r^ r, denote the radii of the inscribed and 
escribed circles of a triangle, prove that 

, gA rr, 
tan"-5 = --^. 

29. If il be the area of the circle inscribed in a triangle, 
A^y Ap A^ the areas of the escribed drclee^ then 

-L- 1 ^ 1 

JA- yJA,^ JT,^ ^A^' 

30. If the sides of a triangle be in arithmetical progression 
the perpendicular on the mean side from Ihe opposite angle, and 
the radius of the circle which touches the mean side and the other 
two sides produced, are each equal to three times the radius of the 
inscribed circle, 

13—2 
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31. The distances of the centre of the circle inscribed in a 
triangle fix>m the centres of the three escribed circles are respec« 
tively proportional to 

smj, sin-g-i andsin^* 

32. Two similar triangles haye a common escribed circle 
toudiing sides not homologous a^, h^ ; shew that 

aj : a, = sin5 + sinC7— sin4 : sin-i + sin (7- sin j5, 

33. If Oj, 0^, 0, are the centres of the escribed circles of a 
triangle, then the area of the triangle Ofi/)^ 

, of triangle -4^(7 |l+i—^ + : r+ — ~ — >• 



= area < 



34. The centres of the three escribed circles of a triangle 
are joined; shew that the area of the triangle thus formed is 

-g— , where r is the radius of the inscribed circle of the original 

triangle, 

35. A\ By C are the centres of the escribed circles of a tri- 
angle^; il', S^ (f are joined so as to form a triangle; if r andr be 
the radii of the circles inscribed in ABC and A!B(j respectively, 

/ cot^cot^cot^ 

7 = — 3 3 5' 

cos -5- + cos ^ + cos ^ 

36. If r be the radius of the circle inscribed in a triangle 
ABGy 28 the sum of the sides, /, 2a' similar quantities for the 
triangle which is formed by joining the centres of the escribed 
circles.; shew that 

rs ^ . A . B . C 

P? = 2sm^sm^sm^. 

37. Let Oy a^ be the distances of the angle il of a triangle £ix)m 
the centres of the inscribed circle, and the circle touching the side 
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a and the other two produced; j9, pi Edmilar qoantities fot the 
angle J9; y, y^ Edmilar quantities for the angle G; shew that 

he ca cbb J 

h—c c—a a— 6 ^ 
««i ^^1 ^i 

38. There is only one point within a triangle, such that if 
perpendiculars be drawn from it to the sides, circles can be in-, 
scribed in each of the three resulting quadrilaterals; prove this, 
and if p^, p^ Pz he the radii of these circles, and p that of the 
inscribed circle of the triangle, then 

39. A circle is inscribed in a plane triangle ABG. Another 
circle is described so as to touch the two sides ABy ACy and the 
last circle ; again, a third circle is inscribed so as to touch the 
same two sides AB, AC, and the second circle, and so on. Cirdes 
are also inscribed in the same way so as to touch BCy BA and 
CAy CB, Shew that the area of the inscribed circle is to the sum 
of the areas of all the other circles as 1 is to 

. .B-^-G A . .G + A B . .A + B G 

sin* — J— cosec-s- + sin — j — cosec-^ + sm — j— cosec^» 

40. and (X are respectively the centres of the circles 
described about and inscribed in a plane triangle ABG. Join 
OAy OB, OG, a A, OB, (7(7, and let ^« R^, R^ r^ r^ r„ be respect- 
ively the radii of the circles circumscribing the triangles BOG, 
COA, AOB, BOG, GO A, AOB. If R be the radius of the circle 
circumscribing the given triangle ABG, shew that 

-^=e^ + j + c» ^"^ T^'^ R^"". R^" 1^ ' 
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41. From any point F within or without a triangle ABC^ 
perpendictdars FA\ FS^ F(T are dropped upon the sides BC, GA, 
AB ; and circles are described about the triangles FA'B^ FBCT^ 
FCA\ Shew that the area of the triangle formed by joining the 
centres of these circles is one-fourth of the area of the triangle 
ABC. 

42. Three circles touch each other externally j prove that the 
square of the area of the triangle fcmned by joining their centres 
is equal to the produdt of the sum and product of their radii. 

43. If the sides of a triangle be in geometrical progression, 
and th6 perpendiculars from the angles upon the opposite sides be 
taken as the sides of a new triangle, then the angles of this new 
triangle will be equal to those of the original triangle. 

44. If a, /?, y be the ratios which the sides ct, &, c of a triangle 
beltr to the perpendiculars upon them from the opposite angles 
A,B, (7, then a» + i3» + /-2(a)8 + /?y + 7a) + 4 = 0. 

45. In any triangle shew that 



C . G 

cos-g sm^ 



sm-^ cos ^ 

46. The sides of a triangle are 65 and 25, and the difference 
of the opposite angles is 60^ ; find all the angles, having given 

log 3 = -4771213, log 2 = -3010300, 

Z tan 52*24'= 10-1134508, Z tan 62*25'= 10-1137123. 

47. If perpendiculars be drawn from the angles of a triangle 
to the opposite sides, shew that the sides of the triangle formed by 
joining the feet of those perpendiculars are acosii, b cob By and 
c cos C7 ; and thence shew that 

a* cob' A - h* cos" ^ - c* cos' (7 ^ . 

. ^ g y:^ = cos 2-4. 

2oG cos B cos C 
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48. Six circles are inscribed between tbe three escribed circles 
of a triangle and the angular points, each touching a side and 
a side produced; prove that the products of their radii taken 
alternately are equal. 

49. If jS be the* radius of the circle circumscribing a triangle, 
p the radius of an escribed circle, the distance of the centres of 
these circles ia^{It*-h2Iip), 

60, Lines are drawn from the angles A, B, C of a triangle 
through any point P meeting the opposite sides of the triangle in 
the points .4', ^, (7 respectively; shew that 

ABf.BC,GA'^AG\BA\GBf, 

51. Shew that the perpendiculars from the angles of a tri- . 
angle upon the opposite sides meet in a point. 

52. Shew that the lines which bisect the internal angles of 
a triangle meet in a point. 

53. Shew that the lines which join the angles of a triangle 
with the middle points of the opposite sides meet in a point. 

54. Shew that the lines which join the angles of a triangle 
with the points where the inscribed circle touches the opposite 
sides respectively, meet in a point. 

55. A quadrilateral figure is so taken that a circle can be 
described about it and inscribed in it. If its sides be produced in 
both directions, and r^, r^, r,, r^, be the radii of the circles, in- 
scribed in the triangles formed on two sides, and escribed on the 
other two sides, then r«, r^, r„ r^ = r*, where r is the radius of the 
circle inscribed in the quadrilateral 
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XVII ON THE USE OF SUBSIDIARY ANGLES IN 
SOLVING EQUATIONS AND IN ADAPTING FOR- 
MJJLM TO LOGARITHMIC COMPUTATION. 

259. We shall now shew how to obiun the numerical Talaes 
of the roots of a quadratic equation by the aid of Trigonometrical 
Tables. 

(1) Suppose the equation to be 

«"-2pa? + <2'=0, 
where ^ and q are both positive; from this equation we obtain 

Now if 3' is less than p* assume -^ = sin'fl; thus 

B 

a;=^(licosfl) = 2pcos"^, or 2psin*g. 

If ^ is greater than p' the roots are impossible; we may then 
assume ^ = sec' 6; thus 

^ aj=i?{l±^(-l)tantf}. 

(2) Suppose the equation to be 

af-2px-q==0f 
where p and q are both positive; from this equation we obtain 

«=j,*^(p'M)=i,{i-.y(i+|,)}. 

Now assume tan" fl = -^ ; thus 

,-, /»v COStfil .0060^1 

05 = p (1 * sec ^) =p s~= V9' — ■ /> 

'^^ ' -^ oosd ^^ sina 

= Vgcotj or -^/gtanJ. 
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(3) If tlie equation is of the form o? + 2pa5 + g' = 0, wliere 
p and q are positive, we can solve the equation af'-2px+q=0, and 
then change the sign of the I'oots (Algebra, Art 340). 

(4) If the equation be of the form re* + 2px -q = 0, where 
p and q are positive, we can solve the equation stf — 2px — q = 0, 
and then change the sign of the roots. 

260. In like manner we may obtain the numerical value of 
the roots of a cubic equation by the aid of Trigonometrical Tables; 
we will exemplify this by considering one case. 

Let the equation be a^— 5^0;— r = 0, and suppose 27r* less than 
. 4g^. Put« = »y; thus 

nV-9^y-»'=o, 

therefore y«-.^-.21 = o. 

Kowby Art 91, cos'a-jcoso j — =0; 

S a .- f cos 3a 

assume y = coscL r=-hj then -8= — ;; — ; 

thus *^~(^)> cos3o = 4rrj-j ; 

the last equation determines So, and thus a is known, then 

2^ = cos a and a; = 7icosa= f ~ j cos a. 

The value of cos 3a is less than unity, since we have supposed 
27r" less than 4g^. 

It appears from Art 105 that we might also suppose 
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consistently with tlie value of cos 3a given above ; thus finally the 
three roots of the cubic equation are 

2f|j cosa and 2 f |J cos{ -g-iaj, 
.where cos3a = K( -) . 

261. '' If in mathematical researches equations like those that 
have been given of the second and third degree, presented them- 
selves to be solved, their solution would be conveniently effected 
by the preceding methods, and by the aid of the Trigonometrical 
Tables; but the truth is^ in the application of Mathematics to 
Physics the solution of equations is an operation that very rarely 
is requisite, and consequently the preceding application of Trigo- 
nometrical Formulsd is to be considered as a matter rather of 
curiosity than of utility." — (Woodhouse's Trigonometry,) 

262. To the examples which have already occurred of the 
use of subsidiary angles we will add two more. 

(1) Bequired to adapt a + &to logarithmic computation. 
If a and h are necessarily positiye we may proceed thus j assume 

-=tan'tf; then 
a 

a + 6 = an + -J = a(l + tan" tf ) = a sec" ft 

If a and h are not necessarily both positive we may proceed 

thus: assume -= tan ft then 
^ a 



a + 






cos^ 
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(2) Beqnired to adapt a cob a seisin a to logaritlimic 
computation. Let - = tan 0; thus 

acosa^(sina = a f cos a±-sinaj=a (cos a ± tan sin a) 

= — -7rC0s(a-fl) or >. cos(a + ^. 

co&O ^ ' costf ^ ' 

MISCELLANEOUS EXAMPLES. 

1. Solve a' + 90* 4- 21aj + 13 = 0. 

2. Shew that the roots of the equation as' - 3a; - 1 = are 
2cos20^ -2 sin 10^, -2 cos 40". 

3. Shew that the roots of the equation x'^-px* + qx^r=0 
2 (^Ij cos - and 2 (^|j cos ^ , where cos«a= j (^j 



are 

be less than K j . 

4. Find the roots of the equation 

aJ*-10a^ + 20a;-8 = 0. 

5. A person wishes to ascertain the side BC of a triangular 
field ABC, but is only able to make measurement of lines within 
the boundary of a circle which passes through A and touches J3C; 
shew how after measuring four lines he may determine JBC. 

6. Two men standing at the same point C observe the hori- 
zontal angle subtended by two objects A and JB; they then both 
move away, one in the direction AO, the other in the direction J3G, 
until each observes the horizontal angle to be half what it was 
before. The distance each walked being given and the horizontal 
angle at Cf determine the distance AB, 
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7. Th^ altitude of a balloon at noon is observed at three 
places A, By G simultaneously to be 45°, 4:5% and 60® respectively; 
A and B are respectively west and north of G; form an equation 
for determining the height of the balloon; 

8. The distances h and o of a std,tion A from two other 
stations B and G are known, and the angle BAG is required It 
not being practicable to observe the angle BAG, the angle BOG 
(a) and the angle AOG (fi) are taken at a position situated in 
the plane ABG, at a small known distance n from A, Shew that 
if ^ be the circular measure of the angle {BAG -BOG) then 
approximately 



g=»| "°(°-^) +^. 



9. At a distance of 50 feet from the foot of a tower the eleva- 
tion of its top i^ 45® ; if the elevation and the distance be correctly 
measured within 1' and 1 inch respectively, find approximately 
the greatest error in the height. 

10. A person standing at a distance a from a tower sur- 
mounted by a spire, observes the tower and spire to subtend the 
same angle; if b be the known height of the tower, express the 
height of the spire (c) in terms of b and a. 

If y be the error in the height of the spire corresponding to a 
small error j3 in the height of the tower, shew that 



?=f{-s.}- 



11. One side of a triangle and the opposite angle remain oon^ 
stant; shew that the small variations of the other sides y and j8 
are connected by the relation 

y sec (7 + )8 sec j5 = 0. 

12. The angular altitude and breadth of a cylindrical tower 
on a level plane are observed to be a and j3 respectively; and at a 
point a feet nearer the tower they are found to be a and ^; find 
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the height and radius of the tower, Find also the relation exist- 
ing between a, a , j8, jS'. 

13. In the preceding question if the observed angular breadth 
be subject to an error 8, and if p be the greatest consequent error 
in the calculated radius (r), shew that p will be given by the 
equation 

?? = cot i08'-./3)|cosec |oosec i|-cot |cot i|j8. 

If )8 = 60^ )8'=120^, 8 = 6', find approximately the ratio of the 
greatest error in the calculated radius to the radius. 

14. P, Q, H are three known positions in a straight line, and 
JPQ, QR are observed to subtend equal angles at a certain point S] 
find the error in the calculated distance of 8 from Q in conse- 
quence of a small error a in the observed angles. 



XVIIL INVERSE TRIGONOMETRICAL FUNCTIONS. 

263. The equation sin a; = a asserts that a; is an angle of 
which the sine is a; it is found convenient to have a notation for 
expressing this relation in which x stands alona The notation 
used is this, aj = sin^*a. Similarly the equation x — coeT^a ex- 
presses that a; is an angle of which the cosine is a ; and x = tan'^a 
expresses that a; is an angle of which the tangent is a; and so on. 

264. Experience will prove that the notation here given is 
often convenient; and we may shew that it is not altogether an 
(»rhvtra/ry notation, but one that naturally presents itself. For, let 
any function of x be denoted hj/{x); then the same function of 
/(»), that is, /{/(«)}, may be briefly and conveniently denoted by 
/"(a;). Thus, for example, the logarithm of the logarithm of x 

may be denoted by log" a;. Similarly /[/{/(a?)}] may be briefly 
and conveniently denoted by/"(a;)j and so on. Thus with this 
notation we have, when m and n are positive integerSy 

/V(a')=/"^"(4 
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Now ire may examine what meaning it will be neoessary to 
ascribe to/^(a;), in order that the relation just given may hold 
when m ornia zero. Suppose n = 0, then the relation becomes 

this leads us to settle th&ij^(x) shall be considered equal to x. 

Again we may examine what meaning it will be necessary to 
ascribe toy^*(a?) in order that the relation /"/"(a?) =/**"(«) may 
hold when m or w is - 1. Suppose m=l and w = - 1 ; thus the 
relation becomes 

/r'(a')=/'(«)=«i 

so that /^* (a?) must denote a quantity whose function/ is x. 

Thus sin'^o; should denote a quantity whose sine is x; and 
this is the meaning which we haye already assigned to the symbol 

It will be observed that consistently with the remarks here 
made, sin'o) should stand for sin (sin x), and not for sin a; x sin x. 
But as sin (sin x) is a function which rarely occurs, it is oustom- 
afy to use sin'a; for what should be denoted by (sin x)\ 

265, Any relation which has been established among trigo- 
nometrical Amotions may be expressed by means of the inverse 
notation. Thus, for example, we know that 

. ^. 2tantf ^ 

tan 20 = s 5-s t 

1-ten'fl' 

this may be written 

„. ^ »i/2tantf\ 

let tan0 = a» so that = tan~* a ; thus 

2 tan"" a = tan"* = i . 

1-a' 

Similarly the relation sin3d = 3sin0-4 sin* may be ex- 
pressed thus, 

3sin'"'a = Bin-'(3a-4a"). 
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EXAMPLES. 

I. Prove that tan"' | = 2 tan"* J. 

2: Pind the value of sin (sin"* ^ + cos"* |). 

3. Prove that sin"* -^r^ = sin"* - + sin"* .r^ , 

oo 5 17 

4. Mnd the value of tan (tan~* z + cot"* x). 

5. Prove that tan"* J + tan"* J + tan"* | + tan"* J = ^ • 

6. Prove that tan"* a = tan"* 5-^ ,- + ton"* ■ ~f > + tan** c. 

1+06 l+6c 

7. Find the tangent of 

3 tan"* -=r + tan"* -x + tan"* tttt — . 

8. Shew that 

tan"* {{J2 + 1) tan a} - tan"* {(^2 - 1) tan a} = tan"* (sin 2a). 

9. If tan(tf-a)tan(tf-)8) = tan»fl; then 

- , , _i 2 sin a sin )8 

5 = itan *— r— p aF-' 

^ Sin(a + ^) 

10. Prove that cos"* -tt^on + oosec"* '^^. ' = 7 . 

^(82) 4 4 

II. Prove that sin"* -= + sin"* :p5 + ain"* ^r-^ o • 

13 00 2 

12. Prove that 3 tan"* i + tan'* -i = 2! .. tan"* r^^ , 

13. Prove that tan * , ,^ > + tan * js- = 5 . 

a/3 a a/3 3 

14. Prove that tan (2 tan"* a) =s 2 tan (tan"* a + tan"* a"). 
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15. Prove that 

tan"* (i tan 2A) + taa"' (cot A) + tan"* (cot' A) = 0. 

16. Prove that 

^ = tan0 + icos-|) + tang-ico8-|). 

17. Prove that 

J cosec» (itan-*^) + ^sec' Utejr'^ = {a + b){a'-^b'). 

Solve the following seven equationB in og, 
. 18. sin a:+sin^=j. 

19. sin \ 5 + sin ■; — r< = 2tan a?. 

1 + a" 1+6* 

20. tan"* (a?- 1) + tan"* x + tan"* (a; + 1) = tan"* So. 

21. sin"*2aj-sin"*aj^3 = sin'*aj, 

22. tan"*i + 2taa"*4 + tan-*i + tan-*l=^, 

23. sin 2 cos"* cot 2 tan"* « = 0. 

24. tan"*-^ = tan-*- + tan-*-T— ^^ — =-, 

a —I X a— aj + 1 

4- 1 ^ 

25. If seed— oosec0=^, shew that fl=^8in~* j, 

26. If sin(7rcosfl) = cos(7rsintf), shew that 5=±^sin**|. 

27. Shew that if sin* 6 + sin' ^ = J, one of the values of ^ 
which satisfy the equation 

^ = sin"* (sinfl + sin <^) + sin'* (sinfl- sin 4>) 
is (2n + l)J, 
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28. Find x from the following equation, 



29. Shew that one of the expressiona 

sm 1 :*. 2 sin * / ( ) 

a + c \ \a + c/ 

18 an odd nnltiple of ^ . 



30. Find all the positive integral solutions of 

tan~*a; + tan~*-=tan~* 3. 

y 

31. Shew that if c be a positive integer, the equation 

tan"* 05 + tan"* y = tan-* c 
has no positive integral solutions ; while the equation 

tan-* - + tan-* - = tan"* ~ 
X y c 

has as many as there are different divisors of 1 + c'. 



32. Prove that tan"*- =tan-* £i5-J^ + tan-* -^ 



c^-c. 



c^y + x c,c^ + l 

4- tan-* ^°""^' + + tan-* ^""^"-* + tan-* -i , 

where c^, c^ c^ are any quantities whatever, 

33. The sum of any number of angles 

. .1 2ab . , 2aV 

sm —3 — 7* , sm * 



a' + V' ~" a'» + 6' 
may be expressed in the form 

. , 2mn 
sm-* 



where m and n are rationcfi functions of a, 6, »',&', 

T. T. 14 
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34, Write down the general value of sin"^ ^ ^' , where m 
is an integer. 

35. Write down tl^e geixeral value of cos** \ ^' , whwe m 
is an integer. 



XIX, DB MOIVRE'S THEOREM. 

266. The student has already learned from Algebra that 
although the square root of a negative quantity is the symbol of 
an impossible operation, yet such roots are of use in mathematical 
invesiigatioDS. It is i^sual to adopt the convention that 

and that such expressions as a «/(- 1) shall be subject to all the 
laws of algebraical transformations. In the remainder of the pre- 
sent work it will be found that J('- 1) occurs very frequently in 
our investigations; we shall for the present assume that this 
expression may be freely used like any real algebraical expression, 
and hereafter we shall give some remarks on the question of the 
validity of demonsijrations which are obtained by the use of the 
symbol ^(- 1). (See ^Iso Algebra^ Chap, xxv.) 

267. De Maivre's Theorem. Whatever be the value of n posi- 
tive or negative, integrai or^fi^ietiomd, oo6n0 + jy(-l}si9n0 is 
one of the values o^{costf + jy(-l)si4fl}". 

Multiply coso + ,y(-l)sina by cos/} + ^(-l) sin/J; 
the product is 

cosa cos)8-sina sin^ + ^(-l){8ina ooB^ + cosa sin/3}, 
that is, cos (o + jS) +^(- 1) sin (o + jff) ; . 



1 
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multiply the last ezpressioii bj 

<50sy + ,y(-l)amy; 
the product is 

cos(a + /J + y) + ^(- 1) sin (a + j8 + y). 

By proeeeding in this way we obtain the product of any niun* 
ber of &.ctors of the form cos a + ^(— 1) sin a. Suppose there are 
n of these factors, each factor being cos d + ,y(- 1) sin ^; we then 
have 

{cos + ^(- 1) sin d}" = cos wd + ^(- 1) sin nO. 

This proves De Moivre's theorem when n is a posUive integer. 

Next, let n be a negadve iaUeger; suppose n ^^ m, then 
{cos tf + J{- 1) sin tf}- = {coe tf + ^(-. 1) sintf}— 

1 

'"{cosfl + ^(-l)sin«}"' 

"" cosmd + J{-1) BinmO ' 
mtiltiply both numerator and denominator by 

thus^eobteiu coemg^y(-l)am«,g 

cos md + sin" mO ' 

that is cos m0 - ,y(- 1) fiin m$; 

that is qob(--»i^ + ^(^1) sin (-»»*), 

or cos ntf + J(— 1) sin nft 

This proves De Moivre's theorem when 9i is a negative integer. 

Thus, since when n is any integer, 

{cos tf + ,y(- l)Bin «}•= cos n0 + V(- 1) sinntf, 
it follows that cos + ,/(- 1) sin is one of the values of 

{cos»fl + V(-l)»n^}S 
when n is any integer, 

14—8 
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Lastly, then, let n be a fraction ; snppose'w = -, then 

{cos « + V(- 1) »^ *}' = {^s ^ + >/(- 1) 8^ *}' 

= {cospfl + J{- 1) sinpfi}«, 
and one of the yalnes of the last expression is 

cos ^-- + J(- 1) sm^— . 

Thus De Moivre's theorem is completely established. 

268. We have shewn that when n is fractional, 
cos vA + ^(- 1) sin nO 
is (me of the yalnes of 

{cos^+^(-l)sintf}"; 
we shall now shew how aU the values of the last expression may 
be obtained. Suppose 7i = - • Now cos and sin 9 remain un- 
changed when is increased by any multiple of 2?r, while by put- 
ting + 2r7r instead of 0, and ascribing to r in succession different 
integral values the expression co&nO + ^(— l)sin?i^, assumes q dif- 
ferent values and no more. For suppose r successively equal to 
0, 1, 2, ?- 1 j ^en we obtain the series of angles 

pO^ p{e + 27r) pjO + JTr) p{e-^2q7r-27r) 

and we know that no two of these angles can have the same sine 
and the same cosine, because no two of these angles are equal or 
differ by a multiple of 2ir, (See Art. 93.) Hence we obtain 
q different values of the expression cosw.tf + ^(-l)sin«ft We 
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shall not in tbis way obtain mare than q different values, for if 
r = 8 + mq, where m is cmf/ integer positive or negative, 

cos n {0 *+ 2nr) and sin w (fl + 2nr) 
are respectively equal to 

cos w (tf + 28v) and sin w (d + 2 w). 
We can thus find q different values for the expression 
{co8fl + ^(-l) sind}«; 

that is, we can find q different expressions, which by being raised 
to the 5^ power, produce cos p6 + ^(— 1) sinpO. And it is known 
from the theory of equations that there are q values of x, and no 
more, which satisfy the equation af = c, where e is either real or of 
the form a + h ^(- 1); thus we infer that we know cUl the values 
of the expression 

{cosfl + V(-l)sintf}«. 

269. We proceed to deduce some important results from De 
Moivre's theorem. In the equation 

cos nO + V(- 1) sin wfl = {cos tf + ,y(- 1) sin tf}", 

suppose n a positive integer. Expand the right-hand member by 
the Binomial Theorem, and equate the possible and impossible 
parts of the two members; thus 

coswe = cos-fl-^^$^^cos-»tfsinVe 

n(w-l)(w-2)(w-3) 
li 

ain«g=nco8-'ggmg- '*^''~f^^*'"^^ coB-'gam'g 

If 
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270. The preceding formulee hold whether n be odd or even, 
but the last terms of the expressions on the right-hand side are 
different in the two cases, and it will be useful to distinguish the 
cases. 

If n be even, the last term of the expansion of 

{costf + ^(-l)sintf}" 

is possible, namely, {— ly sin" 0; and the last term but one is 
impossible, namely, »*(- 1) • cos tf sin""** 0, which may be written 
J{- 1) w (- 1) » cos ^ sin"~' 0. Thus when n is even 

n 

the last term of cos n6 is (-1)* sin" 6, 

and the last term of sinnO is w(- 1) « costf sin"~* A 
If n be odd, the last term of the expansion of {costf +^(- 1) sintf}" 

n 

is impossible, namely (-!)■ sin" 0, which may be written 

and the last term but one is possible, namely 

w(-l)« cos fl sin"-' ft 
Thus, when n is odd, 

^the last term of cos nO is n (- 1)"« cos 6 sin""' 0, 

and the last term of sin nO is (- 1) * sin" 0. 

271. From the formulas for anrtO and coa nO we can deduce 
an expression for tannO in terms of the powers of tan 6, 

sin n$ 



For tan n$ = 



cosn^ 



»co8-' d 8mg- "^"~?>^"~^> COS- e 8in»«+ ... 
" cos" & -^^^^ cos-' tf sin* i+~ 



1 . 
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Now divide both nnmeratoF and denominator of tliia expres- 
sion hj cos"0; thus we find for tan n6 the expression 



272. If n be even, the last term of the numerator of tajinO 
is n(-l) * tan''^^, and the last term of the denominator is 

n 

(— l)«^tan"ft If n be odd, the last term of the numerator is 

(— 1) > tan'tf, and the last term of the denominator is 

w(-l)^*tan"-'ft 

These results follow from those established in Art. 270. 

273. We may also obtain general formulie for the sine, cosine, 
and tangent of the sum of any number of angles which are not 
all equal. We hare seen (Art. 267) that 

{cosa + ,y(- 1) sin a} {cos/3 + ^(- 1) sin/3} {cosy + ^(- l)siny} 

= cos (a + /3 + y + ) + V(- 1) sin (a + )3 + y ). 

Now cos a + ^(- 1) sin a = cos a {1 + ^(- 1) tan a}, 

cos j8 + V(- 1) sin iS = cos j8{l + V(- l)*an /3}, 

thus we obtain 

cosaco8i8cosy...{l+V(-l)*a'na}{l+V(-l)tan)3}{l+^(-l)tany}... 
= cos(a + j8 + y+ )+ (-l)sin(a+)8 + y + ). 

Let 8i denote the sum tana + tan j3 + tany+ ; let s^ 

denote the sum of the products of the tangents taken two at 
a time; let 8^ denote the sum of the products of the tangents 
taken three at a time; and so on. 
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Then by multiplying together the Actors 1 + J{- 1) tan o, 

l+,v/(-l)tanft l+^(-l)tany, and equating possible and 

impossible parts we obtain 

cos(a + j3 + y+ ...) = cosa cos^ cosy ... {1-8^ + 8^-8^+ ...}, 

8in(a + j3 + y + ...) = cosa coaft coay ,.,{8^-8^ + 8^-8^+ ...}. 

By division, 

If w be even, the last term in the numerator is (— 1) * *,_i, 

n 

and the last term in the denominator is (- !)■*„; if w be odd, the 

n-l 

last term in the numerator is (- 1) ' «„, and the last term in the 

w-l 

denominator is(-l) ■ «,_j. If the angles a, j3, ... are all equal, 
the formula will coincide with that given in Art. 271. 

274. We shall now prove formulae for the expansion of sin a 
and cos a in series of powers of a. 

We have, when w is a positive integer, 
cosntf = cos-tf- ^^^^^cos-'tf sin'tf 

+ — ^^ ^-^-71 — — ^cos" *tf sm*tf- 

li 

Let w^ = a; and suppose n to increase without limit, and let 
B so change that n may remain a positive integer and nB be always 
equal to a; thus 6 must diminish without limit The preceding 
equation may be written 



cos a 



= cos-tf--^cos--«(^-^j 

^ a(a^g)(a^2g)(a>3g) ^.^,^ /dn^V^ 
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Now when n increases without limit, and^ therefore, dimi- 

, sin , - * . - . 

nisnes without limit, ^ is equal to unity, and so is every power 

- sin /sin tf\* ^ . , 

of —^ up to 1—^1 ; also cos $ IS unity and so is every power of 

cos ^ up to cos" (Art 150). Hence the above formula becomes 

- a a a 

cos a = 1 — : 



iT2''[l"[6-' 

Also 
sinn^ = ncos"-^gsing- ''^''"|^/''""^^ cos"^gsiD'^+ 

^- . ^i^sin^ a (a- d) (a- 2d) ^>,/sin«\' 
thus sma = acos"^'d— ^ ^^ j^^^ ^cos"^df -^J +... 

Hence, by supposing n to increase without limit, we obtain 



The results of this article are of the greatest importance; we 
shall make some remarks upon them in the next three articles. 

275. It must be observed with respect to the formulse esta- 
blished for the expansion of sin a and cos a, that a is the drcrdar 
measure of the angle considered; for it is only when an angle is 

estimated in circular measure that — g— is unity when $ is indefi- 

u 

nitely diminished It is easy to obtain the requisite modification 

of the formulse when any other unit of angular measurement is 

adopted. Thus, for example, 



where a is the circular measure of the angle of w®; thus a = ^q- , 
and we have 



218 D£ moiybe's theobem. 

nv 1 /ntr\^ 1 /nirV 

'"''•m-J»\m)*\i[w)- 

si,^, —•-i-Kw)"*0(wy- 

276. The series /or sin a a/nd cos a ore cofwergent for all 
values of €u 

The n^^ term in the series for sin a is ^-rd = — ; hence the 

I Jin — I 

numerical value of the ratio of the (n + l)^ term to the nf^ is 
- ; and whatever be the value of a we can take n so 



2»(2w + l)^ 

a* 

large that for such value of n and all greater values ^ =- 

shall be less than any assigned quantity; hence the series is con- 
vergent {Algebra, Art. 559). 

Similarly it may be shewn that the series for cos a is always 
convergent. 

277. The proof given in Art. 274 involves one point that 
may not at first appear quite satis&ctory. The (r + 1)*** term of 
cos a is strictly 

(- 1)' -^ ^-^ Yo — ^ cos"^ 6 sxirO; 

this we write in the form 

(- ly a(a-^)(a-2^)...(a-2rg-K9) ^^^ g /anA*- 

Now it is proved in Art. 150 that the limit of cos"^'tf is 
unity, and also that the limit of f ^ J is unity; the only ques- 
tion is whether the limit of 

a{a^e){a-2e)...{a^2re + e) . ^ 
[2r ^ [2r 

for all values of r. This is obviously true when r = 1 ; that is, 
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the limit of —^-^ — - is «•; and we can shew by induction that the 
required result is always true. For assume that 

where R diminishes without limit when 6 does so, so that the 

a*' 
limit of the right-hand member is —^ ; introduce a new factor 

a - 2rtf ,, 
2r-f-l 

a(a-g)...(a-2rg) _ j-g'^ ^W a 2rg ) 

f2^^+l" \[2r'*" Jl2r + 1 2r + lJ 

g*^^' jgg 2rg f<^"'.D). 

~|2r+j'*'2r + l 2r + ll[2r J^ 

and when B diminishes without limit all the terms on the right- 

hand side vanish except .-t^ •, which is therefore the limit of the 

^ [2r 4- 1 ' 

left-hand member. Similarly we can shew that when another 
&ctor — j5 5 — is introduced the limit is -^ — = \ and so on. 

278. The following example will shew how the series for 
cos B may be practically useful. Suppose two sides a and 5 of a 
triangle are known, and the included angle C ) if (7 be a veiy 
{Mu6e angle we can give a convenient expression for the third side 
of the triangle. 

For suppose ir - tf to be the circular measure of the angle C, 
so that B is very small; thus 

c" = a'+ 6"- 2a6 cos G = «• + 6"+ 2a6 cos B 

= «• + &•+ ^ah ( ^ "■ "g ) approximately. 
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Hence, by extracting the square root, 



? = (a + 6)| 1 - 2{a'¥by j aPP''o^°^*^7- 



EXAMPLES. 

1. Extract the square root of cos 4-4 ± ^(— 1) sin 4X 

2. Find the values of (- l)i 

3. Obtain the six values of (- 1)^. 

4. Find the three values of {1 + ^(- 1)}* 

5. Given —77—= 777^7.-, shew that is nearly the circular 

u isloo 

measure of 3^ 

6. Given sin ( ^ + ^ j = -51, find approximately the value of 
6y neglecting powers of above the second. 

7. If tana: = a: + -iV+ tf- + 

[3 [6 

shew that 

_ (2yt + 1) 2n (2^1 + 1) 2n (2n - 1) (2n - 2) 

8. If ^cottf = a^ + a,^' + a^^+... 
shew that 

« _^,^_?W:i. , (-irao ,(-i)\ 

l£ li |2/i + l [2n ' 

hence find OooiO to four terms. 

9. If 8ectf = a^ + a,d'+a^^+... + a^fl*"+... 
shew that 

a ,gaz.-gj^+....H (-^r''*» . 

[2 li L?^ 
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10. If COS 2a + ^(— 1) sin 2a be substituted for a in the ex- 

hc 

pression j-, — tt/ r> ^^^^ similar quantities for h and c, and the 

^ (a+6)(a + c) ^ ' 

result reduced to the form A-^-B J{- 1), find the values of A and 

B in terms of a, j3, y. 

11. Shew that 

{cos tf + cos ^ + J{- l)(8in tf + sin ^)}" 
+ {cos tf + cos^ -^(- l)(sin^ + sin ^)}" 

= 2-^cos-/j <50«-4-^^ 

12. Shew that if a: = e , and ^^(1 - c*) = wc - 1, 

13. Prove the following rule for finding the length of a 
small circular arc; from eight times the chord of half the arc sub* 
tract the chord of the whole arc, and one-third of the remainder 
will give the length of the arc nearly. 

14. From the identical equation 

{x — 6) (a; - c) (x - c) (a: - a) (x - a) (x - b) _ 
(a-&)(a-c) "^ (b-c){b-a) "^ (c ^ a) (c - 6) ~" ' 

deduce the following by assuming 

«=cos2tf + ^(-l)sin2e, 

and corresponding assumptions for a, b, and c ; 

sin(a — )8)sm(a-y) ^ ' 

sin (0 - y) sin (^ — a) . ^ ,^ ^ 

-t- . )o ^{ . ;^ (sm2(tf-)3) 

sm()8-y) sm(p-a) ^ '^' 

sin (0 - a) sin (0 - P) . ^ ,^ . ^ 
sm (y - a) sin (y - p) ^ 
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XX. EXPANSIONS OF SOME TRIGONOMETBICAL 
FUNCTIONS. 

279. Let oj denote cos tf + ^(-l) sin tf; then 

X cos ^ + J{- 1) sin el vv / y 

thus aj + -«2cos5, and a;-- = 2 ^(-1) sintf ; 

also a^ = {costf + ^(-l) ^n $}* ^ coa nO + J{-' l)sinwtf, 

Jl^^ 1 1 

»• {cos e + ^(- 1) sin BY cosne-^J{''l)Bmne 

= cos 7*fl — J{-^ J) sin n^ ; 
thijs a^-f -^=2cosntf, and a^ - -^ = 2 ^(- 1) sin ntf. 

We shall find this notation iiseful in the following investi- 
gations. 

280. To express cos"tf in terTns qf cosines qf nmUiples qf 
when nis a positive integer. 

2" cos" = f* + iy= a^ + m^-'. i + ^fcl>«-'. i + ... 

»(»-!). 1 11 

Now rearrange the terms on the right-hand side, putting 
together the first term and the last, the second and the last but 
one, and so on; thus we obtain 

but a^ + -s = 2 cosntf, a""' + ^prj = 2 cos (n - 2) 5, and so on; 
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therefore 
2"^ cos" tf = cos n^ + n cos (w- 2) tf +??^^^^^^ 

+ — ^ ^—r^ -^coa(w-2r)tf+... 

The last term of the series on the right-hand side will take 
different forms according as ti is even or odd. In the expansion 

of (x + -j by the binomial theorem there are ti + 1 tenns; thus 

when n is even, there will be a middle term, namely the (^ + l") , 
which is 

n(n-l) (n-jn^l) J I ^^ n(n-l)...(i» + l) 
it. «r Li!! 

Hence, when n is even, the last term of 2'~* cos* is 
n{n-l)...(in+l) 

When n is odd suppose it = 2m + 1 ; there are two middle 

terms in the expansion of (« + -), namely, the (wi+ 1)* and 

(wi + 2)"*; their sum is 

n(n^l),.,{n-m+l) / ^ 1 \ 
{m \ xj' 

Hence when n is odd, the last term of 2""^ cos" 6 is 

[4^^ ''^'^- 

281. We shall find that sin"0 can be expressed in terms of 
cosines of multiples of if ri be an even positive int^;er, and in 
terms of sines of multiples of if n be an odd posjitive integer ; 
this will appear in the following two articles. 
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282. To expre»8 sm"tf in terms of cosines of mvM'ples of 0, 
when nis cm even positive i/nteger, 

s!-(-i)5.to-«.(»-iy.^-«(".U5|^^-.jH.... 

Now rearrange the terms on the right-hand side, putting 
together the first term and the last, the second and the last but 
one, and so on; thus we obtain 

Therefore 
2-«(_l)isin"d=cosntf-»»co8(n-2)« + ^^^(co8»-4)d-... 

+ (-1)"— 5 '—r^ ^cos(»-2r)tf+... 

"^^ > 2[i« 

283. To express siu'^ in terms of sines of nvidtiples of $ 
when nisan odd positive integer. 

^ ' \ xj a; 1 . 2 «' 

Kow rearrange the terms on the right-hand side, putting 
together the first term and the last, the second and the last but 
one, and so on; thus we obtain 



EXPANSIONS OF SOME TBIOONOMETRICAL FUNCTIONS. 225 
and so on; therefore 



«-i 



1 • 2 ' 

284. If w be not a positive integer, the expressions for cos'tf 
and sin'tf in terms of the cosines and sines of multiples of ^ are 
very complicated. For these we may refer to Peacock's Algebra^ 
Vol. II. pp. 435—440. 

285. In Art 269 it is shewn that when w is a positive 
integer, 

cos nO = cos-tf - ^j^"^^ cos-*tf sin'tf 

w(7i-l)(w-2)(7*-3) ,.,^ . ,, 

+— ^^ -\l — — cos-*e sin*e - ... : 

- [4 

since sin*^ = 1 - cos'fl, sin* tf = (1 - cos'^*, 

and so on, it is obvious that cos nO can be expressed in terms of 
powers of costf; we will now give a direct investigation of this 
expression. 

286. To express coanO m a series of descending powers cf 
cos B when nis a positive integer. 

Let a = cosd + ^(-l)sind, 

T. T. 15 
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BO that a: + -=2cosfl, and aj" + —- = 2 cos wfl ; 

X or 

now (l'-zx)(l j = 1 - « f a; + - j + 2?* = 1 - « (c - «), 

where c = 2 cos 0. 

Take the logarithms of both members; thus 

log(l-«a:) + log^l-i) = log{l-«(c-«)}; 

therefore ac + | «*«' + i«V +... + - + ^-5 + ^-4+... 

= ^(c - «) + i«*(<j - «)* + J »' (c - «)• + ... + - «" (c - «)" + ... 

In this identity we may equate the coefficients of z\ On 

the left-hand side the coefficient' of z* is -(«" + -;): that is, 

n \ X / 

-cos 710; the coefficient of z* on the right-hand side must be 
n 

obtained by picking out the coefficient of s^ from the expansion of 
- «" (c — «)" and of the terms which precede it. 

n 

1 (^ 

The coefficient of «' in - «" (e - zY is - : 
n ^ '' n* 

this coefficient of «" in — ir^ — • is ^ In - 1) c""* : 

n-r-l 71-1 ^ ' ' 

the coefficient of z m — ^^ — jr^ is g-^ — r<i — - ^ i 

and generally the cofficient of «" in «""' (c - «)*^ is 

t^r (n-r)(»-r-l)...(n-2r + l) ^ 
n — 7* [r 
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Thus 2cos«tf = (2co8d)"-»(2co8«)-' + ^-^^(2cos^— - 

...■^(-l)^^(^-^-l)("-^-^)-(^-^-^l)(2co8<?)-+... 

The series on the right hand is to continue so long as the 
powers of 2 cos are not negative. 

287. It is obvious either from the above series or from that 
in Art. 269, that when n is an even positive integer cos nO can be 
arranged in a series of powers of sin* 0, Thus we may assume in 
this case 

cosnO = 1 + A^m^' 9 -}- A^sin^ + A^bid!^ + ... +-4,sin*fl. 

It is clear that the first term must be unify, because when 
^ = we have sin tf = and cos n6 = h Now we shall adopt an 
indirect method of determining the values of the coefficients 
A^, A^y Change into ^4- A; thus co&nO becomes 

cos w^ cos wA — sin wfl sin wA; 

now put for co^vh and sinnA their values in terms of 9iA by 
Art. 274; thus the above expression becomes 

QoanO — nksmnO ^ cos tiO + Ac. 

Again in the term A^ sin*" 6 change 6 into $ + h; we Jthus get 
A^^ (sin coah + cob sin A)% that is, 

^^(sin tf + A cos 5 - g- sin tf- ...)". 
If this be expanded in powers of h the term involving h' is 

^'^ ^'^f "" 2^^ sin'-'g cos'g -^r sin'-gJA'. 
Equate the coefficients of h' ; thus 
-^coswtf = il,{cos'fl-sin'«} + ii,{2.3sin«eco8*e-2sin*«} 

15—2 
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Now put 1 - sin* for cos' on the right-hand side ; then the 
term containing aia^'O will be 

( 2r(2r-l) ) (2r ^ 2) (2r ^ 1) , 

" ''( 1.2 ■^7'*"^«'+« — r72 — ' 

and this coefficient must be equal to that of sin^tf in the series 
for - 2" COS w^, that is, to - -^ -4,^; thus 

therefore ^ar+a = -7o tvttt^— m^*.- ' 

«"+« (2r + l)(2r + 2) * 

By means of this law we may form the coefficients in succes- 
sion ; we may consider ^^^ = 1 ; then 

3,4 ^ ^1.2.3.4' 
and so on. 

Hence, finally, 

coswd-l-r— j^sm'tf + -A_ — ^sin^g^"*^ v" ^^v* ^sin'g + ... 
Li I? 

In the above process by equating the coefficients of h we shall 
obtain 

-wsmwfl=^^2sintfcostf+il^4sin'tfcostf+..+^^2rsin*'-'tfcose+.. 
Substitute the values of J^, A^... ; thus 

When n is odd, we may start by ftag nmiTig 

sin n^ = ^jfiin tf + ^3 sin' tf + ii^ sin* tf + .\. + ^^ sin" 0; 
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then, by proceeding as before, we shall find 

smnO = nsmO ^^-7-5 — ^sm'fl + — ^^ ^-^ ^sin'^- ... 

If li 

cosng = cos(9(l-^sin»g-H^^'"^)i"'-^')sin-g-...| 

288. In the four formulsB obtained in the preceding article 
change into « -" ^ J ^^^^ ^^ have, if n be an even integer, 

(-1)* C0Sto5 = 1- -g-COs'tf + ^jj ^cos*^-... 

(-1)* sinwfl=wsmfl|cosd p^— cos'e4-^^ ^^ ^^cos'tf-..)-; 

and if n be an odd integer, 

(-1) « cosn0 = ncoad \^ — ^cos*tf+— ^^ 1^— ^cos*^-... 

If * L£ 

(-l)"-rsinn<> = sin^{l>!^cos-(9-f^^:^^^ 



MISCELLANEOUS EXAMPLES. 

1. Expand (sin d)*"^* in terms of cosines of mtdtiples of 0. 
2* Expand (sin ^)*"^* in terms of sines of multiples of ft 

3. Expand (cos 0)"* in terms of cosines of multiples of ft 

4. Prove that in any triangle 

a'cosj(^--C) h'coai(C-A) c'coajjA-B) 
coai{B + C) "*■ cos^{C+A) "^ cosi(^+^) 
= 2(ab + hc + ca). 

5. From the angles of a triangle ABC, perpendiculars ADy 
BE, CF are let fall upon the opposite sides; prove that 
aaii{BAD-GAD) + b^{GBB^ABJE) + csm{ACF-'BCF)=^0. 
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6. From A, B diKW ADy BD perpendiculars req)ectively 
to AC y BC* If p be the radius of the circle inscribed in ABD, then 

AB = p (sec -4 + sec J? + tan A + tan B). 

7. Three equal circles of radius a touch each other ; shew 
that the area of the space between them is 



{jz-iy. 



8. The area of a regular polygon insciibed in a circle is a geo- 
metric mean between the areas of an inscribed and of a circum- 
scribed regular polygon of half the number of sides. 

9. The area of a regular polygon circumscribed about a circle 
is an harmonic mean between the areas of an inscribed regular 
polygon of the same number of sides, and of a circumscribed 
regular polygon of half that number. 

10. If the side of a pentagon inscribed in a circle be c, the 

^^ ^ VPT"* 

11. Three circles whose radii are a, 6, c touch each other 
externally; prove that the tangents at the points of contact meet 
in a point whose distance from any one of them is 



\a + 6 + c/ * 



12. The sides taken in order of a quadrilateral whose opposite 
angles are suppl^nentary are 3, 3, 4, 4; find the area and the 
radii of the inscribed and circumscribed circles. 

13. The area of a regular polygon inscribed in a circle is to 
that of the circumscribed polygon of the same number of sides as 
3 to 4 ; find the number of sides. 

14. If the diameters of three circles which touch each other 
be a, b, c, and a, ft y be the chords of the arcs between the 2>oints 
of contact in each, shew that 



fe=(M)(r9(^^)- 



a/iy 
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—n~jf wlien 6 is indefinitelj 
diminished, is e. 

16. The two diagonals of a quadrilateral figure whose oppo- 
site angles are supplementary cannot be equal unless some one of 
the sides be equal to the opposite one. 

17. Two circles whose radii are a and b cut one another at 
an angle y; shew that the length of the common chord is 

2ab sin y 
^(a"+2a6 cosy + 6')* 

18. The radius of the circle inscribed in a triangle can never 
be greater than half the radius of the circle described about th« 
triangle. 



XXI. EXPONENTIAL YALUES OF THE COSINE 
AND SINE. 

289. If we expand e** and e""** by the exponential theorem 
we obtain 

If it were possible to make ^' = - 1, so that k*=l, k^==- 1, 
and so on, then the right-hand member of the first equation 
would be the expansion of cos a;, and the right-hand member of 
the second equation would be the expansion of sin a? (see Art. 
274). Hence we are led to these results, 
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The meaning of these equations is simply this; if we expand 
W^~*^ and e'V*"*)*, by the exponential theorem, in the same way 
as if ^(— 1) were a real quantity, we shall by the above formulsd 
obtain the known series for cos x and sin Xt 

These expressions for cos a; and sin a; are called the eapoTien- 
tial valvss of the cosine and sine. 

290. From the exponential values of the cosine and sine we 
may deduce similar values for the other trigonometrical functions. 
Thus, for example, 



tana; = 



^(-l){e'V(-^>+e-'VH)}' 



We shall now use the exponential values in establishing certain 
results. 

291. To eocpand $ in powers of tan 0. 

By Art. 290, V(" 1) tan <? = ^^,., ^ ^^^^., ; 

l4-J(-l)tantf 6M-»> ,^.,, 
*^^^^^^^ l>V(-l)tan^ = ?^ = ^^^ ''' 

Take the logarithms of both members; thus 

2flV(-l) = log{l+V(-l)tane}-log{l-V(-l)tan^} 

= 2V(-l){tantf«ltan»tf + gtan»tf-...|; 

therefore tf = tan tf - ^ tan' 6^-= tan* tf - . . . 
o o 

This is called Gregory^s Series, 

Let tan tf = a?, so that 6 = tan"* a?; 

thus tan~*a5 = a5 — ^aj' + ^ic*— ... 
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292. The preceding investigation is unsatisfactory, because it 
gives no indication of the extent to which the result may be relied 
upon as arithmetically intelligible and true. The n^^ term of the 

last series is ^—^ — = — : hence the numerical value of the ratio of 

the (n + ly** term to the n*^ is ^r ^, cxf : therefore the series is 

convergent if a; be less than unity (Algebra, Art. 559). The series 
is also convergent when x is equal to unity {Algebra, Art. 558). 
For values* of x greater than imity the series is not convergent, 
and is therefore not arithmetically intelligible. 

293. Moreover tan""* x has an infinite number of values corre- 
spondiDg to the same value of x, so that one member of what 
appears as an equation admits of more values than the other; 
this point is left unexplained in the investigation which has been 
given. 

The subject of series cannot be adequately treated without 
using the Diflferential Calculus. The student must therefore be 
referred to treatises on that subject for a satisfactory demonstra- 
tion of Gregory's Series. It is there shewn that so long as $ lies 

between — t and-, the result tf = tan tf-^rtan^ tf + ^tan*tf- ... 
4 4 o 

is absolutely true. (See Differential Calcultis, Chapter VII.) 

If, however, ^ = wtt + ^, where ^ lies between — - and -7, then 

4 4 

^=tan0-^tan'^ + ^tan*^- ... ; 
that is, tf- WTT = tan ^ - ^ tan' tf + - tan* ^ - ... . 

294. In Gregory's Series put ^ = 7 ; then since tan j = 1, 

TT - 1 1 1 1 

4 = ^"3"^5"■7"*■9"■•••• 
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This series might be used for calculating the value of ir; but 
it is very slowly convergent, so that a large number of terms 
would have to be taken to calculate ^r to a close approximation. 

295. EvleT^a Series, 

1 1 

tan~*^+tan~*^=tan-^— — = tan"* ^--j] 

XI. ^ 1 1 1 1 

thus T = s — li — ^s + 



4-2 3.2' 5.2* 7.2' 

1111 

+ 



3 3.3' 5.3* 7.3' 
296. Machmis Series. We shall first shew that 

2 
2 tan- 1 = tan-' — Ip = tan- ^ = tan-' ^ , 

10 

4tan - = 2tan^j2 = *^ — ^ = *^ U^ 

^ 144 

1 TT 

Hence 4 tan"* ^ ^ * little greater than -r ; suppose 

4 tan~* ^ = - + tan~* ai 

& 4 

,, 120 ^ /tt ^ _i \ 1+a; 

then ^— =tan(^j + tan «^j = yz^; 

from this we find x = ^^ . 
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■IT 1 1 

Therefore . = 4 tan"^ •= - tan~* -zr^^ 
4 5 239 

_ ,/l 1 1 1 , ) 

( 1 1 1 1 ) 

1239 3(239)' ^ 5(239)* 7(239)^ "**••'/• 

297. It may be shewn that 

thus |=4tan-'i-taii-'i+tan-'l. 

The series for tan"* =^ and tan~* jr^r are convenient for pur- 
70 99 

poses of numerical calculation. 

The value of tt has been calculated by two computers inde- 
pendently to 440 places of decimals (see Ladxfs amd GendemarCs 
Dia/ry for 1854, jjage 70, and for 1855, page 86). 

298. Given sin x = n sin (x + a), required to expcmd x in 
powers of n. 

Here e-Vi-*) - e-'V(-») = n {e<'-'*)V(- ») - e-('+*)V(-^)}, 

therefore e^'Vr*) - 1 = w {e(«'+«)V(-^) - e'^VC^)}, 

therefore e*'V(-^) {1 - weVC*)} = 1 - n^-^VC*), 

1 -7ie"*»V(-i) 
therefore e*'v(~*) = — .rnr- , 

therefore 2a? J{- 1) = log {1 - we""«V(-»)} - log {1 - we«V(-^)} 



therefore aj = nsina + -^sin2a + -5- sin 3a + 
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As an example, suppose a = tt — 2a:, then w = 1 ; thus 

a; = sin 2a: — K sin 4a; + ;r sin 6a; — -7 sin 805 +.. . 
^ o 4 

299. Given tan x = n tan y, required to find a series for x. 



therefore 






therefore ^^VH) = \. ( — 

= e^VH) X r; ^ ,. i> , where m = ^ ; 

thei*efore 

2a: V(- 1) = % V(- 1) 4- log {1 + 7n^-W(-»)} _ log {1 + Twe^VC^)} 

therefore a; = y--m sin2y + -j7-sin4y--^sin6y4- ... 

300. jTo ^nJ the coefficient of x" m the expcmsion oj e" cos bx 
in powers o/x. 

Here e" cos 6a; = ^ e- {e^VH) + ^Vt-^)} = | el'-^M-*)}- + ie{-»>A->)}-. 

Expand these two exponential expressions by the exponential 
theorem; then the coefficient of a;" is 

^[{a + hJ{-l)}' + {a-b^(-l)Y] 

iTow suppose -=costf, - = sintf, so that i^ = a'-hh\ 
r r 
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Thus tke coefficient of a;" becomes 

^■^i"?" ^^'^ ^ ■*■ '^^" ^^ ^"^ *^" + {cob tf - V(- 1) sin $]•] 

= ^ — i — ^ cos w. 
[n 

301. The series in Art 298 may sometimes be of assistance 
in the solution of triangles. 

We have sin ^ = - sin -4 = - sin (-5 + (7) ; ^ 

hence, by the formula, 

^ = -sin(7 + ^— gSin2(7+;r--ysin3(7+ ... 

If 6 be less than a the series is convergent, and if - be a small 

fraction a few terms of this series may give ^ to a sufficient degree 
of approximation; the series gives the circtdcir measure of B, and 
the measure in degrees or minutes or seconds may be deduced by 
Art 22. 

302. irwen two sides of a triangle and the included angle, to 
find a series for the logaritfrni of the third side. 

Suppose a and h the given sides and G the circular measure of 
the given angle; suppose b less than a, we have 

(j« = a' + 6» - 2ab cos (7 = a" + 6» - a6 {c^ VC^) + e-^Vf^l} 



^ «a«/l-^e^V<-»)Ul-^6-^V(-->)J; 
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thus 2logc=2loga + logil - ^e^VH)| + iog|l _^e-^V«-^)J 

= 2 log a - ^ |e^V^-^>+ e'<'^-A - ^ W-^>4:^^V(-^>\ - . . . ; 
therefore log c = log a — cos (7 — ^-5 cos 20 — o-i cos 3(7 -- . ., 



This series is convergent since h is supposed less than a, and 

- be small a f 
a 

of approximation. 



if - be small a few terms may give log c to a sufficient degree 



EXAMPLES. 

1. Apply l!he exponential values of the sine and cosine to 

shew that 

sin -4 A 

= ^ = cot -5^ , 

2. If the sides of a right-angled triangle be 49 and 51, shew 
that the angles opposite tp them are 43® 51' 15'' and 46* 8' 45" 
nearly. 

3. If the angle (7 of a triangle be given, and the other two 
adjacent sides a, b be nearly equal, shew that the other angles are 
nearly equal to 



2 flria + 6 2 3\a-hb 2/) 



4. In any triangle, if ul — 5 be small compared with (7, 

^=54-2^sin5 + ^?^ysin2^nearIy. 

5. If a and b be the sides of a plane triangle, A and JB the 
opposite angles, then will log (—log a 

= cos 2^1-008 25 + ^ (cos 44 -cos 45) + g(co8 6-4 -COB 6-5)+... 
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6. Sliew that 77 = ^ — ^r + — z- 4- 



8 1.3 5.7 9.11 

7. If il4-5V(-l)=log{m + w^(-l)}, shew that 

tan ^ = — , and 2 A = log (/&' + m'). 

8. Reduce cos {tf + V(- 1)} *<> *^e ^orm a +^ V(- 1). 

9. Reduce sin {tf + ^ ^(- 1)} to the form a + PJ{- 1). 

1 . 

10. Reduce {a + b ^(- l)}i'-^w^-^) to the form a + ^ ^(- 1). 

11. Reduce {a+V(-l)+c«^^""'^}'^^^"'^ to the form a+^^(~l). 

12. Prove that 

{sin {a -6) + c*«V(-i) sin tf}" = sin"-* a {sin (a - w«) + e*«V(-^> sin ntf}. 



XXIL SUMMATION* OF TRIGONOMETRICAL 
SERIES. 

303. To find the vurn of the siine^ of a eeriea of cmglea which 
a/re in (vrithmstical progression. 

Let the proposed series consist of the following n terms, 
sin a + sin (a + )8) + sin (a f 2)8) + ...+ sin {a +(71- 1))8}. 

We have 



cos 



<)08 



cos 



fa - -^ )8 V- cos Ta + ^ )8 j = 2 sin g )8 sin a, 

(a + J ^) - cos (a + I /j) = 2 sin 1 /? sin (a + ^, 

(a + I ^ - cos (a + I iS) = 2 sin 1 )8 sin (a + 2j8), 



COS ( a+ 
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Let S denote the sum of the proposed series; then, by addition, 
i(a-|i3)-cos(a + ^^i3)=2^sinl)8; 

cos U - - ^ j - cos (a + — g— PJ 



cos 



therefore S = - 



Zdnj^ 



h"-i-'& 



sin ( a + — s- p 1 sin -^ 



^ 1 
sin;5^ 



304. To find the sum of the cosines of a series of angles 
which ore in arithaieticcU progression. 

Let the proposed series consist of the following n terms, 
cos a + cos (a 4- /3) + cos (a + 2/3)+ ... +cos{a + (w- 1))8}. 

We have 

sin f a + -s)8j-sinra — ^ /3j = 2 sin ^j3 cos a, 

sinra + 5)8j-sinra + ^ i^ j = 2 sin 5 j3 cos (a + /3), 

sin fa + ^ j8j-sin^a + ^ i8) = 2sin ^ )8 cos (a + 2)8), 

sm(a+-?^)8y~sin^a + ^^)8)=2sin|/?cos{a+(n-l)^^^ 
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Let S denote the proposed series ; the&y 1^ luld&tiont, 

in(a+?^)8)-Bin^a-l^)=2^siii^i8; 



sin 



sin 
th^refbte S = 



cos 



iun^^ 






1 

305. The series in Art. 304 may be deduced from that in 
Art. 303 by writing a + ^ for a; the sums of these series are re- 
quired so often in the solution of problems^ that the student 
should be able to quote them from memoiy. As we have just 
intimated, if the first result be known it is sufficient, since the 
second can be obtained fk'om the £b^t by c^axigmg. sme into eomie 
in the first factor of the numerator. It will be seen that the 
results are obviously correct wheti »=1^ mad when n=2; thus 
there is a test of the accuracy with which the formulas are quoted. 
The cases in which p = a may be^speoialiy nofaoed; we have then 

. Ti- + 1 . na 
sm— -asm — 

sin a + sin 2a + sin 3a -f... 4- sin na =y , 

a 
smg 

n + 1 . na 
c<JS-y-asm — 

cos a + cos 2a + cos 3a + ... •t-cosna = 

. a 

306. We may now deduce the sum of the following n terms : 
tttna-sin(a + /8) + sin(a+2)3)-...+(-.iy-*8in{a + (n-.l)/5}. 
t. T. 16 
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This series may be written 
sin a + sin (a.+ )8 + ir) + sin (a + 2j8 + 27r) + ... + sin {a + (w-l)(/8 +«•)}. 

We have then only to change P into )8 + tt in the result of 
Art, 303. 

sin < a + ^ ^^- ^ Ui]i--^il — L 

Hence the required sum is ^ ^ . 

Similarly 
cos a - cos (a + )8) + cos (a + 2)3) -...+(- 1)"" * cos {a + (w - 1) P\ 

, C0S-^a + ^ '-^ /Ism—^^^- — l 

sm^ 

307. To find the sum of the following n terms, 
cosec X + cosec 2x + cosec 4a5 + cosec 8* + . . . + cosec 2"~* x, 

X 

We haye cosec aj = cot -^ - cot a;, 

cosec 2x = cot a; — cot 2a;, 



cosec 2"-'aj = cot 2"-*aj - cot 2"-'a;. 
Let S denote the proposed series; then, by addition, 
iy = cot|-cot2"-'iB. 



308. Tofimd the sum of the folhunng n terms, 

tan a? + 2 tan - + 2« tan g, + ... + 2^ tan gii^i • 
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We have tan x = cot 05 — 2 cot 2x, 

1. a? 1 .a? . 
^tan- = gCot^--cota;, 

X flu 1 X \ X 

ptanp=pcotp-2cot2, 



1 X 1. alS 1 if 

2^ tan 213 =—, cot 2^5 - 2^5 cot 2^ . 
Let S denote the proposed series; then, by addition, 
^=-2i::iC0t2^,-.2cot2«. 

The term -^ <>ot ~ = Icos fi 4^, where ^8= ^.; if we 

suppose n to increase indefinitely, cos 8 = 1. and -^^ = 1. 

Thus the limit of the proposed series, when n is indefinitelj 
increased, is — 2 cot 2a?. 

X 

309. To find the sum of the following n terms, 

sin a + c sin (a + /8) + c" sin (a + 2)3) + ... + c"^ sin {a + (tj — 1) )8}. 

Let S denote the proposed series ; substitute for the sines 
their exponential values, and let h stand for ^(— 1) \ thus 

We have now two geometrical progressions; thus 
1 _ cg^* 1 _ ce-p^ 

16—2 
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therefore 

sin a — c sin (a — )8) — c* sin (a 4- nfi) 4- c*"^* sin {a + (n - 1) pi\ 
"""" l-2ccos)8 + c* ' 

If c be less than unity, then when n is indefinitely increased 
c" and c*^^ diminish without limit; hence if c be less than unity, 
the limit of the proposed series when n is indefinitely increased is 

sin a — c sin(a — ^) 
l-2ccos)8 + c' 

Similarly we can shew that 

cos a + c cos (a + j3) + c' co«L(a + 2 j8) + . . . + c*"* oos {a 4- (n - 1 ) )8} 

cos a - c cos (a - )8) - c" cos (a + nP) 4- c""^* cos {a 4- (w — 1) P} 

1~2€C08)8 4-C* • 

This i^ult may also be obtained firam the. preceding by chang- 
ing a into a + o • ^^ ^ b® less than unity the limit of the proposed 
series, when n is indefinitely increased, is 

cos a - c cos (a - )9) 
1 - 2c cos )8 4- c* ' 

310. To sam; the infinite series 

csin(a + )8)4-Y-^sin(o + 2)8) + r^sin(a4-3)8)+... 

Let S denote the proposed series ; substitute for the sines 
their exponential values, and let k stand for iji^— 1); thus 

2&? = ce(*+«*4-^e<*+^* + j4«<*^^*'+.*. 



= e^{i««_ l}_«-rf{e«-'*_ 1}, 



SUMMATION OP TRIGONOMETRICAL SERIES. 246 

Now 6^ = cosj8 + A;Bin)8, e^^*=co«^-*smj8; 

thus 2kS = efiCoap+Ma+cBinp) _ gCOs/3-|j(a+csin/3) _ (g<* _ g-i*^ 

~ ^ccot/i ^^{ateanpi _ ^-A(«+«»iii^) J — gjfc sin a; 
therefore S = e<^^»P ain (a + c sin j8) — sin o. 

Similarly ii may be shewn that the sum of the infinite series 

c cos (a + )3) + y-^ COS (a + 2)8) + -r^ cos (a + 3)8) + . . . 

is gccos^ cos (a + c sin )8) - cos a. 

This result may also be obtained firom the preceding by chang* 
ing a into a + -j: . 

311. We shall not solve any more examples of the summa- 
tion of Trigonometrical Series; tiie student will find more e:xercifie 
of this kind in the collection of examples for practice. In 
many cases the summation is effected by the artifice which is 
employed in Arts. 307, 308, by which each term of the pro- 
posed series is resolved into the difference of two terms. Practice 
alone will give the student readiness in effecting such transforma- 
tions. If he cannot discover the necessary mode of resolution in 
any example, he will find no difficulty in recognising it when 
he sees the result of the summation given in the collection of 
answers. Thus, for example, required the sum of the following 
n terms: 

sec a sec 2a + sec 2a sec 3a + sec 3a sec 4a + ... + secwa sec (n + 1) a. 

The residt is oosec a {tan (n + 1) a - tan a} ; and 6y puMmg 
n = 1 this suggests the necessary VransformaAion^ namely, 

sec a sec 2a = cosec a {tan 2a — tan a} \ 

then, sec 2a sec 3a = cosec a {tan 3a ~ tan 2a}, 

and so on. 
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312, The student who is acquainted with the Differential 
and Integral Calculus, will be able to deduce numerous series 
from known series by differentiation or integration ; and when the 
results are obtained they can frequently be established by more 
elementary methods. Thus, for example, differentiate both mem- 
bers of the equality established in Art. 308; then 

a 1 -aj 1 -aj 1 . . a; 

sec' a; + ^2 sec* ^ + ^ sec* ^i + • • • + ^tizs sec' ^^ 

= - ^si3 cosec* 2""^ a? + 4 cosec* 2x. 

Again in Art. 309 put a = P; thus 
sin a 



= sin a + c sin 2a + c* sin 3a + c* sin 4a +. . . 



1 — 2c cos a + c' 
Integrate with respect to a; thus 
- 9* log (1 - 2c cos a + c') = cos a + ^ cos 2a + -^ cos 3a + j cos 4a +. . . 

No constant is required; for when a is zero both sides are 
equal. 

EXAMPLBS. 

1. Find the sum of n terms of the series 

sin'a + sin*(a + j8) + sin*(a + 2)8) + ... 

2. Find the sum of n terms of the series 

sin'a + sin' (a + j8) + sin® (a + 2j8) + ... 

3. Find the sum of n terms of the series 

cos* a + cos* (a + j8) + cos*(a + 2^)+ ... 

4. Shew that 
sin tf + sin 3^ + sin 5^ + , . . to w terms 



tanwtf = 



cos 6 + cos 36 + cos 5$ + ,.. to n terms ' 
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5. Sum to n tenns the series 

cos cos(tf H- a) + cos(tf + a)cos {6 + 2a) + cos(fl + 2a) cos(0 + 3a) +... 

6. Shew that 

. sm — sin 20 + sin 30 — ... to 91 terms _ n+1 , ^. 
cos 0- cos 20 + 008 30 -... to 71 terms ~ 2 ^ \ 

7. Sum to n terms the series 

•sin (» + 1) cos + sin (?» + 2) cos 20 + ... 

8. Sum to n terms the series 

sin a sin 2a + sin 2a sin 3a + sin 3a sin 4a + . ., 
and thence deduce the sum to n terms of the series 
1.2 + 2. 3+3.4+... 

9. Sum to n terms the series 

sin 30 sin0 + sin60sin20 + sinl20sin40+ ... 

Sum to infinity the following series contained in the examples 
from 10 to 16 inclusive : 

1/v '^ COS0 ^^ cos*0 „^ cos'0 .^ 

10. oos0 + -^cos20 + -y-2-cos30 + -j-o- cos40 + ... 

- , . ' . sin 20 sin 30 

11. sin h 

1.2 [3 

... cos 20 cos 49 

3 4 5 

13/ 2oOS0+sCOS*0 + 7> COS'0+ - CO8*0 + ... 
J o 4 

\ 

. . . sin 20 COS* sin 30 cos* 

14. sm0cos0 + =—2 + To +••• 

,^ .. ^ 8in0 ^^ sin*0 «- 

15. sm0 + -^,— cos20+ , ^ cos30 + ... 

I I.J 

16. ..Shew that COS0- 2^08 20 + ^00830-... = log ^20082). 
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11 1 

17. Shew that cos 2fl + ^ cos 6fl + ^ cos lOtf +. . . = ^ log (cot 0). 

18. Shew that 

. ^ a;* sin 20 af sin 30 ^. /cosec $ ^ A 
XSOlOt- — + s ...=cot M ^^cot4). 

19. Shew that 

log cos tf + log cos g + log 009 gs + . . . = log /^^IjpV 

. Sum the following series to n terms contained in the exam- 
pies from 20 to 33 inclimye : 

sin^j +2sin-5f sin-jj +4sin2(8in^j + ... 

6 ^ e 6 ^ e e 

21. tan TT sec 04-tan-7 sec ^ + tan -sec -t + ... 

2 4 2 o 4 

22. cot e cosec tf + 2 cot 2$ cosec 20 + 2' cot 2'tf cob^ 2V -i- ... 

no 1 1 1 

OQ ___________ JL. J J. 

wa.6faii.i6 wa.26asi.Z6 sin 30 sin 40 

, 1 1 1 

'^** sin cos 20 ■*" cos 20 sin 30 "^811130 cos 40 ■^•" 

26. tan-^^l^ + tan-^-^ + tan-3^^. + ... 

26. tan-« + ton-^-^-j^+tan-^^^^^+... 

a . 3a . a 3a 

27. sina sin3a + sin^«in — + sin ^ ^^ot + — 

^^' COS0 + cos30 "^ costf 4- co85tf "^ cos e + cosTtf 

sintf sin2g sin 30 ^ 

cQsT(9 + cos **" cos 40 + cos "^ cos 60 + cos 
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30 81^^^ 3«in3g 3'mi3'0 

31. cot"* (2a"' + a) + cot"' (2a"' + 3a) + cot"' {2a'^ + Sa) 

+ cot"'(2a"' + 10a) + ... 

32. ^sec e + ^sectf sec 2tf + 55 sec tf sec 2^ sec 2*^+ ... 

^3- 2logtan2d + plogtan2*tf + ^,logtan2'e+... 

34. An equilateral polygon is inscribed in a circle and from 
any point in the circumference chords are drawn to the angular 
points; find the sum of the squares of the chords and the sum of 
the fourth powers of the chords. 

3d. Circles are inscribed in triangles, whose bases are the 
sides of a regular polygon of n sides, and whose vertices lie in one 
of the angular points ; shew that the sum of the radii is 

2.(l-«sin-^). 

where r is the radius of the circle circumscribing the polygon. 

36. Circles are described in triangles whose bases are the 
sides of a regular polygon of n sides and whose vertices lie in one 
of the angular points; shew that the sum of the areas of the 
circles is 






where r is the radius of the circle circumscribing the polygon, 

37. Shew that if 71 be a positive integer 
{n + l)nsm$ + n{n-l)am20+(n-l){n-2)fa&36+.,.+2,lsmn0 
n(n + 3) '0 1 ^ec 3$ 2»+3.) 
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XXIII. RESOLUTION OF TRIGONOMETRICAL 
EXPRESSIONS INTO FACTORS. 

313. It is known flrom treatises on the Theory of Equations 
that the expression a"— 1, where w is a positive integer, can be 
resolved into n factors, each of the form a? — a, where tt is either 
a real quantity or an expression of the form a-^-jS J(- 1), wiere 
a and j8 are real; and there is only one such set of factors. "We 
proceed now to resolve the expression x* - 1, and some similar 
expressions, into component factors. The factors of the expression 
a;" — 1 are found by solving the equation a" — 1 = ; every root of 
the equation a determines one £ix;tor of the expression, namely 
x — a. 

314. To resolve x** — 1 into /actors* 

The expression cos ± ^(— 1) sin , whei*e r is any in- 
teger, is a root of the equation a?" = 1 ; for the n^ power of this 
expression is by Demoivre's Theorem cos 2nr ± J{— 1) sin 2r7r, 
that is 1. First suppose n even. If we put r = we obtain a 

real root 1, and the corresponding factor is a? — 1 ; if we put ^ = « 

we obtain a real root -- 1, and the corresponding factor is a: + 1. 

If we put for r in succession the values 1, 2, 3, ... o — 1 we 

obtain n — 2 additional roots, since each value of r gives rise to 
two roots. These roots are all different, for the angles are less 

than TT and all different, and thus cos — cannot have two co- 

n 

incident values. 

Therefore a" - 1 = (a; - l)(a: + 1) P, 
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where P is the product of n — 2 factors obtained hj ascribing to r 

in succession the values 1, 2, 3, ... ^ — 1 in the expression 

2*^ // i\ . 2r7r 
X — cos =F J{— 1) sin . 

The two fiustors 

2r7f ,, _. . 2r7r , 2rir „ -v . 2r7r 
as - cos : Ji— 1) sin , and x— cos + Ji— 1) sin — , 

produce by multiplication the possible quadratic factor 

(X - cos ) + sin* , that is, of—2x cos + 1. 
n J n n 

Hence when n is even 
«"-l==:(a;-l)(a;4-l)(a;'--2a;cos^ + iya;*--2a;cos*% iV.. 

. ...|a:.-2a:cos(-?i=i^+^^ 

Secondly, suppose n odd. The only real root of x*=l is 

now 1 ; the other w — 1 roots are obtained by giving to r in suc- 

w— 1 
cession the values 1, 2, 3, ... — ^ in the expression 



2r7r ,/ ,x . 2rir 
cos — «fe Ji— 1) sin . 



Hence when n is odd 



c"- 1 == (a?- 1) To;*- 2a; cos --^+ 1 Va;*- 2a? cos — + 1 v.. 

{««-2a:co3^!i:^+l}|a:'-2a:co8^^+l}...(2). 



315, To resolve x" + 1 into factors, 

2r + 1 
The expression cos tt «*= ^(— ] 

any integer, is a root of the equation a* = — 1 ; for the n^ power 



rm. • 2r + l ,, ,. . 2r+l - 

The expression cos tt «*= ^(— 1) sin -tt, where r is 
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of this e:iq>ression is c6B(2r+l)ir=fc<y(-l)sin(ar + l)ir, by De 

Moivre's Theorem, that is, — 1. First, suppose n even ; there is no 

real root of the equation a?" = -l ; the n roots are all imaginary, 

and are found by giving to r in sucoession the values 0, 1, 2, 3,... 

« 1 . XI. • (2r+l)a- ,, -. . 2r+l 
•^ - 1, in the expression cos ^ — «fc ^(- 1) sin ir. 

The two &ctors, x - cos w - J(— 1) sm ar, 

n ^^ ' n 

, 2r4-l „ -, . 2r+l 
and a; — cos ir + J[— 1) sm «•, 

produce by multiplication the possible quadratic factor 

/ 2r + l V . ,2r+l ^, • . , „ 2r+l - 

( a: — cos IT ) + sin' -tt, that is, or — 2x cos ir + 1. 

\ n J n n 

Hence when n is ev£n 
x"+l = (a;'-2a;cosJ+lV««-2a;co8^+lVa^-2aH50s— +1^ 

...rg*-2a;cos ^'^ ir+lj Tie* - 2a; cos —^ ir+lj ...(1). 

Secondly, suppose w odd. The only real root of aJ^= — 1 is 
— 1 ; the other n—l roots are obtained by giving to r in succes- 

sion the values 0, 1, 2, 3, ... — 5— in the expression 

(2r+l)7r ,, ,, . (2r+l)ir 
cos^ '—d^ J(- 1) sm^ '—. 

Hence when n is odd 

a- 4- 1 = (« + !) ^a'~2a; cos% lVa«-2a; cos^+ lY.. 

...(a^-2acos^!^7r+lVaj*-2a;cos^^ir-fl) (2). 

316. The four formulae established in the two preceding 
articles are identically true; we may deduce many particular 
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results by supposdng particular Tallies assigned to x. Thus in (1) 
of Art 314, divide both sides by x—\] the quotient on the left- 
hand side will be »""* + af"* -f ... +«+ 1. Now put x^\ ; thus 
when n ia even 

n = ZM 1 - cos — J f I - cos — J ... f X - cos TT j( 1 - cos iryy 

and by extracting the square root 

Jn = 2* sin — sin — ... sin-^ — irsin-^? — ^ (1)- 

*^ n n 2n 2n ^ ^ 

The positive sign of the radical must be taken on the left- 
hand side, because the right-hand side is obviously positive. 

Again, in (2) of Art. 314, divide both sides by a;-l, and 
afterwards put a; = 1 ; thus when n ia odd 

^^/^ 2ir\/^ 47r\ A n.-3 Vt w-1 \ 
n = 2 * fl-cos — jf I-cos — J... ( 1-cos xjn-cos ttJ; 

and by extracting the square root, 

Jn=2* sm-sin — ...sin -5 — irsin-s — ir (2). 

^' n n 2n 2n ^ ' 

Again, in (1) of Art 315, put a; = 1 ; thus when n ie eoen 
2=2i(l-co8^)(l-oos^)...(l-co8^»)(l-cos!i^^^); 
and by extracting the square root. 



•-I 



3ir . w.— 3 . n — 1 



1=2. ain^dn-...sm^^»8m^^» (3). 

Again, in^ (2) of Art 315, put a^^ 1; tiius when n ia odd 
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and bj extracting the square root, 

, ^!!=i . TT . Stt , n-i , n-2 ... 

1 = 2 ^ sin^r- sinjp- ... sin-^r — 7rsm-r — ir (4). 

2n 2n 2n 2n ^ ' 

Four other results may apparently be deduced from the four 
formulsB of the two preceding articles by putting a? = - 1 ; but it 
will be found on trial that these results do not differ really from 
those already deduced. Thus, for exampl^e, in (1) of Art. 314, 
divide both sides by a: + 1, afterwards put a? = — 1, and extract 
the square root; thus when n is even. 

, *;l IT 27r n-4 w-2 

Jn = 2 » cos - cos — ... cos —^ — ttcos —tl — tt: 
^ n n 2n 2n ' 

this however is the same result as that in (1) of the present arti- 
clej the factors on the right-hand side being merely differently 
arranged; for 



IT .w-2 27r .w-4 

cos- = sin-„ — TT, cos — = sin-rr — w, 

n 2n n 2n 



317. To resolve x**- 2x*' cos ^ + 1 irUo factors. 

If cos tf = 1 the expression becomes (a;" - 1)', and if cos tf = — 1 
it becomes (a" + 1)*; inr these cases the resolution into factors is 
effected by what has already been given in Arts. 314 and 315, and 
we will therefore suppose these cases excluded from what follows. 
If we put 

a5*'-2a;"cos^ + l = 0, 

we obtain x* = cos ^ J{- 1) am ; hence x is an w* root of 
cos + ^(- 1) sin ^; the n^^ roots are found from the expression 

cos ± ^(- 1) sin by ascnbmg integral values to r, 

for it is obvious from De Moivre's Theorem that the w*^ power of 

the last expression is cos (2r7r + tf) ± ^(- 1) sin (2r7r + 0), and if r 

be an integer this reduces to cos 0^J{- 1) sin d. If we ascribe 

Ito r in succession the values 0, 1, 2, ... w — 1 in the expression 

2nr + $ „ , V . 2r7r + ^ 
cos — - — «fc^(-l)sin we obtain 2n different values for 
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tlie expressioiL For if r = jp and r=^q could give the same value 
to the expression we should have 

cos-^- «fc^(-l)sin-^^- = cos-^ «fc^(-l)8in--^^ : 



now by Art. 93 we cannot have cos -^^- = cos-^ and 

n n 

, 2pir + 6 . 2qTr + $ .^ . , . .,, ^, ^ 

sm-^ = sin -2 ; it is also impossible that 

2o7r + ^ 2qTr+0 , . 2o7r + tf . 2qir + 

cos — = cos — and sin -^ = — sm — , 

n n n Tk 

for that, by Art. 94, would require -^ — + — to be a multi- 
ple of 27r, so that would be a multiple of ir, and this value of $ 
has been expressly excluded above. Thus we obtain 2n different 
values of x. Also the two &ctors 

2nr-h9 „ -. . 2nr+0 2rTr+9 ., .. . 2r7r+$ 
»— cos ^{— l)sm , a?— cos +^(— l)sin 

give by their product the real quadratic factor 

/ 2nr + e\* . a 2r7r + tf ^, ^ . , „ 2TTr •¥ - 

( a; — cos 1 + sin , that is, as — 2x cos + 1. 

\ n J n . ^ n 

Thus «*•- 2a;" costf 4-1 
= Ta*- 2a: cos - + iVa;*- 2a: cos -^^ + 1 Va:*- 2a: cos -^^ + 1 j 

318. We shall now deduce some important results from the 
preceding general theorem. Suppose x.= 1 ; then 

/, 2'n/n' - 27r + ^ 
...(^l_eo8— ^j j. 
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Let 0=2n<l> and ~ = cc; extract the square root; thus 
sfc8m«<^ = 2""*siii<^sin(2a + <^)sin(4a + ^) sin (2?ia - 2a + ^). 

We shall now prove that the upper sign must always be taken 
on the left-hand side. First, suppose ^ to lie between and 2a; 
then every factor on the right-hand side is positive, and so is 
sin n^ Next suppose ^ to lie between 2a^ and 4a; then evesy 
factor on the right-hand side is positive except the lastj and 
sinn<^ is negative. Next suppose ^ to lie between 4a and 6a, 
then evefy factor on the right-hand side is positive eoBoept the kut 
ttvo, and sinn^ is positive. By proceeding in this way we see 
that for every value of ^ between and 2wa, the tipper sign must 
be taken, so that we have /or all values oftf^ between and if 

sin 9K^ = 2""* sin <^ sin {2a + ^) sin (4a + <^) sin (2wa— 2iDt + ^). 

We shall next shew that this formula is true for all values 
of <^; for suppose <^=w»x + ^ where m i» any integer, positive 
or negative, and ^ is between and tt; then we know that 

sin fii/r = 2""^ sin ^ sin (2a + ^) sin (4a+ i/r) sin (2wa- 2a + ^); 

but sin w^ = sin (n^ — ivnrvtr) — sin n^ cos mnit = (— l)**^sin rUp, 

sin^ = sin (<^ — m7r) = sin ^ cosmTr = (- l)'"sin ^ 

sin (2a'f ?^) = sin(2a+<^-m7r)= sin(2a+ <^)cos7?i7r = (-l)'"sin(2a+^), 

and so on. 

Substitute these values of sinn^, sin^^ sin(2a-(*</r), ...... in 

the formula which expresses sin n^ in fkctors ; then divide both 
sides by (- 1)"" and we obtain the required formula* for siari^, 
whatever may be the value of <^ 

In the expression for sin n^ change <^ into ^ + a; then n^ i9 

changed into n<^ -f ^ ; hence 

co8n<^ = 2*"* sin(^ + a) sin (<^ + 3a) sin (^ + 5a). ..sin (2na-a + ^). 
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In the last result put <^ = 0; thus 

1 — 2""^ sin a sin 3a sin 5a sin(27ia-a), 

where a = ^r- . 

Again ve have 

— r-^= 2""* sin (2a + <^) sin (4a + <^) sin (2wa - 2a + <^); 

now let <l> diminish without limit : then since the limit of — ; — -? 

8m<^ 

is n we obtain 

n = 2"~*sin2a sin 4a sin 6a sin (2?ia ~ 2a). 

These two formulae are sometimes useful. 

319. The expression for 8in9i<^ in Art. 318 maj be put into 
a different form ; for 

sin (2na - 2a + ^) = sin (tt - 2a + <^) = sin (2d - <^), 
sin (2na — 4a + <^) = sin (tt — 4a + ^) = sin (4a — ^), 
and so on. 

Then by multiplying together the second factor and the last, th« 
third and the last but one, and so on, we have 

sin w<^ = 2""^ sin ^ (sin* 2a — sin* ^)(sin* 4a — sin* ^) . .• 

It will be necessary to examine separately the cases when n is 
eyen and when n is odd. 

First suppose n even; then the fiwtor sin(wa+^), that is, 
cos ^, will occur without any factor to multiply it ; hence if w be 
even, we have 
sin 71^ = 2"" * sin <^ cos <l> (sin* 2a - sin* 4) (sin* 4a - sin* ^) . . , 

. . . {sin* (» — 4) a — sin* ^} {sin* (n - 2) a — sin* ^}. 
Next suppose n odd; then we have 
sin w^ = 2"~* sin <^ (sin* 2a - sin'^) (sin* 4a — sin* ^)... 

... {sin*(w - 3) a - sin* ^} {sin*(w - 1) a-sin*^}. 
Similarly from the formula 
cos7i^ = 2""* sin(^+ a)sin(^ + 3a)sin (^ + 5a) ... sin (2wa- a + ^) 
T. T. 17 



258 BESOLUTION OP TRIGONOMETRICAL 

we obtain if w be even 

cos Tuj} = 2""** (sin* a ~ an* <^) (sin* 3a — sin* ^). . . 

... {sin*(w-3)a-sin*^}{sin*(w-l)a-sin*^}; 
and if n be odd, 
cos n^ = 2""* cos ^ (sin* a — sin* ^) (sin* 3a — sin* ^). . . 

. . . {sin* (w - 4) a - sin* ^} {sin* (w - 2) a - sin* <f>}. 

320. We can now resolve sin and cos 6 into their factors. 
Suppose n<l> = $ and that n is odd; then by the preceding article 

sin tf = 2'"* sin - (sin* 2a -sin*-) ( sin* 4a - sin* - ) ... 
n\ nj \ nj 

divide both sides by sin - , and then diminish 6 indefinitely; since 

Q 

the limit of sin tf •t' sin - is ?^ we obtain 

n , • 

ti = 2""*sin*2a sin* 4a...; 

therefore by division, 

• . ■ H. "'''« Vi "^'^ 

n\ sin* 2a/ \ sm"4a> 
Now suppose n to increase without limit; then since a = ^ 

. e .6 

sin - sm - 

the limit of . /* is -, the limit of . ^ is 5-, and so on; 
sin 2a 9r' sin 4a 29r 

thus finally, 

We shall obtain the same result if we be^ by supposing n even. 
Simikriy we may shew that 

««'=(-f)(-^)('-^)- 
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321. In the same way as x*-2o^ cos 9+1 was decomposed 
in Art. 317 we may decompose aj**- 2a3"a"costf + a*", and each 
quadratic factor of the last expression will be of the form 

x*-2xa cos + a\ where r is an integer: and all the factors 

are found by giving to r in succession the values 0, 1, 2, ... w - 1. 

, ^ 2(n-l)7r-hO 2ir-$ 2(71-2)^+0 iir-O 

And cos — ^ = cos , cos— ^ = cos , 

n n n n 

and so on; thus all the &ctors will be found if we take 

a;'-2a3acos « + a', and use both signs and give to r in suc- 

n 

VL — \ 

cession the values 0, 1, 2, ... up to ^ if w be odd, and up to 
^ if ri be even; in the latter case when r = ^ we must take only 
one fiictor a;*-2«acos-^ +a\ 



Now suppose a: = 1 + ^ , and a = 1 -^ ; thus 

is the expression to be decomposed into factors; and the general 
form of the factors is 

x^ X • A .,2nr±tf/, «• .,2nr±^ 

tliatis, 4am'-2^(l+^.cof-2;^j. 

Suppose n to increase indefinitely; then 



17—8 
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also 
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M 2n ~{2nr^eY' 



and by putting «= we obtain 



2 2n 2n 2n 



thus finally 



.•-2cos<» + .- = 4ain-|{l4}{l+^.){l+^.}.... 

Other examples of a similar kind may be seen in the sixth 
chapter of the third volume of the treatise on the Differential <md 
IrUegrat CalctUus by Lacroix, 

322. Be Moivr^a property of the Circle, Let be the centre 
of a circle, P any point within it or without it ; divide the whole 




circumference into n equal arcs BG^ GD^ JDE, ..., beginning at 
any point B, and join and P with the points of division 
B, Gy 2>, ... Let POB = $; then wiU 

0P«--20JP«. 05"coswfl+ 0JB*'«Pj8',PC".Pi)"... to n &ctors. 
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For Pff^ 0P^-20P. OB qo& tf + 0J5', 

fi>':=op'^20P.oDco%(e + ~\^oiyy 

and the radii OB, OG, OD are all equal 
Thus, by Arts. 317 and 321, the product of all the terms on 
the right-hand side of these equations is 

OP** - 202*-. OBT cos nJ9 + OB^ ; 
this proves the proposition. 

The particular case when P is on the circumference may be 
noticed; then 

20B'am^ = FB.FG.FD...iion&iciiOTa. 

Cote^B properties of the Circle, These are particular cases of 

De Moivre's property of the circle. 

Let OF pi*oduced if necessary meet the circle in A, and sup* 

2'ir 
pose AB = BG = — ; thenwd = 27r. Thus we obtain 

(0P-- OBy^FB". FG". Fiy,.. to n factors; 
therefore OP" --OBT^ FB.FG. Pi> ... to » fiujtors. 

Again, let the arcs AB, BG, ... be bisected in a, 5, •••; then 
by the theorem just proved, 

OP**- OB^ = Fa.FB.Fh.FG... to 2n factors; 
therefore by division, 

OF^+OBTz^Fa.Fh.Fc ... to n factors. 

323. It is usual in works on Trigonometry to give a brief 
though unsatisfactory demonstration of the results of Article 320 
in the following manner. 

Since sintf vanishes when tf = 0, or ±7r, or ±2ir, .,.ii /ollawi 
thai emOrmcst he divisible by 6, 0+v, O-ir, tf + 27r, .tf-27r,...; 
there/ore toe may assume that 



smt 
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sin tf = iltf (tf - ff) (tf + «•)(«- 27r) (^ + 27r) (tf - Stt) (tf + 37r).i. 

where A « some ^j^acmtUy independent of 0; thus we may 
suppose 

■•-•'('-?) 0-^)0-^)- 

where a is also some quantity independent of 0, Divide both 
sides by and then suppose 6 = 0; thus a = 1, and consequently 

-" = «('-?) ('-^)('-34-)- 

A 

Again, since cos 5 vanishes when 5 = efc — , or *fc-r-> ... »^ 
follows that cosO must he divisible hy tf-o> ^+o> ^"""o-j 

J J iS 

^ + -9- > • -v therefore we may assume that 

».=.(.-3)(..|)(,--)(.4)(.-L')(«4)... 

tt^Aere A is some qua/niity independent of 0; thus we may 
suppose 

where a is -also some quantity independent of $] and by putting 
^ = we find a =t 1 ; thus 

The portions of the preceding investigations which are printed 
in italics, involve assumptions which cannot be considered legitimate. 

324. It has been stated in Art 169, that the tables of the 
logarithms of Trigonomelrical functions can be calculated without 
the use of the tables of the Natural functions; we will here briefly 
indicate how this may be eflfected. We have 

»'-''('-?)('-5&)('-5V-)-^ 
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put — ^ for tf and take logarithma ; thus 
log am - ^ = log- +log-g +log(^l - j^j 

The terms in the lagt line may be expanded by Art. 145 in 
series which will converge with sufficient rapidity; thus we shall 
have if /x denote the modulus. 

log sin — ^=log7r+logw+log(27i+w)+log(27^-m)-3(log2+logw) 
/111 \m' 

-/^ 1^55 + 6". + 85 + ....;;^ 

_ /A / 1^ 1 1 \ m* 

/A /I 1 1 \m' 



Similarly we may find log cos ^ . (Airy's Trigonometry.) 

325. We wUl now make a few remarks on the symbol ^(— 1), 
which has been used very often throughout the latter portion of 
this book. We may consider that the symbol has been used in an 
experimental manner, and many results have been obtained by 
means of it ; the point now to be considered is how far these 
results can be received as true. 

In the first place, some of the results obtained by using the 
symbol J{- 1) may be shewn to be true by other methods ; thus, 
for example, the values obtained for sin nO and cos nO in Art. 269 
may be verified by induction, 

Agaln« the following example will shew how in some cases 
a .strict demonstration may be obtained even with the use of 
the symbol J{- 1). Let n be a positiye integer, and mippose it 
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required to expand cos' 6 in terms of cosines of multiples of 6; 
yro may proceed as we did in Art. 280, supposing x to stand 
for e*^fl~''. Now we knbw that 

{f + e-*)" = ir»+e-*'+n {«<-* + e"*-^} + ^"^""^^ {^-"» + «"<'-**'} + . . . 

thus 2-{i.i;^+g.g....}" 

f (n-2)V (n-2)y (r»-2)V > 

+ 

Now this is true for aU values of y, that is, if all the opera- 
tions indicated be performed, the two members of the equation 
are identuxdly equal. We may therefore put — 6^ instead of ^, 
and the result will still be true. Thus 

^ V-^:2^^-^'^}=^-—2'-[A-■^^ 

(^ (n-2W («-2W ) 



Thus 2"'*co8"tf = coB»tf + wcos(n-2)tf + 

(Ally's Trigonometry.) 

Finally, the student may be informed that a theory has been 
constructed which offers a complete explanation of the symbol 
^{'- 1), and thus enables us to obtain rigid demonstrations by the 
use of this symbol. It is not consistent with the plan of the 
present work to give any account of this theory; the student, 
however, is recommended hereafber to read the TrigonoTneiry <md 
Double Algebra of Professor De Morgan. 
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BZAHPLES. 



1. Find the Bums of the following infinite series : 
...111 1 

/ON 1 1 1 1 

(2) ^ + 3-. + ^, + ^. + ... 
when n = 2 and when n = 4. 



2. If a= -i— , shew that 

sin a sin 5a sin 9a sin (4w-- 3) a = 2"*"**. 

3. A polygon of n sides inscribed in a circle is such that its 
sides subtend angles a, 2a, 3a, ... tux at the centre; shew that the 
ratio of the area of this polygon to the area of the regular 

inscribed polygon of n sides is equal to that of sin -^ to n sin -^ . 

4. The product of all the lines that can be drawn from one 
of the angles of a regular polygon of n sides inscribed in a circle 
whose radius is a to all the other angulax points is wi"^. 

5. If p,, Pa9'"Pan-i9 P§m ^ *^® perpendiculars drawn from 
any point in the circumference of a circle of radius a on the sides 
of a regular circumscribing polygon of 2n sides, shew that 

/»* 

PlP3P,'"Pan-l-^PtP4"'Pft. = 2^2* 

6. A polygon is described about a circle touching it at the 
angular points of an inscribed polygon; the product of the perpen- 
diculars drawn to the several sides of the inscribed polygon from 
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any point in the circumference of the circle is equal to the pro- 
duct of the perpendiculars drawn from the same point to the 
several sides of the circumscribed polygon. 

7. Prove that sm ^ cos ^r = 8 sm - sin' — -. — sin* —7— . 

2. 2 4: - 4 

8. Prove that 

( cosec ^ - sec* j tan ^ = (tan* ^ cosec* ^ - sec' « ) cot -^ . 

9. Prove that 

tan 3^ - tan 2d - tan ^ = tan 3tf tan 2tf tan 0. 

10. Find X from the equation 

tan'^aj + cot'a; = m* - 3m. 

11. The circumference of a circle is divided into 2n equal 
parts in the points ^, P, §, .... Tangents are drawn at the points 
A, P, Q, ... and perpendiculars OA, OB, OC, ... are let fall upon 
them from the extremity of the diameter OA, Shew that 

OA' + OB'-^OC'+ = 3^(radius)». 

12. ACB is a quadrant; AF, AQ, AB are three arcs in 
ascending order of magnitude, each being less than AB, and 
their sum equal to twice AB; radii CP, CQ, CR are produced 
to meet the tangent at ^ ui j9, q^ r, and a triangle is formed 
with Ap, Aq, Ar, Find the condition that this may be possible, 
and the inferior limit of Aq and the superior limit of Ap. Prove 
also that in all such triangles the radii of the inscribed and 
circumscribed circles are inversely proportional. 

13. ABC is a right-angled triangle, G being the right angle, 
U is the point in which the inscribed circle touches BGy and F the 
point in which the circle drawn to touch AB and the sides CA, CB 
produced meets CA; shew that if £!F be joined the triangle FFC 
is half the triangle ABC. 



EXAMPLES. CHAPTER XXIII. 267 

14. Through the angular points of a triangle lines are drawn 
bisecting the exterior angles. If S be the area of the original tri- 
angle and S' that of the new triangle, shew that 

0/ 1 c< ^ ^ 

S =^0 cosec -gT cosec -jr cosec -^ . 

15. ABCD is a horizontal straight line. From a point imme- 
diately above D the known distances AB and BO are observed to 
subtend the same angle a. If AB= a and -5(7= 6, shew that the 
height of the observer's position above D is 



2a6(a + 6) tan a 



16. If in any arc not greater than a quadrant a point be 
taken, and from this point two lines be drawn, one to the ex- 
tremity of the arc, the other perpendicular to its chord and 
terminated by it, prove that the sum of these two lines is less 
than the chord of the arc. 

17. Suppose a the angle of elevation of a cloud, P the angle 
of depression of the image of the cloud seen by reflection from 
a lake, h the height of the observer's eye above the lake, then 
the height of the cloud is 

A sin (j8 + a) 
sin ()3 — a) 

18. At noon a person standing on a cliff A feet above the 
level of the sea, observes the altitude of a cloud in the plane 
of the meridian to be a and the angle of depression of its shadow 
on the surface of the water to be )8; shew that, if y be the sun's 
altitude at the time of observation, the height of the cloud above 
the surface of the water will be . 

h sin y sin (a + jS) 
sin j8 sin (y + a) ' . 
the sun being behind the observer when he is looking at the 
cloud. ., 
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ANSWERS. 

I. II. III. IV. V. 

I. page 6. 1. 18^27'. 2. 15\ A5'. 3. 30^ 16«. 

4. -00945. 5. ^\ ^. e. 2i. 7. 3». 

8. One polygon has 8 sides^ and the other 12 sides; so that an 
angle of the first is f of a right angle, and an angle of the second 
i of a right angle. 10. The ratio is that of 5 to 162. 

II. pages 13, 14. 2. ^x — • 3. irxOOdOS. 4. 27^9^18^ 

Ott 

5. 32, 28^-125, 31»-25. 6. 40^ 60^ 80^ 7. 30^60^90^ 

III. pages 22, 23. 6. tf = ^. 7.tf=0or^. 8. tf = | or ^. 

9. ^ = 1^. 10. e = ^ or^. 11. ^ = 45"; 5 = 15'>. 

o o 4 

lY. page 41. 1. The same as for an angle of 225^ 
2. The same as for an angle of 330^ 3. The same as for an 

angle of 210". 4. The same as for an angle of 300". 

5. 45", 225", 405", 585", 765". 

6. 45", 135", 225", 315", 405", 495", 585", 675", 765", 855". 

7 1^114-^2 8 ^ '^^ ^ ^^ 

V2' ' V2' 2' X' ""2' 2"* 

9. We have sin tf = — cos ^; therefore = 135", &c. 

10. cos ^ = - i ; therefore = 135", &c. 14. JTo. 

V. page 49. 1, nv + j. 2. (2n + ^) ir. 3. 2nir. 



2w 



TT 



4. 2?i7r±-^. 5. 917 ska. 6. Twr* — . 7, nTrsto. 

8. nTTsfc-j. 9. TiTT^a. 10. nirJ»-j. 12. 2wir + -77-. 

4 



ANSWERS. VI. VII. VIII. 269 

TL page 61. 31. = mr^^. 33. -^ = nir or -^^(n-^^)^, 

33. 3tf = nir or 4tf = 2rnr*^. 34. tf-j = 2nirJ=^. 

35. tf = Oorwir±^. 36. 2fl = (n + i)ir or 5=2w1r«fc-5-• 

37. 2e = nir or 0^2mr^^, 38. 2tf = W7r + (-1)"?. 

o 

39. = (« + i)«- or « = n^ + (-l)"J. 40. tf + ^ = »,r±^. 

VIL pages 68— 70. 2. 2cos4 = V(l + 8inil)-^(l-8in il 

3. 2 8m7r = - V(l + sin -4) -^(1- sill ^). 

4. 2wir + -T- and 2mr + -r • ^. 2w7r + -r- and 2w7r + -7- . 

4 4 4 4 

6. 2ri7r-^ and 27i7r + j. 10. 1 11. -4^. 

4 4 2 2 ^2 

ift'^4 ^3 '^3 .4 

12. smjl = ±p, cosil = ±-=: or sm-d=db- cos^ = =f^. 

- D o 6 

13. J3-2. 26. ±1. 27. 4. 28. -i. 

YIII. pages 77 — 79. Example 20 may be deduced 'from ex- 
ample 16 by changing A into ^ (ir — -4) and making similar 
changes for B and G; example 21 may be deduced from ex- 
ample 17 in the same way. 

cos X — cos a sin" a cos j8 ^ 



38, 



cos a: — cos j8 sin" )8 cos a ' 

sin" P cos' a — sin' a cos* j8 cos a + cos j8 



therefore ops x = 



sin' )8 cos a - sin* a cos )8 1 4- cos a cos j8 ' 



XI. i- J 1-cosa? „^ tan'tf tan*a .. . . 

then find -z . 39. 7 — r^ = x ' » / ; *J^* ^s, 

1 4- cosaj tan* ff tan* a ' ' 

cos i8 — cos a cos i8- cos a' tan* a ^. ^ 

— d -i._ii — - — 5=- — -_^. therefore 

cos a cos a tan' a ^ 
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cos P — COS a sin' a cos a 



-; cosj8 = - 



cos P — COS a sin* a cos a 

cos a + cos a 



f f 



cos a — cos a'^ — COS a cos* a' + cos a cos* a 1 + cos a cos a' 

then find i:i^. 48, Put ^^^M for tan ^ ; tiien 

l + cos)S l-tan'^</> ^' 

solve the quadratic; thus we shall find 

. 1 . (cos ^ + sin ^ i (J + sin ^ cos 0) 

*^** = ^T^S^ > 

the lower sign gives the required result. The upper sign gives 



- cot ^ cot 



(i-o- 



52. By Example 23, page 77, we get cos ^ cos £ cos (7 ~ 0, so 
that one of the three angles is a right angle. 

IX. pages 90, 91. 
^ 5.-tan(^^6) = <^-^)^^= !Lzl___ . 

the greatest value of this is when the first term of the de- 

' nominator vanishes. ^ ^ . ^ . oO-\-<h 

6. 2 sin tf sin' --—^ . 

8. The height in yai-ds = 1760 x tan T = toq-^ nearly. 

3 1" 3 ir 

9. Let X be the distance, - = tan ^ : thus - = ^rrrTr — r nearly. 

X i ' a 180 X 4 ^ 

10. Wegetsin^ = ±i^(3-w). 12. 6. 16. 8. 

17. e-l = 2nT. 18. (?+^ = 2«,r=t^. 19. ^-.2e=^2n7r^0. 

20. e = n7r+^ or 2tf-nir+(- 1)-^. 21. ^ = n^ or 

|-| = 2n7rdb^. 22. e = wir+^ or sin 2fl = 2(^2 - 1). 



23. 



i. tf = (2w + l)|orw7r*J. 24. tf = (2n + l)j. 
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25. tf=n7r±=-Tr or wir±Yfk' ^^- 5= wir or 2»7r±^. 

27. = '^. 28. ^ = 7i7r±7 or wirdbj. 29. tf = W7r±-. 

o 4 D 4 

30. 6 = nv ornir + — . 31. sin -^ = 0, or cos tf = 0, or cos 5 = 0. 

32. cos'tf + sin 36 = 0, that is, cos ^ = cos (sO + | J . 

« _ 6 fi 

33. 26 = WTT ± Ys • 34. sin tf = - 1, or sin ^ = 0, or tan ^ = 2. 
35. 2fl = {2»+l)^, or 7fl=»Mr + (-l)"^. 

4 O 

It should be remarked that answers may be given under 
apparently different forms ; thus, for example, suppose we have to 
solve the equation sin 26 = cos 6, or 2 sin 6 cos = cos 0, 

this gives 6 - 2mr «*= ^ and 6 = titt + (- 1)" ^ ; 

but we may write the equation cos f ^ - 26 j = cos 6 ; 

therefore I " ^^ = ^^'^ "^ *• 

X. pages 100—104:. 1. y . 2. 2434/9=(V3)^. 3. 7; -4; -4. 
4. 1-06. 6. 3;-l. 10. ^^ ^^^^ ^^ ..,=e- 

12. 2a;-a = 2n3r±5. 13. a? = a cos (a. - /3) or - a cos (a + j8). 

14. aj=2wird»^ or 2w7r±-=-; 15. C08(a;+ l)a = cos(^ -^j • 

16. a; = sec(a-^ or - 2 cos ^ sec a. 17. We can get 

. sin 2' a = Bin 3a. 18. sin ^^ = (—j sm 5 ; this gives tan ^ . 



22. — . 
16 
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19. tf = W7r + ^ or («-l)tf = 2mir±^, 

B 59 

20. costf = 0, or Bm^=:0, or cos-5-=0. 

23, w = 2, 24. sin'— 2— sin— 2 — = 0. 

IT IP 

31. Write for x successively «; — aj and gz + x. 

34. By Art. 114, tanM + tan*^ + tan*(7 = 1 + ^ (tan^ - tan 5/ 
+ i (tan ^ - tan (7)' 4- i (tan (7 - tan^)". 

36, cot -5 + cot C — coseo A 

sin (J? + (7) 1 __sin"ji-sin^ sin(7 , 
sin jB sin (7 sin-i sin -4 sin -5 sin C7 ' 

37. If ^ + ^4-(7=180^weliave 

cos*-! + cos* J5 + cos* (7= 1 - 2 cos ^ cos Jff cos G (1). 

Thus, if .i, B, (7 are all (unite, the sum of the squares of iihe 
cosines is less than unity. Hence if we require the sum of the 
squares of the cosines to be equal to unity, one or more of the 
acute angles must be diminished, so that their sum will then be 
less than 180^ 

38. From the value of sui{A+JB + C)y given in Art. 113, it 
will follow that 

sin -4 + sin 5 + sin (7 - sin (-4 + -S + (7) 
= sin ii (1 — cosBoo&G)+ sinjB(l - cosul cos G) + sin (7(1 - cob .4 cosJ?) 

+ sin -4 sin -5 sin (7 j 
and every term of this expression is' positive. 

a* 

39- «~T. 40. zero. 41. It depends on (1 - cos $)'{! + 2 cos 5) 
being greater than zero. 

XII. pages U1-U5. 3. tanfl = "^°'^'^^ . 

^ ^ cos a cos p 

1 

4. 1:4. 5. cot-jr-cot5 = -r— ^. 

' * 2 sin^ 

6. J~. 7. a*-6*. 8. a*+6* + -^ = l. 
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11. a^-¥h*-2c^2. 12. «*+y = a»^l + ^[). 

11 a? \i* 

13. cotc=--v. 14. -i + T5=l- 15. 6'=a'-2accos2<f»+c'. 

19. {mn)l{wt + wi} = l. 20. ^+|! = 1. 

^ 29. sin sin <^ = sin a sin j3, 

therefore 4 sin' „ - 4 sin* -x = . , , , 

2 2 sin'<^ 

. . 4 ^ . . 8 tf , - sin' a sin* B 

therefore 4 sin*^ - 4 sin* ^ + 1 = 1 » ^ • > 

2 2 sin </> 

and sin' ^ = — — — i— ; therefore 

cot' I +cos'^ 

2 8in'|-l = db /|l-4sin*|(cot'^ + cos')S)8in')8J; 

this reduces to 2 sin' ^-l = «fcn-2 sin'^ sin' p\ . 

30. n must lie between - 2 and — 1 or between 1 and 2. 

31. By Art. 114 we may suppose x = tan A^ y = tan B, z = tan C, 
where ^+^ + £7=1 80'. Therefore 2A + 2B^2C= 360' ; 
and tan2il + tan 2J? + tan 2C = tan 2^ tan 2J5 tan 2(7. 
This gives the required result. 

32. «? sin c = sin « = — sin a; cos y — cos x sin y 

= -t?sinacosy-i;sin6cosaj, or sinacosy = — sine- sinfecosa;; 

and sin a sin y = sin 6 sin a; ; square and add, thus 

sin' a = sin b + sin' c + 2sin6sinccosa;j therefore 

sin' a — sin' h — sin' c 

cosa;= Q • 1 ' • 

2 sino sine 

Similarly cos y and cos z may be found. 

33. e"2>. 

T. T. 18 
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37. We have universally 

siii"(ul + JB) = smM + sin" J5 + 2 sin^ siniS cos {A + B) (1) ; 

also in the present case sin*-4 +sin*-ff = cos'(7......(2). 

JfA-hJBia greater than 90®, then a fortiori 4 + JB + (7 is so also. 
If -4 + J5 is less than 90^*, then sin' {A-k-B)ia greater than 

sin' A + sin* B hj (1), that is, greater than cos' G by (2) ; 
therefoi-e A-^B ia greater than 90* - G, 



XnL pages 152—155. 

IT 

5. Let Yj = a so that the angles of the triangle are 2a, 4a and 8a. 

Then the ratio of the greatest side to the perimeter 
sin 8a sin 8a 

" 8in2a + sin 4:a + sin8a "" sin 2a + sin 4a + sin 6a 
_ 2 sin 4a cos 4a __ sin 4a 

2 sin 3a cos a 4- 2 sin 3a cos 3a " cos a + cos 3a 

2 sin 2a cos 2a 



2 cos 2a cos a 



= 2sina. 



^ sm2tf + sin4^ a + c ^, ^ « - a + c 

8. : — jTTj =—5 — , therefore 2 cos ^ = —7— . 

sin 3^ 6 - 6 

21. aintf + sin^ = 2sin(d + ^)j therefore cos— g^ = 2cos— ^j 
therefore cos^cos^=3sin^8in-|; 



,0 . ,^ 



therefore (l - sin'^j (l- sin" ?) = 9 sin*^ sin' 
therefore 8sin*^sin*-^=l-sin"^- sin"?; 

therefore 16sin"|sin"| = 2-2sm"g-2sin"| = cosfl + cos^. 

^ .t A a^ + h'-c' J. a + c 

Or thus, cos^ = — ^-T — and 6 = -2—; 
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,, « r. a-c h 5a-3c 
therefore cos 6 = + — - = - 



similarly cos <f) = 



a 2a 4a 
5c -3a 



4c • 

37. This will follow from examples 20 and 21 of Chapter vin. 

40. We have to shew that (6 + c - a) (c + a — 6) (a + J — c) is less 

than dbc except when a = b = c. By squaring, this amounts 

-to shewing that {a' - (c - h)'} {b^ - (a - cy}{(f - (a - h)'} is less* 

than a'bV; and each &ctor on the left-hand side is less than 

the corresponding factor on the right side except when a=b=c, 

XIV. pages 166—169. 1. ^ = 30*^ or 150^ 2. 30^ 90^ 

3. 45^ eO*', 75^ 4. The triangle is impossible. 

5. JB = 90^ C=72^ c==ij{5 + 2j5). 6. ^=45%rl35^ 

7. From Art. 235 we have c + c' = 26 cos -4 and cd^V — a', 

8. 6' sin ^ cos ^ . 11. No ; the triangle is right angled. 

12. Wegetsind = ?-^^^siniC; 

, a + b miA -f sin Jg _ cos ^ (ii ~jg) 
c " sin (7 sbxiG ' 

13. c* = a«+6'-2a6cosC=(a-6)* + 4a6sin4(7i &c. 

14. 9-6733937. 15. 132* 34' 32". 16. 55U5' 44". 
17. 78* 27' 47". 18. 119^ 26' 51"; 5« 33' 9". 

19. 69" 10' 10"; 46" 37' 50". 20. 116" 33' 54"; 26" 33' 54". 

21. 82" 10' 50"; 50" 24' 10". 22. 124" 48' 59"; 33" 11' 1". 

24. 48" 11' 23"; 58" 24' 43"; 73" 23' 54". 

2^- ~«^=-6^' *^^^^^^««^'2=6953^ ^=r29". 

2e. 70" 53' 36"; 49" 6' 24". 27. 38" 12' 47"; 21" 47' 13". 

28. 26" 33' 54". 29. 69" 49' 35"; 50" 10' 25". 30. 30«orl50". 
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XV. pages 17.5 — 181. In order to solve some of these ex- 
amples the student must be acquainted with the Mariner's Com- 
pass. In the Mariner's Compass the circumference of a circle is 
divided into thirty-two equal pacrts, so that each part subtends at 

the centre of the circle an angle of -^ degrees, that is, an 

angle of 11^^ The following names are assigned to the points of 
division of the circumference, North, Noi-th by East, North 
North East, North East by North, North East, North East by 
East, East North East, East by North, East, East by South, East 
South East, South East by East, South East, South East by South, 
South South East, South by East, South, South by West, South 
South West, South West by South, South West, South West by 
West, West South West, West by South, West, West by North, 
West North West, North West by West, North West, North 
West by North, North North West, North by West. 

1. 880 (3 + ^3). 2. -^ yards. 8. The distance of the 

point from the tower = b ( ^ — \ . 10. Let x 

denote the required height; then eliminate between 
a = fttan^^ a + x = htsi7i(6 + y), 
11. 10^(115) feet; neglecting the height of the observer's ey* 

from the ground. 12. 40 ^3 feet. 

13. Height 40 J6 feet; distance 40 {^(14) + J2} feet. 
18. 8 + 4 ^2 .miles per hour. 

22. Let A' be the height of the higher hill, h of tte lower ; then 

, _ (c + 1) sin g sin )9 j ^' _ ^' ^^^ ^' "" ^ 
^~ sin08-a) ' '''''* A "AootiS+r 

23. 180 J3 feet. 25. B = 60° or 120*^; approximate eiTor 6''. 
^^ 2c sin a sin )9 sin (a + )8) 

sin' a t sin" )8 - 2 sin a sin )S cos (a -»- )S) * 
29. J{a' + 2ah cos a + &"). 30. Suppose both lines 00 

and (yC ta fall within the angle AGB. Let AG = a, ACO = ^; 
then from the triangles AGO and BCO we get 
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^^ a sin (<^ + a) a cos («/) — jS) 

t/O = ; = : — 5 . 

sma Binp 

Hence tan <^ is known and then sin <^ and cos <^. Thus we 

BhaUget 0(7' = —^ «'co8'(a + ^ - 

sin* a + Bin*)3 — 2 sin a sin ^ sin (a + )8) 
A similar expression can be found for OG^ in terms of a' 
and p. Then 0'(?=OG^^dJ', This finds a and then AB=^aj2. 

Or thus ; find as above tan 6 = . ^ — ; — K • 

^ tan p (1 - tan a) 

a- -1 1 X -on/v tana'(l-tan)8') 
Similarly tanj5(70' = 7 — 75;^^ — - — ^. 
•^ tan )8^(1 -tana) 

Then OG(y = '^-<l,-<l>' and OC = (;cotOC(y = (?tan(<^ + i^'). 

Thus OC is found; and then a can be determined. 
31. 104-93 feet. 32. 63*^ 26' 6". 33. 30'' 40' 37". 

34. 296-40031 feet. 

XVI. pages 192— 199. 1. 216. 2. ^^^f^, 

3. 6. 8. 7 to 3; 1200. 25. J{pq); where jo and q are 
the given segments. 47. 82" 24' 39"; 22'' 24' 39"; 
76° 10' 42". 50, Conversely, if this relation holds it may 
be shewn that the lines meet in a point. 

51, 52y 53, 54 follow from the converse of 50. • 

XVII. pages 203-^205. 1. -1, ^^3-4, -^3-4. 

4. -2, 2V2cos9^ 2^2 cos 63", 2^2 cos 8r, 2^2cosl63^ 

7. Let X be the height of the balloon, and a, h, c the sides of 
the triangle ^5C; then 4cV- 36a»&V+ 9a'6V = 0. 

9. Less than 2 inches. 12. Suppose k the height of the 

tower, r the radius, x the distance of the first place of 

observation from the centre ; then - = cosec § , 

r 2 r 

^ cosec ^ , h = x tan a, h^{x--a) tan a\ From these four 

equations we may eliminate x, and find h and r, and also the 
required relation between a, a\ /?, ^, 13, From the pre* 
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ceding question - = cosec ^ ■- cosec ^ . If we suppose that 

an error S of the somie sign is made in fi and fi' these errors 
tend to compensate each other; the greatest possible en'or in 
r will be detennined by supposing that errors of opposite 
signs are made in )8 and ^. Suppose then that instead of 
P we ought to have j5 — S, and instead of p we ought to have 
)S' + 8. Then by Art. 194 we shaU find 

ap_h(''4 cosf>^ ^ ^cos|4.cosf)(l-cosfcosf) 
\sin« I sin" -^7 sm" | sm" ^ 

Divide by the value of - and the required result is obtained. 

14. If PQ = a and QR = h, it may be shewn that 
1 (»-6)' (« + 6)' 

ihen the change in SQ arising fix>m a small change in fi can 
be calculated. 

XVIII. pages 207— 210. 2.1. 7.^^. 18. »'=^(5-2;y2). 
19. 3! = .^^. 20. a! = Oor*i 21. as = or i^. 

1 — fflO 

.22.8! = -^. 23. a! = *lor*(l=tV2). 

24. aj = oora'-a + l. 28. aj = 2. 30. » = 2; y=l. 

34. ^ + (_l)«+»^,or(m + n)7r+(-l)"^. 

35. (2w + 7»)^=fc^. 

XXII. pages 246—249. 
1. Use sin* a = ^ (1 ■- cos 2tt). 2. Use sin' a = ^ (3 sin a — sin 3a). 

^ n cos (2^ + na) sin wa a i / o/) o«+i n\ 

. 5. HCOsa + — o • . 9. i (cos 2d -cos 2"+* tf). 

2 2 sm a * ^ ' 
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10. e«>»*«cos(tf + costfsmtf). 12. i(e«n«+e-sintf)cos(costf). 

20. 2-*sm^-lsm2ft 21. tane-tan|i. 

^^- 25^"" 8J2"-^g ' ^^' cosecd{cotd-cot(n + l)tf}. 

24. cosec^tf + ^)|tan(ri + l)(tf + 0-taii^d + ^)|. 

25. J - tan"* = , 2Q. tan"* twc. 27. ^ (cos ^r^ - cos 4a ). 

4 'w+1 2\2* / 

28. icosece{tan(n + l)d-taiie}. 

29. jcosec^jsec— ^— d-secgj. 30. j|cot|-3»cot^[. 

31. cot-'^-cor'-y-a. 32. cose-sin^cot2"ft 

Q^ 1 o • oz) log2sin2"-''tf 
33. log 2 sin 2d — ^ . 

XXIII. page 265—267. 1. When w = 2 the sum of the first 
series is g- , and the sum of the second series is -^ . When w = 4 

the sum of the first series is ^', and the sum of the second series 

IS g^. These results are obtained by expanding the values of 

sind 
log — g— and log cos d, which are given in Arts. 274 and 320, in 

powers of 6, and equating the coefficients of like powers. 
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Amos, Joel, Hossa, Isaiah, Micah, Nahnm, Hahakkuk, Jeremiah, 
and Ezekiel. 

ni.— The Gospel of St. John; a Series of Disconrses. 

Second Edition. Crown 8vo. cloth, 10«. 6d. 

IV.— The Epistles of St. John ; a Series of Lectures on 

Christian Ethics. Crown 8yo. cloth, 7s, M. 

MAURICE.— Expository Works on the Prayer-Book. 
I.— The Ordinary Services. 

Second Edition. Fcap. 8vo. cloth, 5«. 6d. 

II.— The Church a Family. Twelve Sermons on the 

Occasional Services. Fcap. 8yo. cloth, 4«. 6d, 

MAURICE.— What is Revelation 7 A Series of Sermons 

on the Epiphany ; to which are added Letters to a Theological Student on the 
Bampton Lectures of Mr. Mamsel. Crown 8vo. cloth, lOs. 6d. 

MAURICE.— Sequel to the Inquiry, "What is Revelation?" 

Letters in Reply to Mr. Mansel's Examination of "Strictures on the 
Bampton Lectures." Crown 8vo. cloth, 6«. 

MAURICE.— Lectures on Ecclesiastical History. 

8to. cloth, 10«. 6d. 

MAURICE.— Theological Essays. 

Second Edition^ with a new Preface and other additions. Crown 8vo. 
cloth, 10«. 6d, 

MAURICE.— The Doctrine of Sacrifice deduced from the 

Scriptures. With a Dedicatory Letter to the Young Men's Christian Associa- 
tion. Crown 8vo. cloth, 7«. 6d, 

MAURICE.— The Religions of the World, and their Relations 

to Christianity. Third Edition. Fcap. 8to. cloth. 5f. 

MAURICE.— On the Lord's Prayer. 

Third Edition. Fcap. 8vo. cloth, 2«. 6d. 

MAURICE.— On the Sabbath Day: the Character of the 

Warrior; and on the Interpretation of History. Fcap. 8vo. cloth, 2«. 6d. 

MAURICE.— Learning and Working.— Six Lectures on the 

Foundation of Colleges for Working Men, \ielivered in Willis's Rooms, 
London, in June and Jul^, 1854. Crown 8to. cloth, 5«. 
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MAURICE —The Indian Crisis. Five Sermons. 

Crown 8vo. cloth, 2«. 6d. 

MAURICE.— Law's Remarks on the Fable of the Bees. 

Edited, with an Introduction of Eighty Pages, by FREDERICK DENI80N 
MAURICE, M. A. Chaplain of Lincoln's Inn. Fcp. 8vo. cloth, 4«. 64^. 

MAURICE.— Miscellaneons Pamphlets:— 
I.— Eternal Life and Eternal Death. 

Crown 8vo. sewed, 1«. 6d. 

IL— Death and Life. A Sermon. Sn iRemot(«m e* «* m* 

8vo. sewed, U. 

III.— Plan of a Female College for the Help of the Rich 

and of the Poor. 8vo. 6d, 

IV.— Administrative Reform. 

Crown 8vo. Zd. 

v.— The Word "Eternal/' and the Punishment of the 

Wicked. Fifth ThonsMid. 8to. 1«. 

VI.— The Name "Protestant: " and the English Bishopric 

at Jerusalem. Second Edition. 8to. 8«. 

VII.— Thoughts on the Oxford Election of 1847. 

8to. If. 

VIII.— The Case of Queen's College, London. 

8vo. Is.ed, 

IX.— The Worship of the Church a Witness for the 

Redemption of the World. 8vo. sewed, 1«. 

MATOR.— Cambridge in the Seventeenth Century. 

2 vols. fcap. 8vo. cloth, 1S«. 

Vol. I. Lives of Nicholas Ferrar. 

Vol. II. Autobiography of Matthew Robinson. 
By JOHN £. B. MAYOR, M.A. Fellow and Assistant Tutor of St. John's 
College, Cambridge. 
*«* The Autobiography of Matthew Robinson may be had sepalrately, price 5«. 6d. 

MATOR.— Early Statutes of St. John's College, Cambridge. 

Now first edited with Notes. Royal 8vo. 1 Ss. 

•»* The First Part is now ready for delivery. 

MAXWELL.— The Stability of the Motion of Saturn's Rings. 

By J. C. MAXWELL, M.A. Professor of Natural Philosophy In the Uni- 
versity ot Aberdeen. 4to. sewed, 6«. 

MOORE.— A New Proof of the Method of Algebra commonly 

called "Greatest Common Measure." By B. T. MOORE, B.A., Fellow of 
Pembroke College, Cambridge. Crown 8vo. 6d, 
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MORGAN.— A Collection of Mathematical Problems and 

Examples. Arranged in the Different Subjects progressively, with Answers 
to all the Questions. By H. A. MORGAN, M.A., Fellow of Jesus Col- 
lege. Crown 8vo. cloth, 6s. 6d. 

MORSE.— Working for God, and other Practical Sermons. 

By FRANCIS MORSE, M.A. Incumbent of St. John's, Lady wood, Bir- 
mingham. Second Edition. Fcap. 8vo. cloth, 5s. 

NAPIER.— Lord Bacon and Sir Walter Raleigh. 

Critical and Biographical Essays. By MACVEY NAPIER, late Editor 
of the Edinburgh Review and of the Sncyclopadia Britannica. Post 8vo. 
cloth, 7s. 6d. 

NORWAY AND SWEDEN.— A Long Vacation Ramble in 

1856. By X and Y. Crown 8to. cloth, 6s. 6d. 

OCCASIONAL PAPERS on UNIVERSITY and SCHOOL 

MATTERS ; containing an Account of all recent University Subjects and 
Changes. Three Parts are now ready, price Is. each. 

PARKINSON.— A Treatise on Elementary Mechanics. 

For the Use of the Junior Classes at the University, and the Higher Classes in 
Schools. With a Collection of Examples. By S. PARKINSON, B.D. Fellow 
and Assistant Tutor of St. John's College, Cambridge. Crown 8to. cloth, 9s. 6d, 

PARKINSON.— A Treatise on Optics. 

Crown 8vo. cloth, lOs. 6d. 

PARMINTER.— Materials for a Grammar of the Modem 

English Language. Designed as a Text-book of Classical Grammar for the 
use of Training Colleges, and the Higher Classes of English Schools. By 
GEORGE HENRY PARMINTER, of Trinity College, Cambridge; Rector 
of the United Parishes of SS. John and George, Exeter. Fcap. 8to. cloth, 3s. 6d. 

PEROWNE.-" Al-Adjrumiieh." 

An Elementary Arabic Grammar. By J. J. S. PEROWNE, B.D. Lecturer 
in Divinity in King's College, London, and Examining Chaplain to the 
Lord Bishop of Norwich. 8vo. cloth, 5s. 

PHEAR.— Elementary Hydrostatics. 

By J. B. Phear, M.A. Fellow of Clare College, Cambridge. Second 
Edition. Accompanied by numerous Examples, with the Solutions. 
Crown 8vo. cloth, 5s. 6d, 

PHILOLOGY.— The Journal of Sacred and Classical Philology. 

Vols. I to IV. 8vo. cloth, I2s. 6d. each. 

PLAIN RULES ON REGISTRATION OF BIRTHS AND 

DEATHS. Crown 8vo. sewed. Id. ; 9d. per dozen ; 5s. per 100. 

PLATO.— The Republic of Plato. 

Translated into English, with Notes. By Two Fellows of Trinity College, 
Cambridge, (J. LI. Davies M.A., and D. J. Yaughan, M.A.) Second 
Edition. 8vo. cloth, 10«. 6d. 
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PRATERS FOR WORKING MEN OF ALL' RANKS: 

Earnestly designed for Family Devotion and Priyate Meditation and Prayer 
Fcap. 8to. cloth, red leaves, is. ed. Common Edition, Is, 9d. 

PRINCIPLES of ETHICS according to the NEW TESTA- 

MENT. Crown Sto. sewed, U, 

PROCTER— A History of the Book of Common Prayer: with 

a Rationale of its Offices. By FRANCIS PROCTER, M. A ., Vicar of Witton. 
Norfolk, and late Fellow of St. Catherine's College. Fovrth Bditlon, 
revised and enlarged. Crown Svo. cloth, 10s. 6d. 
*»* This forms part of the Series of Theological Manuals. 

PUCELE.— An Elementary Treatise on Conic Sections and 

Algebraic Geometry. With a numerous collection of Easy Examples pro- 
gressively arranged, especially designed for the use of Schools and Beginners. 
By 6. HALE PUCKLE, M. A., Principal of Windermere College. Second 
Edltlony enla^i:ed and improved. Crown Svo. cloth. 7s. 6d. 

RAMSAT.—The Catechiser's Mannal; or, the Church Cate- 
chism illustrated and explained, for the use of Clergymen, Schoolmasters, 
and Teachers. By ARTHUR RAMSAY, M.A. of Trinity College, 
Cambridge. ISino. cloth, S«.6</. 

REICHEL.—The Lord's Prayer and other Sermons. 

By C. P. REICHEL, B.D., Professor of Latin in the Queen's University; 
Chaplain to his Excellency the Lord-Lieutenant of Ireland; and late Don - 
nellan Lecturer in the University of Dublin. Crown Svo. cloth, 7s. 6d. 

ROBINSON.— Missions urged upon the State, on Grounds 

both of Duty and Policy. By C. K. ROBINSON, M.A. Fellow and Assistant 
Tutor of St. Catherine's College. Fcap. Svo. cloth, St. 

ROWSELL.-THE ENGLISH UNIVERSITIES AND THE 

ENGLISH POOR. Sermons Preached before the University of Cambridge. 
By T. J. ROWSELL, M.A. Incumbent of St Peter's, Stepney. Fcap. Svo. 
cloth limp, red leaves, 2«. 

RUTH AND HER FRIENDS. A Story for Girls. 

With a Frontispiece. Third Edition. Royal 16mo. extra cloth, giltleaves, 5s. 

SALLUST.— Sallust for Schools. 

With EnglUh Notes. Second Edition. By CHARLES MERIVALE, 
B.D.; late Fellow and Tutor of St. John's College, Cambridge, ftc, Author 
of the " History of Rome," &c. Fcap. Svo. cloth, 4«. Bd. 

"THSJuOVRTHA" AVD "ThbCatILIMA" tfAT BX BAD 8KPAmATSLT,price 2s. M. 
XACH IK CLOTH. 

SANDARS.-B7 THE SEA, AND OTHER POEMS. 

By EDMUND SANDARS, of Trinity Hall, Cambridge. Fcap. 8fO. 
cloth, it. M. 

SCOURING OF THE WHITE HORSE; or, The Long 

Vacation Ramble of a London Clerk. By the Author of " Tom Brown's 
School Days." Illustrated by Dotlb. ElfThth ThOfUi^nd. Imp. 16m«. 
cloth, elegant, 8«. Bd, 
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TODHUNTER.— Examples of Analytical Geometry of Three 

Dimensions. Crown Syo. cloth, 4s. 

TOM BROWN'S SCHOOL DAYS. 

By AN OLD BOY. Serenth Edition. Fcap. 8vo. clotb, 5$, 

TBENGH.—Synonyms of the New Testament 

By The Very Rev. RICHARD CHENEVIX TRENCH, D.D. Dean of West- 
minster. Fourth Edition. Fcap. 8yo. cloth, 5s, 

TRENCH:— Hulsean Lectures for 1845-46. 

CovTBNTS. 1.— The Fitness of Holy Scripture for unfolding the Spiritual Life 
of Man. 2.— Christ the Desire of all Nations ; or the Unconscious Pro- 
phecies of Heathendom. Fourth Edition. Foolscap 8vo. cloth, 5s. 

TRENCH.— Sermons Preached before the University of Cam- 
bridge. Fcap. 8vo. cloth, 2«. 6d. 

YAUGHAN.— Notes for Lectures on Confirmation. With 

suitable Prayers. By C. J. YAUGHAN, D.D., Head Master of Harrow 
School. Third Edition. Limp cloth, red edges. Is. 6d, 

VAUGHAN.— St. Paul's Epistle to the Romans. 

The Greek Text, with English Notes. By C. J. VAUGHAN, D.D. 8vo. 
cloth, 7s. ed. 

VAUGHAN.-MEMORIALS OP HARROW SUNDAYS. 

A Selection of Sermons preached in Harrow School Chapel. By C. J. 
VAUGHAN, D.D. With a View of the Interior of the Chapel. Crown 8to. 
cloth, red leaves, 10«. 6 J. 

VAUGHAN. —Sermons preached in St. John's Church, 

Leicester, during the years 1855 and 1856. By DAVID J. VAUGHAN, M.A. 
Fellow of Trinity College, Cambridge, and Incumbent of St. Mark's, White- 
chapel. Crown 8vo. cloth, Ss. 6d. 

VAUGHAN.— Three Sermons on The Atonement. With a 

Preface. By D. J. Vaughan, M.A. Limp cloth, red edges. Is. 6d. 

WAGNER.— Memoir of the Rev. George Wagner, late of St. 

Stephen's, Brighton. By J. N. SI.M PKINSON, M.A. Rector of Brington, 
Northampton. Second Edition. Crown 8vo. cloth, 9s. 

WATSON AND ROUTH.-CAMBRIDGE SENATE HOUSE 

PROBLEMS AND RIDERS. For the Year 1860. With Solutions by H. 
W. WATSON, M.A. and E. J. ROUTH, M.A. Crown 8vo. cloth, 7s. 6d. 

WESTCOTT.— History of the Canon of the New Testament 

during the First Four Centuries. By BROOKE FOSS WESTCOTT, M.A., 
Assistant Master of Harrow School; late Fellow of Trinity College, Cam- 
bridge. Crown 8to. cloth, I2s. 6d, 

*«* This forms part of the Series of Theological Manuals. 

WESTCOTT. — Characteristics of the Gospel Miracles. 

Sermons preached before the University of Cambridge, with Notes. By 
B. F. WESTCOTT, M.A., Author of "History of the New Testament 
Canon." Crown 8vo. cloth, is. 6d. 

WHEWELL.-THE PLATONIC DIALOGUES FOR 

ENGLISH READERS. By W. WHEWELL, D D. Vol. I. Fci^?. 8vo. 
elotb, 7s, 6d. 
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WHITMORE— Gilbert Marlowe and Other Poems. 

With a Preface by the Author of " Tom Brown's SchooldayB." Fcap. 8to. 
cloth, S«. ed. 

WILSON.— The Five Gateways of Knowledge. 

By GEORGE WILSON, M.D., F.R.S.E., Regius Professor of Technology in 
the University of Edinburgh. Second Bdltion, Fcap. 8to. cloth, 2$. 6d, 
or in Paper Covers, 1§. 

WILSON.— The Progress of the Telegraph. 

Fcap. 8vo. 1«. 

WILSON.— A Treatise on Dynamics. 

By W. P. WILSON, M.A., Fellow of St. John's, Cambridge.and Professor of 
Mathematics in the University of Melbourne. 8vo. bds. 9s. 6d. 

WOLPE.-ONE HUNDRED AND FIFTY ORIGINAL 

PSALM AND HYMN TUNES. For Four Voices. By ARTHUR 
WOLFE, M.A., Fellow and Tutor of Clare College, Cambridge. Oblong 
royal 8vo. extra cloth, gilt leaves, \0s. 6d. 

WORSHIP OF GOD AND FELLOWSHIP AMONG MEN. 

A Series of Sermons on Public Worship. Fcap. 8vo. cloth, 8«. 6d. 

By F. D. Maurice, M.A. T. J. Rowssll, M.A. J. Ll. Datzeb, M.A. 

and D. J. Vauohak, M.A. 

WRIGHT.— The Hiad of Homer. 

Translated into English Verse by J. C. WRIGHT, M.A. Translator of Dante. 
Crown 8vo. Books I.— VI. 5s. 

WRIGHT.— Hellenica ; or, a History of Greece in Greek, 

as related by Diodorus and Thucydidea, being a First Greek Reading 
Book, with Explanatory Notes, Critical and Historical. By J. WRIGHT, 
M. A., of Trinity College, Cambridge, and Head-Master of Sutton Coldfield 
Grammar School. Second Edition, with a Vocabulakt. 12mo. 
cloth, 3 

WRIGHT— David, King of Israel, 

Readings for the Young. With Six Illustratipns after SCHNORR. Royal 
16rao. extra cloth, gilt leaves, 5s. 

WRIGHT.— A Help to Latin Grammar; 

or, the Form and Use of Words in Latin. With Progressive Exercises. 
Crown 8vo. cloth, 4s. 6d. 

WRIGHT.— The Seven Kings of Rome: 

An easy Narrative, abridged Arom the First Book of Livy by the omission of 
difficult passages, being a First Latin Reading Book, with Grammatieal 
Notes. Fcap. 8vo. cloth, is, 

WRIGHT.— A Vocabulary and Exercises on the " Seven 

Kings of Rome." Fcap. 8vo. cloth, 2s. 6d, 
*»• The Vocabulary and Exercises may also be had bound up with "The Seven 
Kings of Rome." Price 5s. cloth. 
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